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Preface to the Second Edition 


In preparing the second edition we have subjected the book to 
extensive revision. The prineipal aim and the contents of the book 
have not becn altered; the book is devoted to the systematic presen- 
tation of electromagnetic processes only. Only some general theorems 
and methods go beyond the framework of electrodynamics proper. 
In the second edition the space devoted to these has been increased 
(reflection properties, Green’s functions, functional methods, etc.). 

In the presentation of the principles of quantum electrodynamics 
the theory of renormalizations has been subjected to the most exten- 
sive revision. Without claiming complete mathematical rigor we have 
attempted to present the concept of renormalization from a single 
simple physical point of view, avoiding purely prescription-like 
methods of eliminating divergences, and making maximum use of 
the general properties of quantum mechanical systems. In connection 
with this the structure of the book has been somewhat altered. The 
investigation of the scattering matrix together with the theory of 
radiation corrections has been segregated into a separate chapter 
(Chapter VIT). The investigation of electrodynamic processes in the 
first nonvanishing approximation, which involves neither the removal 
of divergences nor renormalizations, is carried out in Chapters V and 
VI, while higher order approximations are considered in Chapter VIII. 

In presenting specific effects we have aimed, within reasonable 
limits, at the greatest possible degree of completeness of results and 
of detail of calculations. The number of different electrodynamic 
phenomena described has been increased. In particular, the theory of 
processes involving polarized particles, the method of impact param- 
eters, etc., have been included. 

We wish to express our sincere gratitude to V. Aleksin, V. 
Bar’iakhtar, V. Boldyshev, D. Volkov, S. Peletminskii, R. Polovin, 
and P. Fomin, who have aided us significantly in the preparation of 
the second edition of this book. 


A. I. AKHIEZER, V. B. BERESTETSKII 
vi 


a 


From the Preface to the First Edition 


At the present time a number of particles is known which corre- 
spond to various quantum fields interacting with each other. However, 
of the many types of physical interactions existing in nature the only 
one, apart from gravitation, that has been studied in sufficient detail 
is the electromagnetic interaction. The theory of the latter interaction 
is the subject of quantum electrodynamics, to which the systematic 
exposition of this book is devoted. 

Since the electromagnetic interaction is the fundamental one in 
the case of electrons and photons, quantum electrodynamics enables 
us to explain and to predict a wide range of phenomena related to 
the behavior of these particles. As for the application of quantum 
electrodynamics to other particles (nucleons and mesons), it is con- 
siderably restricted because of the essential role played by other types 
of interactions (nuclear or meson interactions) in the case of those 
particles. Therefore, problems relating to mesons are not treated in 
this book, and the interaction of nucleons with the electromagnetic 
field is treated only in the limit of low velocities. 

The formulation of the fundamental equations of quantum electro- 
dynamics, and even the very possibility of separating the interacting 
fields into the electromagnetic and electron-positron fields, is based 
on the fact that the interaction between these fields is a weak one. 
This circumstance finds its expression in the smallness of the constant 
a = e?/fic which characterizes the interaetion. Therefore the inter- 
action between the fields is treated in quantum electrodynamics as a 
smal] perturbation, and the mathematical method employed in quan- 
tum electrodynamics is perturbation theory in which all quantitative 
results are expressed in terms of power series in «. 

Since both the electromagnetic and the electron-positron fields are 
systems with an unlimited number of degrees of freedom, the ap- 
plication of perturbation theory gives rise to divergent expressions 
characteristic of the present theory, which are absent only in the first 
nonvanishing approximation of perturbation theory. The development 
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of quantum electrodynamics in recent years has permitted the estab- 
lishment of principles for regularizing divergent expressions, so that 
it has then become possible to calculate higher order approximations 
(the so-called radiation corrections). 

This progress is to a great extent associated with the new invariant 
formulation of perturbation theory. Invariant perturbation theory has 
made it possible to present the results in a compact and relativistically 
invariant form, and this has allowed the rules for regularization to be 
formulated. On the other hand, the use of invariant perturbation 
theory has significant practical advantages over the earlier methods 
even in the case of first-order calculations. Therefore the whole pre- 
sentation in this book is based on invariant perturbation theory. 

Although it is a completely satisfactory theory within a definite field 
of physical phenomena, modern quantum electrodynamics has the 
important drawback that in order to remove the divergences which 
arise in the theory additional concepts must be introduced which are 
neither contained in the fundamental formulation of the theory, nor 
reflected in its basic equations. This state of affairs is apparently due 
to profound causes. They are implicit in the fact that it is frequently 
impossible to construct a closed theory of a limited set of phenomena 
(in the present case, the purely electromagnetic ones) without taking 
into account a wider class of interactions existing in nature. 

We wish to express our gratitude to Academician L. D. Landau and 
Professor I. Ia. Pomeranchuk and to the participants in the seminars 
directed by them for discussions of a number of problems presented 
in this book. 
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CHAPTER I 


Quantum Mechanics of the Photon 


§ 1. The Photon Wave Function 


1.1. Introduction 


The corpuscular properties of light were historically the first fun- 
damental fact which served as a basis for the development of quantum 
theory. The Planck-Einstein relation between the energy w of a quantum 
of light, the photon, and the frequency w of the electromagnetic field 
corresponding to it is expressed as w = fiw and is historically the first 
relation containing the quantum constant i. 

The systematic quantum mechanics of the atom was developed be- 
fore that of the photon and this situation has a profound physical reason. 
Atomic particles, the electrons and the nuclei, have rest masses different 
from zero. For them there exists a range of energies, small compared 
to their rest energy, in which relativistic effects may be neglected. Since 
the rest mass of the photon is zero, there exists for it no nonrelativistic 
energy region, and the quantum mechanics of the photon must neces- 
sarily be relativistic from the outset. 

As the counterpart of a particle, quantum mechanics introduces 
a field of one or more wave functions which determine the probability 
distribution and the expectation values of the various physical quanti- 
ties related to the partticle. The wave functions satisfy a certain system 
of differential equations which determine the nature of the motion of 
the particle. 

In order to transpose this description into the relativistic domain 
we must, first of all, take into account the requirements of the principle 
of relativity. They amount to the requirement that the field equations 
must be invariant under Lorentz transformations. However, this by 
itself is not sufficient for a unique determination of the form of the 
field equations which would give expression to the individual properties 
of a given particle. In the case of photons the setting up of the equations 
is facilitated by the existence of a classical analog, viz., of the equations of 


[1] 
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the classical electromagnetic field. It is natural to use Maxwell’s equations 
as the quantum mechanical equations of motion for the photon and 
it follows that the wave properties of the photon will coincide with 
the properties of the electromagnetic field. As will be shown later, this, 
together with the relation w= fiw, suffices for the formulation of 
a theory of photons and of their interaction with charged particles. 

Our first problem is the study of photons in the absence of electric 
charges. Although properties of particles become apparent only as a result 
of their interaction with other particles, such an investigation is necessary 
aS a preparatory stage for the study of interactions. 


1.2. The Photon Wave Function in k Space 

The electromagnetic field is described by the electric field vector 
E and the magnetic field vector H, which in the absence of charges 
satisfy Maxwell’s equations for a vacuum: 


curl E = _ oH 
or 
divH= 0, a.) 
curt w= 2, 
or 
divE= 0. 


(Here and subsequently we make use of the system of units in 
which the velocity of light is equal to unity, c = 1.) 

In accordance with the foregoing we shall interpret the vectors 
E and H as quantities describing the quantum mechanical photon state. 
In order to give such a “‘corpuscular” interpretation to the system of 
equations (1.1) we compare this system with the Schrédinger equa- 
tion in ordinary quantum mechanics. This may be done conveniently 
if we first subject equations (1.1) to a Fourier transformation with 
respect to the space coordinates r, i.e., if we go over into k space. By 
writing E and A in the form! 

E= | E,e*dk, 

(1.2) 
H= { H,e* dk, 


1 Following the authors’ usage, the scalar product of two three-dimensional 
vectors will be denoted by boldface letters standing next to each other without an 
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we can easily see that in virtue of (1.1) the Fourier components E, and 
H,, satisfy the following system of equations: 


H, = —ilk, E,), 


kH, = 0, 
aaa (1.3) 
E, = ifk, Hj, 
kE, = 0, 


where dots denote differentation with respect to time. (For the sake 
of brevity we shall omit here and subsequently the argument 7 in the 
functions E,= E(k,t) and HW, = A(k,t).) To this system we must 
also add the condition that the fields be real: 


E_,= E%, 


H_,= H*. 


(1.4) 


Instead of the two vectors E, and H, we can use the vectors E, and 

E, by eliminating H, with the aid of (1.3): 
H, =i E #). (1.5) 

eo 
It is convenient to eliminate the necessity of taking into aecount 
the requirement of reality. In order to do this we introduce a transfor- 
mation which automatically guarantees that the relations (1.4) will 


be satisfied: 
E, = Nik) (fit F): 0.6 
E, = —ikN (ff), 
where N(k) is a certain normalizing factor, which, as we shall see later, 
it is convenient to choose equal to 


k 
N(k) = V Dam (1.7) 


The substitution (1.6) means that instead of the two functions EF, and 
E,, which in virtue of (1.4) are actually defined in a half-space, we intro- 
duce the single function f,, which is independently defined over the 
whole k-space. 


intervening dot, and either with or without parentheses: thus Ar or (kr), but not 
k-r. Similarly, the vector product will be denoted by the square brackets [A, B] with 
or without a comma, but not by AXxB. 
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If we make use of (1.6), the expansion (1.2) will assume the following 
form: 
E=GC+4+6*, H=§+6%, 


C= [N@ fe dk, 
a= [ve] t sera 


We can easily obtain the equation satisfied by f,. By eliminating 
H,, from (1.3) we obtain 


(1.8) 


eC 2 
on tk Je,= 0, 


which may be rewritten in the following form: 


0 0 
___ Ly} nn J = 
(2 ! alee it} 0. 
This second-order equation may be transformed into a first-order 


equation for f,. Indeed, by utilizing the relation 


(5. it} E, = —2iN(A)kf,; 


which follows from (1.6), we obtain 


Of, 
Ts = kf, (1.9) 
The substitution of expressions (1.5) and (1.6) into (1.3) yields 
kf,=0. (1.10) 


Equations (1.9) and (1.10) may be combined into one equation. On 
multiplying (1.10) by &/k and on adding it to (1.9), we obtain 


ish = Wh (1.11) 


where 
(wha = Wap Sa ) 


kk (1.11’) 
Waa > top ef) . 
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It follows from (1.11) that 
0 
ay (hfe) = 9. 


Therefore (1.10) will always hold if it holds at some initial time. 

Equation (1.11) together with the initial condition (1.10) are equiv- 
alent to the system of Maxwell’s equations. 

Equation (1.11) has the form of a Schrédinger equation in which 
w is the Hamiltonian operator. (Here and subsequently we shall make 
use of the system of units in which # = 1.) The eigenvalues of this opera- 
tor are equal to k. This would amount to nothing other than the quantum 
relation between the energy and the frequency of the photon, if we 
could identify the Hamiltonian operator formally introduced in the 
foregoing with the physical operator for the photon energy. We shall 
show later that such an identification can be justified, and that the 
function f,, can be interpreted as the photon wave function in k-space 
in the usual quantum mechanical sense of this word. We shall also 
be able to define in k-space operators for other physical quantities 
referring to the photon, for example, the operators for the momentum, 
the angular momentum, etc. 


1.3. Energy 


We shall show that the operator w which we have just introduced 
can indeed be interpreted as the operator for the photon energy. In 
order to do this we introduce the expression for the energy w of the 
electromagnetic field corresponding to a given photon as 


w=} [ (E+-H?) de. (1.12) 


(We make use here of Heaviside units for E and H.) This expression 
represents a space integral of quantities quadratic in the field vectors. 
On the other hand, space integrals of expressions quadratic in the wave 
function are interpreted in quantum mechanics as expectation values 
of the corresponding physical quantities. Since we are considering 
the field corresponding to a single photon, it would appear that the 
natural generalization is the interpretation of expression (1.12) as the 
expectation value of the photon energy. 
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We show that w may be represented in the form 


w= f Stwhdk, (1.13) 


where w is determined by formula (1.11). 
In order to do this we substitute expansion (1.2) into (1.12): 


w= | (B,E, +H, Hy} eter dkdk’dr. 


After carrying out the integration over r with the aid of the re- 
lation 
f etter de — (22)3d(k+k’), 


where 6 (k--k’) is a three-dimensional 6-function, and on utilizing (1.5), 
we obtain 


wa dnt (BB+ fo Es Ee} de 


We express E, and £, in terms of f, in accordance with (1.6). This 
yields 


w= 16m [ N2f*f, dk. 


If we choose for N(k) the value (1.7), we obtain relation (1.13). 
We consider a monochromatic solution of equation (1.11): 


h=TSk, 0 = f(/ ec, (1.14) 


where w is the eigenvalue of the photon energy operator w. It is ob- 
vious that f,(&) differs from zero only when k = w, and the expression 
for the energy (1.13) assumes the form 


w= | Si fadk. 
We demand that this equation be identical with the quantum relation 


w =o and then obtain the condition for the normalization of the 
photon wave function 


| Sit fdk = 1. (1.15) 
Thus, if the condition for the normalization of the wave function 


(1.15) is satisfied, the energy of the electromagnetic field becomes 
identical with the photon energy. 
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1.4. Normalization of the Photon Wave Function 


In practice it is more convenient to deal with a Fourier series rather 
than with a Fourier integral, i.e., with a discrete rather than with a con- 
tinuous spectrum. For this we must introduce a certain normalizing 
volume {2 and assume that the whole field is confined within it. Certain 
boundary conditions, which select from all the solutions of Maxwell’s 
equations a discrete spectrum of solutions that satisfy these boundary 
conditions, can be specified over the boundary of the region Q. It is 
simplest to choose the volume in the form of a cube of side a and to 
postulate that the boundary conditions amount to the conditions of 
triple periodicity of the fields E and H with the period a along each 
one of the cartesian axes. If these conditions are satisfied, then those 
fields are selected for which the components k, of the propagation 
vector satisfy the conditions 


where n; are integers. Thus, k-space is divided into cells of volume 
(27)? 
A= . 
QQ 
One allowed value of k corresponds to each such cell. Therefore, the 
number of values of A lying within a certain range dk is equal to 


(1.16) 


dn= —- (1.16’) 


Integration over k-space is replaced by summation over these cells; 
i.e., 


{ FiQdk = 4- py F(k), 


where the summation is carried out over all the allowed discrete 
values of k. 
The expansion (1.8) assumes the form 


=A SN} Me; (1.17) 


ie., the coefficients in the expansion of in a Fourier series are 
the quantities 4-N-/f,. 
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The normalization condition (1.15) can now be written in the follow- 
ing form: 


Sithe=z- (1.18) 


If the volume 2 chosen is sufficiently large, then the relation (1.16) 
will depend neither on the shape of the volume 2, nor on the nature 
of the boundary conditions. In other words, relation (1.16) is a unt- 
versal asymptotic relation valid for ka > 1, where a is a quantity charac- 
terizing the linear dimensions of the region. 

Later we shall show that in the solution of any physical problem, 
the quantities 4 and 2 appear only in the intermediate calculations 
and disappear from the final result. 

The transition from the Fourier integral to the Fourier series may 
be carried out only partially, with respect to only one of the coordinates. 
We assume, for example, that the boundary conditions are such that 
k-space is divided into spherical shells of thickness 6. Then, on making 
use of spherical polar coordinates, we obtain 


[F@ak = [ FR dkdo > 5 Sie | PA). 
The expansion (1.8) in this case takes the form 
C= 6s k2N(K) | f,e*"do, (1.19) 
while the normalization condition takes the form 


py ke { ft f,do = ‘ , (1.20) 


The division of k-space into spherical shells can be carried out 
by choosing the volume 2 in the form of a sphere of large radius R and 
postulating that the field vanishes over the surface of the sphere. It 
can be shown that in this case 

6——_.-, 1, 
(1.21) 


The number of different possible values of k in the range dk is evidently 


equal to 


dn =<. (1.21’) 
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If we assume that the two-dimensional space of solid angles is also 
divided into cells 6), then the expansion (1.19) is transformed into 
a three-dimensional series. In this case formulas (1.17) and (1.19) become 
identical if we postulate that in the latter formula the cell A is chosen 
equal to A = k? dy. 


§ 2. Photon States of Definite Momentum 


2.1 Photon Momentum Operator 


As is well known, the momentum of the electromagnetic field p is 
given by the following expression: 


p= { (EH) ar. (2.1) 


We shall show that when the normalization condition for the photon 
wave function (1.15) is satisfied, the vector p can be interpreted as 
the expectation value of the photon momentum. 

In order to do this we express p in terms of f,. Substitution of ex- 
pansion (1.2) into (2.1) yields 


p=f [E,, H,,)e*#*r dk dk’ dr 


= (2n)° f (EH Jdk = — ay [AEE ak. 


On expressing E, and E, in terms of f,, in accordance with (1.6), we 
obtain 


B= Qn) { NG SES StS Sif we ak 


On replacing &k by —& in the integrand, we can easily see that the inte- 
gral of the last two terms vanishes, while the integrals of the first two 
terms are identical. By using the definition (1.7) of N(k) we obtain 
finally 

B= | FEM dk, (2.2) 


where the subscript a = 1, 2,3 denotes the components of the vector f, 
and summation over a is implied. 

It follows from (2.2) that we are justified in identifying the operator 
indicating multiplication by the propagation vector p=& with the 
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photon momentum operator, and k-space with momentum space. 
The quantity ff, may be interpreted as the probability density of the 
photon having momentum k, while relation (2.2) may be interpreted 
as the usual quantum mechanical expression for the expectation value. 
Thus, the normalization condition (1.15) acquires a simple and natural 
meaning. 


2.2. Impossibility of Introducing a Photon Wave Function in the Coor- 
dinate Representation 


It might appear that by subjecting the function f, to the inverse 


Fourier transformation 
1 
(2) | few dk — F, 


it should be possible to obtain the photon wave function F in the coor- 
dinate representation (121); cf. also (148).1 Because of the normalization 
condition (1.15) for f,, the function F will also be normalized in the 
usual manner: 


[ F*Fdr= 1. 


However, the quantity F*F will not have the meaning of the prob- 
ability density of finding the photon at a given point of space. Indeed, 
the presence of a photon can be established only as a result of its in- 
teraction with charges. This interaction is determined by the values of 
the electromagnetic field vectors E and H at the given point, but the 
latter are not determined by the value of the wave function F at that point 
but by its values over all space. Indeed, the Fourier components of 
the field vectors expressed in terms of f, contain in accordance with 
(1.6) and (1.7) the factor Vk. Formally this can be written in the form 
v= V—-4-F, where A is the Laplacian operator; but 4 is in 
fact an integral operator, and therefore the relationship between E 
and F is not a local one, but an integral one; in other words, F(r, ¢) 
is determined not by the value of the field E(r, 4) at the same point, 
but by the field distribution over a certain region whose effective di- 
mensions are in order of magnitude equal to a wavelength. As a re- 


1 References to the literature appear in parentheses. The complete list of refer- 
ences is given at the end of the volume. 
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sult of this, the localization of a photon in a region smaller in order 
of magnitude than a wavelength has no meaning, and the concept 
of probability density for the localization of a photon does not exist. 

This result is closely associated with the behavior of particle den- 
sity under Lorentz transformations, since it is impossible to construct 
a bilinear expression in the electromagnetic field vectors which would 
form a four-vector satisfying an equation of continuity. 

We note that in practice it is often sufficient (instead of the equation 
of continuity for the probability density) to utilize the equation of 
continuity for the energy density 


OS . 
“ay tiv s=0, (2.3) 


where 5s) = } (E?+H”) is the energy density, and s = [EH] is the energy 
flux density. However, these quantities do not form a four-vector. 


2.3. Plane Waves 


We return to the photon wave function in momentum space f, 
= f(k, tf). Equation (1.9) defines its time dependence 


fk, 0 = file™. 


The time-independent function f, (&) is restricted only by the transversal- 
ity condition (1.10). By utilizing the method described in subsection 
1.4 we shall treat k-space as discrete and shall consider the photon 
state for which f, (k) differs from zero only at point p. This is a state 
of definite momentum, and the wave function corresponding to it 
will be an eigenfunction of the momentum operator p. By taking into 
account the normalization condition (1.18), we can write the eigen- 
function of the momentum operator in the form 


fk, ) = TT bape (2.4) 
where w = |p| and e is the photon polarization vector whose absolute 
value is equal to unity and which is perpendicular to p: lel? = 1, ep=0. 
(The phase factor i is introduced into (2.4) for convenience.) 

For a given p two linearly independent vectors e are possible. We 
take the z-axis directed along p. Then for these two vectors we can 


12 QUANTUM ELECTRODYNAMICS 


choose the unit vectors x, and x, corresponding to the x-axis and 
the y-axis: 
he=1, ty = he = 9, 
dey = 1, Hor = te. = 9, (2.5) 
XiX%2.= 0. 
If e=x, (u= 1,2), then the photon is linearly polarized. 


We can also choose the following two mutually perpendicular unit 
vectors ¥, and x: 


i ] , i r 
Ins Inu 73° Yi = 9, 
' 1 i , (2.6) 
foe V2’ Xey 2’ X22 = 9, 
Xi" X2—= 0. 


In this case if e= j,, the photons will be circularly polarized.' 

Thus, states of definite momentum are twofold-degenerate. In order 
to specify a state uniquely we have to specify its type of polarization. 
Therefore, the function f(k, t) should be provided with two subscripts 
(quantum numbers) p and uw (w= 1, 2). The quantities p,,p,,p,, and 
form a complete set of quantum numbers for the photon. (Of course, 
the energy is thereby also determined, since w = p.) The system of func- 
tions f,,(k,t) is a complete orthonormal system in terms of which 
an arbitrary transverse function f(k, tf) can be expanded: 


i 
Sk OD=) 4, fk. 0= \ 1-9 ee7ikt, 
Pa mae 2 yam (2.7) 
a,= | ffi dk = —iy/A (feral, 


By making use of (2.4) it is possible in accordance with (1.16) and 
(1.17) to represent the electric and magnetic fields corresponding to 


* We shall refer to xj as right circular and to x; as left circular polar- 
ization. (In optics the converse definition is usually adopted). 


QUANTUM MECHANICS OF PHOTON 13 


a photon state of definite momentum p and_polarization uw, in the 


following form: 
- . w 
Cpu = ie X,eiPr-e) ; 


; ad P r-o 
Dpu = Vs |Z 2, eer at) 


In quantum mechanics a plane wave is frequently normalized in 
such a way as to correspond to unit flux. Similarly, we can normalize 
the photon field to unit energy flux density. The field corresponding 
to such normalization has the following form: 


(2.8) 


1 p 
- _ —_— . 
ic —=eeilpr wt) ; + — —_ | . 2.9 
y2 ° E 


Indeed, in the expression for the energy flux density s= [EH] we 
may omit the terms [©] and [€*6*], which vanish when averaged 
over time, and we can take 


s= [C.§*]+[@* 9]. (2.10) 
On substituting (2.9) into this expression we obtain s = p/p. 
The expansion (2.7) corresponds to the expansion of an arbitrary 


electric field satisfying Maxwell’s equations (1.1) into plane polarized 
waves: 


C= Sa,,Sp,> 
Pe 


where the coefficients a,, are determined in accordance with (2.7), 
while ©,,, have the form (2.8). Similar expansions hold also for the 
magnetic field. 


2.4. Polarization Density Matrix for the Photon 

We have just given a complete quantum mechanical description 
of a photon state. In accordance with (2.4) the photon state for a given 
momentum is characterized by the polarization unit vector e. On ex- 
panding e in terms of the unit vectors (2.5) or (2.6), 


€ = €)X1 + eoXe> (2.11) 


we can say that the state of polarization is determined by the pair of 
complex numbers e, and e,; the quantities |e,|? and |e,|* represent prob- 
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abilities of a definite (linear or circular) polarization of the photon, 
determined by the unit vectors y, and y,. Since e, and é, are related 
by the normalization condition 


le, |?-+|e|/? = 1 


and since, moreover, the common phase factor of e is arbitrary, the 
polarization is determined by two real parameters and (2.11) can be 
written in the following form: 


€ =x, cosa+x, sina-e'?. (2.12) 


If x, and x, are defined in accordance with (2.5), then 6 = 0 denotes 
linear polarization at an angle a to the x-axis, B = +z2/2 and a= 2/4 
denote circular polarization, and arbitrary a and f correspond to ellip- 
tical polarization. 

A more general case is that of an incomplete quantum mechan- 
ical description, when a definite wave function cannot be ascribed to 
the photon. For example, if the photon has been previously scattered by 
an electron, then there exists only the wave function for the combined 
photon-electron system whose expansion in terms of the free photon 
wave functions contains the electron wave functions. We shall confine 
ourselves to the case when the photon has a definite momentum, i.e., 
when there exists a wave function (2.4), but the polarization state 
cannot be specified definitely, since the coefficients e, in (2.11) depend 
on the parameters characterizing the other system. 

Such a photon state is referred to as a state of partial polarization.! 
It can be described by means of a density matrix (c., for example, 
(119, §12), (120, §5)) 


Cw =e (u,v=1,2), (2.13) 


where the bar denotes averaging over appropriate parameters. 
From the definition (2.13) it follows that @ is a Hermitian matrix 


— n* 
Ony — Oyu: 
From the normalization condition for e, it follows that 


Sp 0 = @C1+O22 = |. 


1 Compare the description of partially polarized light in classical electrodynam- 
ics, for example, in (118), §50. 
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Thus, the density matrix depends on three real parameters. It can 


be written in the following form: 


(esi Te] 
Ei tif, 1—&§3]’ 


o=4 


Or 
3 
e=F(1 +d E,t,), (2.14) 


where 


{io 01 0 —i 1 0 
~\o 1p? a=(io} BSN; 3) o=(, 1] 


are four matrices forming a complete system of linearly independent 
two-dimensional matrices. (We note that the matrices +, are identical 
with the Pauli matrices a,, cf. §9.) 

By using (2.14) it is possible to express &, in terms of g, viz., 


&, = Sp (@'t,). (2.15) 

The quantities £,, called the Stokes parameters, can be directly de- 

termined experimentally. For example, let the unit vectors x, and 

X%2 in (2.11) correspond to the linear polarizations (2.5). Then &, will 

be determined by the value of the probability of polarization along the 
X-axis: 


On = $ (1+8,). 


In order to determine &, it is necessary to obtain the probability of 
polarization along an axis making an angle of 45° with the x-axis. 
Indeed, the transformation to such an axis corresponds to the unit 
vector transformation 
_ itr _ Xar% 
X1 2 > Xe V2 ° 
By writing (2.11) in the form 


e= Xi +eXe 
and by defining 9’ in accordance with (2.13), Ory = e,e,*, we ob- 
tain for the probability of linear polarization corresponding to x’ the 
following expression: 


eu = $(Qi1. +022 +012 +001) = + (1+). 
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Finally, in order to obtain &, it is necessary to consider circular 
polarization. Let x;’ and x,’ be the unit vectors corresponding to the 
circular polarizations (2.6); i.e., 


_ +%' _ = % 
X1 y2 ’ Xe y2 
The probability of polarization corresponding to the unit vector x,’ 
will be expressed by analogy with the foregoing in the following form: 


014 = leu tO22+!(012—021)] = 4(1+&). 


We see that the determination of the polarization of a beam of 
photons requires the measurement of two linear polarizations (at an 
angle of 45° to each other) and of one circular polarization. We note 
that if we had taken the initial matrix (2.13), as determined by the unit 
vectors (2.6), then 0,, = 4(1+é,) would have given us the probability 
of circular polarization, while e;, = $(1+6&;) and o,, = $(1+64,) would 
have given us the probabilities of the linear polarizations. 

Since the probabilities must be positive and smaller than unity, 
it follows from the expressions for @,,, @1,, and o;; that |é,| <1. On 
noting that 


Det o = +(1—&?) = je, |? { e.|?—(e, e¥) (e,ef) = 0 
it may be concluded that 
Ps G+H+4G<1. 
As an example we consider some limiting cases. When &, = 0, 
o =. In this case the probability of any arbitrary polarization is 


equal to 4. Such a state is said to be completely unpolarized. 
When £?= 1 we can write €, in the following form: 


&,=cos2a, &,=sin2acos$, &,= sin2asin£. 


In the case of these values of the parameters the matrix @ is identical 
with the matrix obtained on the basis of expression (2.12). Therefore, it 
describes a state of complete polarization. 

In the case of partial polarization the density matrix can be regarded 
as a linear combination of two density matrices corresponding to a com- 
pletely unpolarized and a completely polarized state. Indeed, let 


&, = Pn,, 
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where 
P= nitntns = 1. 


Then expression (2.14) can be written in the form 
1 P 
e=5(-P)+5(1+ dm) 


The coefficient P is referred to as the degree of polarization of the 
photon. 


§ 3. Angular Momentum. Photon Spin 


3.1. Angular Momentum Operator 


We now express the angular momentum M of the electromagnetic 
field corresponding to one photon in terms of the wave function for 
this photon f,. We identify this angular momentum with the expecta- 
tion value of the angular momentum of the photon in this state f,. The 
angular momentum of the field is determined, as is well known, in the 
following manner: 


M = | [rE] ar. (3.1) 


By substituting into this formula the Fourier expansions for the fields, 
we obtain 


M= | [rE Hyle*t* dk dk’ dr. 
We first carry out the integration over r: 
f reteter dr = —iV, f eft kor dy = —i(2n)°V, O(K+K’), 


where V,- corresponds to differentiation with respect to the variables 
k’. We next carry out the integration over k’: 


f ak’ [V6 (+K) [EH] = — f ak 0K-+K) [Ve Ee. 


On replacing H in the above equation by the expression (1.5) connecting 
H, with E,, we obtain, after some simple rearrangements, 


Tyo (Eze ay Ey , | Ee 
[Vy [E, H,]| = ifs ve a } —i(k'E,) curly He i] ea | 
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Thus, we obtain 


= (2n)3 { ahah (8+ KK ve Fee ] 


— ta [Ey E,] + (k’ E,) curl, Fel. 


After carrying out the integration over k’, and on noting that the last 
term vanishes in the course of this integration since KE, = 0, we obtain 


M = (2n) { an\| av (jee z.)] _ a TA 


where V denotes differentiation with respect to k; the superscript c on 
E,, indicates that in carrying out the differentiation this quantity should 
be regarded constant. Finally, we express E, and E, in terms of f, in 
accordance with (1.6). This gives 


M = 4 f dk (RV GOS PHL ALO FEOF 
(SEKI UA EL aD} 


The terms that contain different arguments, ie., A and a vanish 
on integration. For example, the integral { (f_.f,Jdk on replacement 
of the variable of integration A by —k changes into f [ff _,\dk, 1.¢., 
into an expression of opposite sign. The integral [UV GOL) dk on 


replacement of k by -k changes into f [AV(f'2 f, |dk, whereas inte- 
gration by parts leads to the same expression but of opposite sign. 
Also, on noting that the integrals of terms which depend on the argu- 
ment —k do not change when & is replaced by —A, and, on integrating 
by parts, 


f TeV AOD dk = —f eV GPO Ala 
we finally obtain the following expression for the angular momentum: 


M = f dk {1 eV GEO AAI AD 


or, in terms of its components, 


M, = | dk ff{—i kV So—ieap, Sy, (3.2) 


where e@,,, is the unit antisymmetric tensor of the third rank. 
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3.2. Photon Spin Operator 


We introduce the vector operator s defined by the result of the 
operation of its components on the components of some arbitrary 
vector f according to the formula 


(As = —(Sf)).= —lop Sy (3.3) 


On noting that the vector product of two vectors f and g is expressed 
in terms of s in the following manner: 


[sf]. = iggsafy (3.4) 


we write the angular momentum defined by formula (3.2) in the form 


M = | f#{—i [kV]+5}f, dk. (3.5) 


We see that the expression for the expectation value of the angular 
momentum of the photon (3.5) has the structure of quantum mechan- 
ical expectation values, and that for the angular momentum opera- 
tor for the photon we must take the operator 


M = —i [kV]+s. (3.6) 


We now show that the operator (3.6) is identical with the operator 
for the infinitesimal rotation of the vector field multiplied by 7. In 
order to do this we consider an infinitesimal rotation of k-space about 
the origin (189). As a result of such a rotation the radius vector of 
each point in k-space is changed by the increment 


dk = [dak], 
where 6a = vda is the vector characterizing the infinitesimal rotation, 
6a is the angle of rotation, and v is the unit vector along the axis of 
rotation. This infinitesimal rotation of k-space transforms the vector 
field f(k) into the field f’(&) related to f(k) by the following expression: 
f' (&+ 6k) = f(k)+ [oaf()). 
As a result of this the field at the point & is altered by the amount 
Of(k) = f' (K)—S(k). 


Since 


f'(k+6k) = f(A) + OW) SE) = f+ CafkV) (4) 
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{in the last term we may neglect the difference between f’(k) and f(k)], 
we obtain 


Of (hk) = — (al[kV]f(k)+ [6a f(4)]. (3.7) 


For a spherically symmetric field which can be represented in the 
form f(k) = g(A)k, evidently df= 0. 

The second term in (3.7) can be transformed by utilizing the opera- 
tor s introduced in (3.3): 


[oa f] = i(das) f. 


On the other hand, the infinitesimal rotation operator J is defined by 
the relation 

Of = (aD) f= da) S 
On comparing this expression with (3.7) we see that 

J= —[kV]—is = —iM, 
j.e., that up to the factor i, M is identical with the infinitesimal rotation 
operator. 

By using expression (3.6) we can easily see that the components 
of the angular momentum operator satisfy the following commutation 
relations: 

M,M,—M,M, = iM,, 
M,M?—M?M, = 0. 


These relations hold for any quantum mechanical system and are a con- 
sequence of the general relation between the angular momentum opera- 
tor and the infinitesimal rotation operator. 

From these relations it follows, as is well known, that the eigen- 
values of the operator M? are equal to 


M* = jUj+)), 
where 2j+1 is a positive integer; later we shall see that for a photon 


j is also an integer. 
The eigenvalues of the operator M, are equal to 


The operator M commutes with the energy. Therefore photon states 


with definite values of w, M?, and M, are possible (quantum numbers 
w, j, M). We now proceed to obtain the wave functions for these states. 


QUANTUM MECHANICS OF PHOTON 21 


3.3. Photon Spin Wave Functions 


Formula (3.6) shows that the angular momentum operator for 
the photon consists of two terms. The first term is identical with the 
usual quantum mechanical operator L for the orbital angular momentum 
in the momentum representation: 

L = —i[kV,]. (3.8) 
The second term s may be called the operator for the spin angular mo- 
mentum. However, the separation of the angular momentum of the 
photon into an orbital and a spin part has restricted physical meaning. 
First, the usual definition of spin as the angular momentum of a particle 
at rest is inapplicable to the photon since the rest mass of the photon 
is equal to zero. Second, as we shall see later, states with definite values 
of orbital and spin angular momenta do not in the general case satisfy 
the condition of transversality. Therefore, only certain superpositions 
of such states have physical meaning. Nevertheless, from the formal 
point of view the representation of angular momentum in the form 
of a sum of two terms is very useful. It enables us to construct wave 
functions for photon states having definite values of angular momentum 
from simpler orbital angular momentum and spin eigenfunctions. 

The vector subscript a of the photon wave function f,(k, f) can be 
regarded as an independent variable which assumes three values: a 
= x,y, z. In accordance with this we introduce the notation 


Sk, ) = flk, a, t). 

The function f(k,a,f) is a scalar in the generalized momentum and 
spin space defined by the variables k,,k,,k,,a. The different compo- 
nents of the vector fare now values of the scalar f at different points 
of the spin subspace. The operator L acts only on the variables k, while 
the operator s in accordance with its definition (3.3) acts only on the 
variable a. Therefore, the operators L and s commute. 

The eigenfunctions of the operators L? and L, corresponding to 
the eigenvalues L? = ((/+1), L,=m will be denoted by Y,,,. They 
are functions of the variable n = k/k and satisfy the equations 


L’Y,, = E+) Yin 
Li Yim = MY in. 


As is well known, Y,,, represent spherical harmonics. We give the 
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explicit expression for the spherical harmonics with the choice of 
the phase factor which will be used in all subsequent discussions 
(41), (119) (the factor —1 is associated only with positive odd 
values of m) 
_ (1) 21+1 C-+-m)! img 1 dim gy 
Yin, 2) = SH an (my! °” sin" dcossyn ™ 
(3.9’) 


They are normalized by the condition 
[PEL py dO = 88pm (3.9) 


We now obtain the eigenfunctions of the spin operator. We denote 
by x,,, the eigenfunction of the operators s* and s,, which corresponds 
to the eigenvalues s*? = s(s+1) and s, = p of these operators. 

The argument of the function x,, is the spin variable a. Therefore, 
this function can also be represented in the form of the vector x,,,. 
If we write x in the form of the column vector, 


Xz 
xX = Xy ? 
Xz 


then by utilizing (3.3) we can easily obtain an explicit representation 
for the operators s, and s? in the form of the following matrices: 


0 0 O 0 oO i 
5. = 0 0 —1 > sy = 0 0 0 5 
0 i 0 —i 90 
(3.10) 
0-—-i O 2 0 O 
Ss. = i 0 O}, st = [0 2 Of. 
0 0 O 0 0 2 


It follows from (3.10) that the quantity s may assume only the single 
value s = 1. In other words, the photon spin is equal to unity. Therefore, 
in the future we shall sometimes omit the subscript s on the function y,, 
and denote it simply by y,. 

The magnitude u of the spin component may assume the three values 


“w=0,+1. 
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The functions x, satisfy the following equations: 
sy, = 2Xn> 
S2Xn = UX 


By utilizing (3.10) we can easily obtain the solutions of these equations: 


0 1 I 
Xo= 10]; X= 2 Po = |i). (3.11) 
1 V2 \Q V2 \ 9 


The functions (3.11) are orthogonal to one another since they are 
eigenfunctions of the Hermitian operator s, corresponding to different 
eigenvalues. Their normalization has been chosen so that 


» Xp (a) Xu (a) = Oy’ 
or, in vector form, ° 
XiXe = Say (3.12) 


The unit vectors x, provide three basic unit vectors along which 
any arbitrary vector f may be decomposed: 


p=—1 
We shall refer to f“ as the contravariant components of the vector 
f along these basic unit vectors. By utilizing the expressions (3.11) for 
X, we can easily establish the relationship between f“ and the cartesian 
components of the vector f/f: 


f° =f; 
gia | (3.14) 
f F fre th 


Along with the contravariant components f“ we can also introduce 
the covariant components of the vector f,, which are defined by the 
condition that the scalar product of two vectors f and g, 


fe =f.82.+4(f +if,) (¢:—i8,)+4 i) (e, +ig,), 
should have the following form: 


k= > vf, = dS S80 
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This will hold, as may be easily seen, if 


f= (If, (3.15) 
i.e, 
h—fi fu = FL kif. 
f= 2 Sake 


Since the spin operator commutes with the momentum operator, 
it is possible to speak of states of definite momentum p and spin com- 
ponent uw. The components of the polarization vector in (2.4) may be 
chosen in such a way that 

e=YX,- 

The two possible polarizations correspond to only two values of the 
component of the spin angular momentum yw. The third value is exclud- 
ed by the condition of transversality. If the z-axis is directed along p, 
then the transversality condition excludes the state yx». The two vectors 
xX; and x,, corresponding to circular polarization (2.6), are equivalent, 
respectively, to x, and x_,. Thus, the value of the spin component 
#2 = 1 corresponds to right circular polarization, while « = —1 corre- 
sponds to left circular polarization. 


§ 4. Photon States of Definite Angular Momentum and Parity 


4.1. Eigenfunctions of the Photon Angular Momentum Operator 
We now proceed to determine the form of the eigenfunctions of 
the operators M? and M,. We denote them by Y,,, and call them vector 


3 
spherical harmonics or spherical vectors. As we have done previously, 


we can introduce the spin variables a. Then 
(Yin ())a = Yiy (a, a). 
These functions satisfy the equations 
M? Yi (n, a) =jfU+DYyjy, (n, a), 
M,Y jy (1, a) = MY,,, (a, a). 


Instead of solving these equations directly, we can utilize for the 
determination of Y,, the quantum mechanical rules for the addition 


(4.1) 
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of angular momenta (9). Indeed, the problem reduces to the problem 
(well known in quantum mechanics) of the construction of the wave 
function of a system consisting of two noninteracting subsystems. 
In our case such subsystems are the orbital and the spin degrees of 
freedom of the photon associated respectively with the variables k 
and a. 

Since the spin angular momentum is given by s = 1, then according 
to the rules of addition of angular momenta the total angular momentum 
of the photon may assume a given value / if the orbital angular momen- 
tum / is equal to 

l=j,jtl for j0, 


l=1 for j=0. (4.2) 


Thus, in the general case there exist three different wave functions Y,,, 
corresponding to three orbital states. We denote them by Yj, 

The wave function Y,,, is given, as is well known, by a linear com- 
bination of products of orbital and spin functions, 

Yim (n, a) = 2, Cou Yim (A) Xu(@) ? (4.3) 
for which the angular momentum components m and yw are related 
by the addition rule m+y—= M. The coefficients C/,, are in the 
general case determined by the properties of the rotation group (cf., 
for example, (119) and (41); cf. also § 8). 

For a given / and M the coefficients C/M, form a matrix of three 
columns (j = /,/+1) and three rows (4% = 0, -+1). The rows and columns 
of this matrix satisfy the orthogonality and normalization condition 


py CM CIM = y's (4.4) 


y CC a = Oyu : (4.5) 


The elements of the matrix Cj, are found in Table 1. 
Formula (4.3) can also be rewritten in vector form: 


Yj (2) = 2 CP uae Yh, ma ®) Xp- (4.6) 


A comparison of this formula with (3.13) shows that the contravariant 
components of the vector spherical harmonic are equal to 


(Yi)? = CiM au, ly Y, M-p° (4.7) 
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J I-41 
B 


- fewer +M+1) (=m) fare) 


TABLE 1 


om 


{-] 


(21-1) (21-F2) ~~ 204-1) 21(21+1) 

0 (4M+1D)0-M4)) _—_M_ /ewr™ 
QI41) d+) Vid+1) 1(21-+-1) 

\ C4 M)C+FM+1) (4M)U-M41) , /C=M)-M +I) 
(21-41) (21+2) 2(-+1) 21(2/+ 1) 


The covariant and the cartesian components are determined from 
this formula by means of formulas (3.15) and (3.14). 

The vector spherical harmonics Y,, form an orthogonal system 
of functions (a difference in the values of any one of the subscripts on 
two functions indicates that the two functions belong to different eigen- 
values of the self-conjugate operators M?, M,, or L?). Taking into account 


the normalization condition on the coefficients (4.4), we can write 


{yz jim Vy do = 6 yy Oy Ona » (4.8) 


where Yj, denotes a vector whose cartesian components are com- 
plex-conjugates of the cartesian components of the vector Y,,,. We 
note that (Yjj,,)" is not identical with (Y,,,,)"*, but is equal to 


(Yoim)" = (— 1)“ (Y, jm) HY (Yjm)i - 
It follows from this that 
y* 


jim — Yuu (— ])itteh eM, 


4.2. Longitudinal and Transverse Vector Spherical Harmonics 


We have obtained a system of eigenfunctions of the operators of 
the square of the angular momentum of the photon M2 and of its com- 
ponent M,. The state of the photon with definite values of j and M is 
described by a wave function which in the general case is a linear com- 
bination of three vector spherical harmonics: 


741 


Siu = » a, Vay. 


t=j—-l 
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The coefficients of this linear combination are not independent since 
the photon wave function must satisfy the transversality condition 
(1.10): 


fiun = 


Therefore there are not three, but two, different photon states with 
given quantum numbers j, M. We denote the corresponding wave func- 
tions by fy,, where A may assume two values: 2 = 1, 0. 

In order to obtain the explicit form of f,,, we note that from the 
three vectors Y,,,,, which are linearly independent at each point of 
k-space, we can construct three linear combinations Y%7) (A assumes 
the three values: 2 = 0, +1), which are mutually perpendicular, with 
one of these vectors, to which we assign the value A= —1, being lon- 
gitudinal, i.e., directed along the radius vector k, while the other two 
vectors corresponding to the values A= 0, I are transverse. We now 
obtain these combinations. 

We utilize for this the well-known formula for the expansion in 
spherical harmonics of the product n“Y,,,, where n“ are the components 
of the unit vector: 


1 
n°= cost, nt! = 7-— =sinver? 
73 


(9 and 9 are the polar and the azimuthal angles in the spherical polar 
system of coordinates.) In our notation this expansion [cf., for example, 
(16), (41)] has the following form: 


j J+L 
nY jy = V0 Y;)-1,m— Viz Vista. (4.9) 


Formula (4.9) can also be easily obtained directly, by expanding the 
vector nY,,, in terms of vector spherical harmonics; the expansion 
coefficients are equal to f nY,4YVjimdo. Consequently, expression (4.9) 
represents that linear combination of vector spherical harmonics which 
forms a longitudinal vector. Therefore, we define Yj} for A= —1 by 
Y') = nY jy. (4.10) 
We now consider the scalar product of the unit vector m with the 
vector spherical harmonic Y,j 


_ 1M 
nY iy = » Ch. Mp, wn; M-p¢ 
u 
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It vanishes, as may be seen by utilizing expression (4.9) and formulas 
(4.5). Thus, Y,,,, is one of the desired transverse vector spherical har- 
monics. We assign to it the value A= 0: 


YOO = VYuu- (4.11) 
Finally, we define the second transverse vector spherical harmonic 


Y{? by the relation 
iV) = [aY{ 1. (4.12) 


By utilizing the expansion of nY,,,, it is possible to express Y? in 


terms of the vector spherical harmonics Y,,, 


+1 
Yin = Vx ‘P+, ty ee j,j-1,M* (4.13) 


On solving equations (4.9) and (4.13) with respect to Y,,_,, and 
Y, ji1.4 We obtain 


1 — ne 

TM Ta (ViFT YM + V7 Vie”), (4.14) 
1 — 

Yim = Vaal a — (fj Yio— Vj+1 ¥i7%). 


It is also possible to express the vector spherical harmonics Y{) 
and Yj? in terms of the derivatives of the spherical harmonic Y,,,. In 
order to do this we have to use the well-known formula for the differ- 
entiation of spherical harmonics, which may be written in the following 
form: 


1 
KVY iu = 21 (j Vit +1 Y. 3d+1, utG+)) Vi V5 9-1, a): 


On comparing this formula with (4.13) we see that 


YQ — _. Y,,. (4.15) 
jM ViG+tD Vi, IM 
and, in accordance with (4.12), 
vip — SAY we LY, (4.16) 


VIGF  VIG+D 
where L is the operator (3.8). 
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We shall also write down the expressions for the components of 
the vector spherical harmonics Y(2) along the unit vectors of spherical 
polar coordinates. On utilizing formulas (4.10), (4.15), and (4.16) we 
obtain 

On = Vin 


(Vi7 )s = Wn)» = 0, 
Vin = (Ve )n = 0, 


. 1 ay (4.17) 
(Ve= +107), = —— Lae, 
1 1 OY yy 


dD) — _;(yy). — 
(Vie — iY)» = ViG-+1) sind Op _ 

It may be seen from the definitions (4.10), (4.11), and (4.12) that 
the vector spherical harmonics Y{/) are normalized in the same way 
as Y,,,,. The functions Y{?), like the functions Y,,,,, are mutually orthog- 
onal for different values of 7 and M. Since, moreover, for different 
A they are mutually perpendicular at all points, we have 


(Q* PA) do = 
f Via * Vi do = Oyy Opa Opn « 


4.3. Parity of Photon States 

Thus, having taken into account the requirement of transversality, 
we can represent the photon wave function of a state with a definite 
value of the angular momentum in the form 


_ 1 (0 
Siu = Q Y{? +a VY}? 2 


where the coefficients a, and a, are now arbitrary. This means that 
the states fj,, are twofold degenerate. We can remove this degeneracy 
by requiring that each state must also have definite parity, i.e., that 
it should be an eigenstate of the inversion operator I. The latter is de- 
fined for the vector field f(A) in the following manner: 


If(k) = —f(-#). 
(The minus sign is introduced since under inversion any direction goes 
over into the opposite one In = —n.) Since I]? = 1 the operator I has 


the two eigenvalues +1. 
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The operator I commutes with the angular momentum operator 
M and, therefore, we can set ourselves the problem of finding those 
states for which the angular momentum and parity have definite values 
simultaneously. These states can be easily obtained if we use the well- 
known property of spherical harmonics 

Yin(—) = (—1)'Yin (7), 
from which it follows in virtue of (4.7) that 

LV) = (— 1)’ 7 Fy (n). ; 

For transverse vector spherical harmonics the following relations hold: 

iY? = (-1?" YQ. (4.18) 
This can be seen from their definitions (4.11) and (4.13). Thus, for given 
j and M two states differing in parity are possible. We denote the wave 
functions of these states by fj,,,(A = 0,1). 

The states corresponding to the value A= 1 are said to be states 
of electric type, while the states with A = 0 are said to be states of mag- 
netic type. These names are associated with the fact that, as we shall 
see later (cf. § 27), the emission of a photon in the corresponding states 
is determined by the electric or the magnetic moment of the system 
of charges. 

The vector spherical harmonics Y{7? determine only the angular 
dependence of the photon wave function fj,, which is also a function 
of the time and of the absolute value of the propagation vector k 


Sima = Hk, QYG(n). 
According to (1.9) a(k, 1) = a(k) exp (—ikt), where a(k) is an arbi- 
trary function which is restricted only by the normalization condition, 


f \altk? dk = 1. 
0 


If we make use of the discrete spectrum of k, then in accordance with 
(1.20), 


1 
» Jack)? k? = —. (4.19) 
k 
If, simultaneously with the angular momentum and the parity, 


the photon energy also has a definite value, then a(k) differs from 
zero only for k =a, i.e., a(k) = (i/w V5) Spo (the choice of the phase 
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factor is, of course, arbitrary). Thus, the photon state may be uniquely 
specified by giving four quantum numbers corresponding to the values 
of the energy w, the angular momentum j, the component of the an- 
gular momentum M and parity A. The normalized photon wave function 
then has the form 


i 
> Vi (4.20) 
We note that for A = 1 it is not possible to ascribe a definite value 

of the orbital angular momentum to the photon state, since according 
to (4.13) the vector spherical harmonic Y‘}) is a linear combination 
of the vector spherical harmonics Y,,,, with different values of /. Here 
we have evidence of the fact that, strictly speaking, it is not possible 
to separate the total angular momentum of the photon into orbital and 
spin parts, as we have already stated in the preceding section. 

If 7 = 0, then according to the rules of addition of angular momenta 
(4.2) there exists only one vector spherical harmonic Yo) which is 
identical with the longitudinal vector spherical harmonic Y{>") = nVYo. 
From this it follows that there are no transverse vector spherical har- 
monics for j= 0. This result has a simple meaning. The state with 
angular momentum zero represents a spherically symmetric state, 
but a spherically symmetric vector field can only be longitudinal. 

Thus, a photon cannot exist in a state of angular momentum Zero. 


4.4. Expansion in Spherical Waves 


The wave function of a photon in an arbitrary state may be expanded 
in terms of the functions (4.20): 


f = » GoymaSoima . 
o,),M,A 


Since the system (4.20) is orthonormal the expansion coefficients will 
be determined in the following manner: 


dona = | Sismdk = Se { fna% (4.21) 


Formula (4.21) can be used, in particular, for expanding states of definite 
momentum p and polarization « in terms of states of definite angular 
momentum. In such a case 


a) = e, Y* (2 } V50 Sup (4.22) 
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where 6, is the element of solid angle defined in subsection 1.4. With 
the aid of (2.7) we can easily obtain the expansion of the wave function 
(4.20) of a state of definite angular momentum in terms of states of 
definite momenta. This yields 

aig = (any. 


The probability that a photon which has a definite angular momentum 
and parity is moving in a given direction m and has a given polarization 
# is evidently equal to |a(im* |? 

The probability of the direction of motion lying within a certain 
solid angle has more physical meaning. In order to determine this prob- 
ability we must multiply |a,,|? by the number of different states lying 
within do, which is equal to do/6,. If we sum this probability over the 
polarizations, then in accordance with (4.22) we obtain: 


do (wjMA)|2 (a) 2 =— 
bo > lac: |? = | Yi? (n) |? do = F(x) do, (4.23) 
yu 


where x = cos#. 

We note that since the two transverse vector spherical harmonics 
are related by expression (4.12), expression (4.23) does not depend 
on A; ie., the angular distribution of the photon is determined only 
by its angular momentum, and not by its parity. 

The function F(x) can be represented in the form of an expansion 


in terms of Legendre polynomials 
/ 


1 
F(x) = 7 2 ay, Po, (X). 
The coefficients a,, are given in Table 2. Explicit expressions for the 
functions F(x) are given in Table 3. 


TABLE 2 
J 1 2 3 
|M| 0 I 0 1 2 0 1 2 3 
Gan 
rm 1 1 1 1 1 1 1 1 1 
a, —! 1/2 5/7 5/14 —5/7 1 3/4 0 —5/4 
a, ~12/7 8/7 —2/7 3/1 1/22 —7/22 3/22 


as —25/11 75/44 ~15/22 5/44 
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4.5. Expressions for the Electric and Magnetic Fields 


We now obtain expressions for the electric and magnetic fields 
corresponding to a photon state of definite energy, angular momentum, 
and parity. As before, we use the notation 


E=6+6*; H= 6+5*. 


In accordance with (1.8), (1.19), (4.20), and (4.12) we have 


Ff o\" 
= iV 5 (2 | rperdo, 


5 3/2 
o=-V 5 (2) [ryrena. 


In order to evaluate the integrals occurring in these expressions we 
use the well-known expansion of a plane wave in terms of spherical 


harmonics: 
ekr — >» g, (kr) Y* (*} Yin (") ’ (4.24) 
‘tm 


where 
g, (kr) = (2n)n0jt 241 7a (4.25) 
r 


(Vi4zj2 are Bessel functions). 
From the asymptotic expansion of the Bessel functions it follows 
that for kr > 1 


sin kr—1} | (4.26) 


MN pi 
g, (kr) 4ni - 


We note that the function g, satisfies the normalization condition 


ii gi (kr) gf kr) dr = On)" “) ; (4.27) 


Indeed, in the last integral the important contributions come from 
large values of r. Therefore, we can utilize expression (4.26), and this 
leads to (4.27). 
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By utilizing explicit expressions for the components of the vector 
spherical harmonics we obtain 


{ Yau | ek" do = g, (kr) You a 
[xe (* elt do = g, (kr) vin(* ), 


fe (z Jet do = aT Visa i4+1,M (7) 
+ VFFT 8,47) Y,, in(F} 


From this it follows that for states of electric type (A= 1), 


- 5 w 3/2 rs 
¢ = ns (} Va Sy (kr) Y, 54.1, x0 


it] ; 
+ Vea §&j-1 (kr) Y,, j-1, 4 ete, (4.28) 


6) w 3/2 


while for states of magnetic type (A — 0), 


— ._ fbflw\? 
¢ = lt (2 g,(kr) Yume, 


S[o\"{./a_ 
ee lc ec 


f+] 
+ = 8-1 (kr) Y;, j-1, al en tot, 


We note that formulas (4.28) reduce to (4.29) if we make the substi- 
tution © + —i§, § + i€, which corresponds to the invariance of 
Maxwell’s equations under the transformation H—> E, E> —HdH. 

Since the vector spherical harmonic Y{)) = Yj, 1s transverse, the 
magnetic field in states of electric type and the electric field in states 
of magnetic type are both transverse, i.e., we have 


(rD)=1 = (©), = 9. 
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But the electric field in states of electric type and the magnetic field in 
states of magnetic type are expressed in terms of the vector spherical 
harmonics Y, ,4:,,, Which are not transverse. By utilizing (4.14), we 
can represent (* and as follows: 


: 6 [ww \*? 
Caan = i (2) 5 2j+l {VIG+ED (8j-1 —8y+41) Yi? 
4+ (jg at tDe;-1) ¥Y}e* — (4.30) 


Diaeo) = 1aan: 

The first term in (4.30) gives a radial component of the electric 
field. At large distances, for kArs>1 (the “‘wave zone”), the radial 
component vanishes. Indeed, for kArs+1, g,_; (kr)= g,,, (kr), in accord- 


ance with (4.26). Therefore the following asymptotic expressions hold 
for the fields: 


7 
<= sin (kr = ) 
Cy) = —Da-y = FO V2 Vie 2 ———*-, (4.30) 


An arbitrary electromagnetic field may be represented in the form 
of an expansion in terms of fields corresponding ‘to photon states of 
definite angular momentum and parity: 


=» QoymaS wimas 


wjiMA 


where @,,;,, are determined by formula (4.21). In particular, the coef- 
ficients (4.22) define the expansion of a plane-polarized wave in terms 


of spherical waves 
- P - 
c= S (ers (2)) 6m 


IMA 


ecw — S)(eVitu( ) Bi(kr) Yue ) (4.32) 


uM 


Or 


§ 5. Scattering of Photons by a System of Charges 


5.1. Incoming and Outgoing Waves 


So far we have been studying states of the free photon, i.e., such 
states as occur only in the absence of electric charges. However, 
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this is already sufficient to draw some conclusions concerning the be- 
havior of a photon interacting with charges. 

We turn to formula (4.31), which gives the asymptotic form of 
those solutions of Maxwell’s equations (1.1) which correspond to 
a photon of definite energy, angular momentum, and parity. These 
solutions may be interpreted as a sum of waves coming in to a central 
point and going out from the central point. Indeed, they may be rep- 
resented as follows: 


(j= GAL Cort, 
H=H+H™, 


—ik(r+t) 
Gi" = AYY(n) ———., 
out , en tk(r-#) (5.1) 
(you = BY? (n) ——), 


6" = —[a, 6], 

Hot = [n, 6**], 
where n= r/r, while A and B denote normalizing factors, such that 
B= (—1)7**44. (5.2) 


We note that each of the fields (7, 6!" and (6™*, 6°%* separately 
satisfy Maxwell’s equations (1.1). A similar decomposition into incom- 
ing and outgoing waves can be carried out likewise in the exact expres- 
sions (4.28) and (4.29). It corresponds to representing the Bessel functions 
occurring in the radial functions g, (Kr) (4.25) in the form of a sum 
of Hankel functions H™(kr) and H™(kr): 

Sriaplkr) = 4 LAI? olkr) + AY) (kr)]. 
However, the terms obtained in this manner will not individually satisfy 
Maxwell’s equations (1.1) at r= 0, since the radial functions will 
in this case have singularities at the origin. The requirement that the 
solution remain finite at r = 0 imposes on the amplitudes of the incoming 
and the outgoing waves the relation (5.2). 

We now consider the case when there exists asystem of charges within 
a certain bounded region r <r, in the neighborhood of the origin. 
For the sake of brevity we shall refer to it as the scatterer. Outside 
the scatterer, equations (1.1) evidently hold and, therefore, the asymptot- 
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ic solutions (5.1) are valid. However, since at r= 0 equations (1.1) 
do not hold, the amplitudes of the incoming and the outgoing waves 
will no longer be related by expression (5.2). The relation between 
A and B will in this case be determined by the properties of the scatterer. 
In the general case, the outgoing wave may correspond to a photon 
whose energy and angular momentum differ from the energy and the 
angular momentum characterizing the incoming wave. Therefore we 
write the relation between the amplitudes in the following form: 


Boma = Py, AojMM Sloo'j'M'2) Ay yun 


The matrix S occurring in this expression is called the scattering matrix. 

We note that this relationship does not cover all the processes 
which may occur because of the presence of the scatterer. For example, 
as a result of the interaction two or more photons may be emitted 
or a photon may be absorbed. Such processes cannot be investigated 
within the framework of the quantum mechanics of a single photon. 
Later (in Chapter IV) we shall study in greater detail a more general 
scattering matrix which includes all possible processes. 

Here we shall confine ourselves to the case when the scatterer, 
first, has spherical symmetry, and, second, scatters photons elastically. 
In this case conservation of angular momentum, of parity, and of 
energy holds and, therefore, the scattering matrix must be diagonal 
and must not depend on M. Its elements can be represented in the 
following form: 

(oj MA|S|o'7’ M2) = 8,47 949 Oy Ov Sg (@) (— 141-7 ; 
i.e., 

B= (—1)'t!-48,,(@)A, (5.3) 
where the factor (—1)/t+1~* has been introduced in order that in the 
absence of the scatterer S,,(w) should reduce to unity, and (5.3) should 
reduce to (5.2). 

The property of elastic scattering means also that the energy flux 
of the outgoing wave is in absolute magnitude equal to the energy 
flux of the incoming wave. On the basis of the definition of energy 
flux density and of formula (5.1) it can be easily shown that the flux 
densities in the incoming and the outgoing waves are respectively given by 


gia —_— —2|A|?| Y|2n; gout —_ 2| Bi? Y/?n. 
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Therefore from the equality s'* = 5 it follows that |Aj? = |B|?; ice., 
|Sj,(@)| = 1 or 

Sy(@) = er @ (5.4) 
where 0,, is real. 

We can eliminate the restriction imposed on the properties of the 
scatterer if we alter somewhat the formulation of the problem, and, 
in particular, regard all processes other than elastic scattering as “‘absorp- 
tion.” In this we shall include both absorption proper, and also scat- 
tering processes involving a change in frequency or in angular mo- 
mentum, or the conversion of a photon into two photons, and all other 
incoherent processes. We shall take all these absorption processes into 
account in a summary fashion as a reduction in the intensity of the 
outgoing wave in comparison with that of the incoming wave. In this case 
we can retain formula (5.3) if instead of (5.4) we take 


Sy — a5, ertia 3 (5.5) 
where’ 
O0<a,y<1. 


5.2. Effective Scattering Cross Section 

We can now construct a formal theory for photon scattering analo- 
gous to the theory of scattering of particles by a central field in quantum 
mechanics. 

We represent the photon field at large distances from the scatterer 
in the form of a plane wave and an outgoing spherical wave 


e 


kr 
26 = ect +4 F(n) _ (5.6) 


where e is the polarization unit vector; the normalization corresponds 
to unit energy flux density in the incident wave, so == my (” is a unit 
vector directed along the z-axis, while the factor exp(—ikr) has been 
omitted for the sake of brevity). The energy flux through the area 
r2do in the outgoing wave is equal to ds= |F|? do. Therefore, in accord- 
ance with its definition the differential cross section for elastic scat- 
tering is given by 


do = | F(n)|?do. (5.7) 
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We now show that F can be expressed in terms of the elements of 
the scattering matrix S,,. In order to do this we write the general asymp- 
totic expression for a field of some given frequency k in the form 
of a series of incoming and outgoing waves. In accordance with (5.1) 
and (5.3) this has the form 


C= » Aimar YS? “(- 1)itt eter Sete}, (5.8) 
IMA 


We now choose the coefficients a;,,, in such a way as to pick out the 
incident wave in (5.8). In order to do this we make use of the plane- 
wave expansion (4.32). By utilizing (4.14) and the asymptotic repre- 
sentation of the radial function (4.26) we obtain 


27 * j —A p—ikr i 
ect? = —— D, (e¥ i (n,)) ¥{@ (n) ((— Dre eT}. (5.9) 
We see that if we set 


27 . 
Qa = le Y}) (n,)), 


then (5.8) assumes the form (5.6), with 
F(n) — 2n ya (A) 
(n) = SS (eV i" (ro) (Su -D) YY). (5.10) 
jMA 
If we expand the polarization unit vector of the incident wave e in 
terms of the unit vectors x, and x, corresponding to the x- and y-axes: 
€ = Xi t+ e2Xa, 


and if we expand the vector amplitude of the scattered wave in terms 
of the unit vectors x, and x, belonging to spherical polar coordinates 
@ and o: 

F = F\X5+FrXo, 


then by utilizing the explicit expressions for the vector spherical harmon- 
ics (4.3), (4.11), (4.13), and (4.17), we can represent (5.10) in the 


following form: 
Fy __ ey 
(7) —R (°) 
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where R is the following two-dimensional matrix: 


R= ROLR®, 
A, (8) cos A i 
RO = -i( Meese — AO sing (A= 0,1) 
B,(9)sinp —B,(9) cos Ds, 


1 2j+1 
AB) = 35S) FIN ¢g,—1) SPs(e088) | 


IG+Y dcos# 
2) = 3D se 6") Gas 
100 = 3e3 Eo pres Me, 
BO) — a SiGe Se DPPC ET 


and P, is a Legendre polynomial. The matrix R®) determines the scat- 
tering of waves of electric type, while R® determines the scattering 
of waves of magnetic type. If the polarization density matrix of the 
incident wave is given, then the differential cross section can be 
expressed in the form do/do = Sp ReR*+. The density matrix for the 
scattered wave g’ is related to g by the expression 0’ = RoR+/Sp RoeR+. 
The total elastic scattering cross section is given by 


0, = [Fido — = ae dy CItD |Sy—1). (5.11) 


We now determine the effective absorption cross section o,. It 
is evidently equal to the difference between the energy fluxes of incom- 
ing and outgoing waves: 

a= » A=|Syl aul? 
iMA 


where a,,, are the coefficients in formula (5.8); i.e., 


It 
O.= Spe D, G+ 1) U-|Sal). (5.12) 
ja 
5.3. The Optical Theorem 
There exists a remarkable relationship between the total effective 
cross section, i.e., the cross section both for scattering and for absorption, 
and the forward scattering amplitude for elastic scattering. 
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We consider the total flux through a sphere of large radius r of 
the energy associated with the field (5.6). Inthe absence of absorption, 
the total flux is equal to zero. The existence of absorption means that 
there is a net flux equal to o, entering the sphere (if, as is the case in 
(5.6), the field is normalized to unit flux density in the plane wave). 
Thus, we have 


{ snr®do = —d,. 


a 


(5.12’) 


The flux density vector s occurring in this expression which corresponds 
to the field (5.6) is given by 


2 
s—nytn wrt +524 eF*)e-ikt—2)_4 (eF) eter—2)} 


5 No — {(eF )eh-9-+ (eF*) eee a 


It is obvious that the first term in this expression will make no contribu- 
tion to the integral (5.12’). The second term will give the total elastic 
scattering cross section. The integrals of the remaining terms can be 
considerably simplified if we first integrate them by parts. We consider, 
for example, the integral 


an 


tows __, { de [ (cF(8, y)) eter —eos) cos? 
0 0 


On further integration by parts the last integral over # will give 
a term of the order of 1/r, and therefore we can neglect it in comparison 
with the first term, which does not contain r in the denominator. Further, 
the oscillating term containing exp(2ikr) can also be neglected. In 
order to justify this it is sufficient to average over a small frequency 
interval Ak ~ 1/r: 


1 . 20 
_ ik(r-2) p2 — _- 
; [ere r?do= +, eF (0). 
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On dealing with the other integrals in a similar manner we obtain 


1 
— | an) (eF(n)) e*("-*) r2do = — FeO), 
r | (a n) (eF *(n)) e—ik(r—2) dg — rf (eF *(n)) etk(r—2) do — a eF*(0). 


On substituting all these expressions into (5.12) we obtain 


o,=0,+a,= = e(FO)—F*) 
or 


a, = a Im (eF(0)). (5.13) 
This relationship is referred to as the optical theorem. 

We see that the total cross section is proportional to the imagi- 
nary part of the forward scattering amplitude for elastic scattering 
(or, more accurately, to the amplitude of elastic scattering without 
a change in polarization). 

The essence of the optical theorem may be interpreted in simple 
terms as follows. The total cross section is a measure of the weaken- 
ing of the incident wave. On the other hand, this weakening may be 
regarded as the result of the interference of the primary wave with 
the wave scattered forward. 

We note that the optical theorem may be applied not only to photons, 
but to any particles. 


5.4. Dispersion Relations 

The scattering amplitude F has definite analytic properties which 
enable us to set up integral relations between its real and imaginary 
parts analogous to the relations obtained by Kramers and Kronig for 
the dielectric constant. 

For the sake of simplicity we restrict ourselves to the case of small- 
angle scattering. We can then neglect the change in the polarization 
and take F to be a scalar quantity. 

We investigate the amplitude F as a function of the frequency w for 
a given change in the momentum of the photon as a result of scattering 
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q == k'—k(q=k8, where @ is the scattering angle), F= F(w,q). 
By utilizing the Cauchy formula we can write F(w, g) in the following 
form: 


Lf FOOD ge, (5.14) 
ni w'—w 


Fo,g= 
where the integration is carried out in the plane of the complex variable 
w’ along a contour surrounding the point w’= w, and F(w’,g) is a func- 
tion of the complex variable w’ for a given parameter g. If the function 
F(w',g) has no singularities in the upper half-plane, then the contour 
of integration in the integral (5.14) may be chosen in the form shown 
in Fig. 1. 


Fig. 1. 


Since the integral along the semicircle going around the point w’ = w 
is equal to half of the total integral (5.14), we have 


Fo, p= fEeD g 1 PFO® 4, 


o’ mi woe | 
—oo R 

where the principal value is taken of the first integral along the real 
axis, while the second integral is taken along a semicircle of infinitely 
large radius R > co, If this latter integral tends to zero as R—- oo, 
we have 


_ 1 FO, ,, 
Fw, q =arf wee do. (5.15) 


We note that as a result of the fact that the field is real F(—w) 
= F*(w). 
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We shall not investigate in detail here the analytic properties 
of the function F(w, q), as can in principle be done on the basis 
of an investigation of the properties of the series in terms of which 
the scattering matrix S is expressed (cf. Chapters IV, VII). We shall 
merely introduce certain simple considerations based on very general 
assumptions with respect to the properties of the propagation of 
electromagnetic waves (94). In the presence of a scatterer the field E must 
satisfy a certain homogeneous equation. It may be expressed in the 
form of a certain integral relationship (the Huygens-Kirchhoff principle) 


Er.) = [ Kr, t; rE’, tds, (5.16) 


where K is a function simply related to the Green’s function for the 
equation of the field, and the integration is carried out over ¢’ within 
the light cone (t—t’)? > (r—r’)*, and over an arbitrary closed surface 
surrounding the point r. This surface may be chosen in the form of 
an infinite plane perpendicular to the incident wave and situated in 
the region where the incident wave is not distorted by the presence 
of the scatterer. Then E(r’, t’) ~ exp (ikr’—iwt’). We choose the point 
r in the asymptotic region; 1.e., we take E(r, t) = (F/r) exp [i(Ar—ot)}. 
In this expression we have 


1 , , 
—F= [ xe, tyr’, t) efott-é )-i(kr~ kr’) ds dy’, 
r 


We introduce the following notation: t—t/=t; r= p-+r’; then 
r=ot+('k'/k) (r >’), and 


tp = [ xe. tir, pele—e)—-sar’ dt’ ds, (5.17) 
r 


T>e 


If g is held constant, then it follows from (5.17) that in the upper half 
of the w plane F has no singularities regarded as a function of a, 
since the coefficient of w in the exponential is positive. From this it 
also follows that F falls off exponentially along a semicircle of large 
radius in the upper half-plane. 

Thus, the amplitude F(w, q) regarded as a function of w for fixed 
values of g possesses properties which guarantee that the dispersion 
relation (5.15) holds. 
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Formula (5.15) implies the following relations between the real and 
the imaginary parts of the scattering amplitude: 


_1 f ImFo',9 ,, 


ImF(w,4q)=—- f ReFO' D ay!, 


bi w’—-w 


We now evaluate the difference F(w, g)— F(O, q). From (5.15) we obtain 


Fo.a)—F0.) = f ED ae 


For F(0O, g)= 0 we obtain the following relations: 


@ r Im F(a’, , 
Re F(w, q) => _ f ae dw ’ 
a (5.19) 
, @ Re F(a’, , 


§ 6. The Photon Field Potentials 


6.1. Transverse, Longitudinal, and Scalar Potentials 

In the investigation of the interaction between photons and electric 
charges we shall later need expressions for the potentials of the electro- 
magnetic field corresponding to a photon in some definite state. There- 
fore, by utilizing the expressions for the electromagnetic field of the 
photon obtained in the preceding sections we shall now determine the 
vector potential 4 and the scalar potential A, corresponding to the 
photon. As is well known, A and A, are related to the fields E and 
H by the following expressions: 


B= —“4 vay, 


ot (6.1) 
W— curl A. 
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If we expand A and A, into Fourier integrals 
A= Aye dk, Ay= f Ae dk, 


then equations (6.1) will assume the form 
(6.2) 


Since E, and H,, are transverse vectors, it is eonvenient to decompose 


A, likewise into transverse and longitudinal parts: 
A, = AY +n Ap, (6.3) 


where 
n= 5 kAM = 0. 
From (6.2) and (6.3) and the condition of transversality of the field 
E,k = 0 we obtain the following relation between Ag, and A‘); 
ik Ag, + All? = 0. (6.4) 
By eliminating the magnetic field with the aid of expression (1.5) 
we find the following simple relations between A{”), A and E,, E,: 


1. 
AW) = ——_F, 
nn (6.5) 


By utilizing these relations and also (1.6) we can express A!) and Aj) 
in terms of the photon wave function in momentum space /,: 


(1) — i . — f* 
Aj; y/2(2n yo Ch S*,), 
(6.6) 


Aw) = — V anys KAfty)s 


where w = |k|. 
The quantities A,, and Af!) are related only by expression (6.4), 


while otherwise they are arbitrary. This gives expression to the property of 
gauge invariance according to which the fields E and H remain unal- 
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tered if an arbitrary function 07/0t is added to the scalar potential, 
while simultaneously —Vy is added to the vector potential. If, in addi- 
tion, we impose on the potentials the Lorentz condition 


— 0, 


then the following relation will hold between the quantities Aj, and 
Aull; 
ikAW +4 4, = 0. (6.7) 


Moreover, the fact that A and A, are real imposes the following con- 
ditions: 
Ack = Ad -3 Ay? = —Allp*, 


In analogy to (6.6) we can introduce the complex function fo, de- 
fined in the following manner: 


Cox —for_x) ’ 


q 
20x) 0 


: w n 
Ao. = V we (font Sor_x)- 


Then in accordance with (6.4) and (6.7) we obtain 


AW = — 
k Tia (fatto _b)s 


On substituting (6.2) and (6.3) into the equation E, = i[kH,] and 
on expressing Ag, and Aj! in terms of fy,, we find that /,, like f,, 
satisfies the first-order equation 


Ofok 


= = Wfoy- 
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With the aid of the functions f, and f,, the potentials of the field 
may be written in the following form: 


Ay = Slots, 
A= A+*, 


I 1 
cf So Oe —= thr di, . 
° V/ 2(22)8 / Vo Fone (6.8) 
7 1 
i = —Taes [at ikr dk, 
V 20228 V 7) a 
where 
h, = f+ for- (6.9) 


6.2. Longitudinally Polarized “Photon” 

The set of quantities h,, fo,, may be utilized in place of the quanti- 
ties f, as the photon wave function. The expectation values of the energy, 
the momentum, and the angular momentum of the photon are related 
to A, and fy, by the following expressions: 


w= | wht h,—f% fordk, 
p= | kth, Se foddk, 
M = | (ht, Mh. Sk Lfudk, 


where M is the total angular momentum operator (3.6), while L is the 
orbital angular momentum operator (3.8). These quantities do not 
depend on the choice of /o,. Therefore, the wave function (h,, fo,) does 
not satisfy the usual normalization condition. 

We shall obtain the potentials of the electromagnetic field corre- 
sponding to a photon state of definite momentum or angular momentum, 
if we demand that the wave function (h,, fo,) must be an eigenfunction 
of the corresponding operators. Since we know the wave functions 
fj, it remains for us only to determine the functions /fo,. 

We can write the eigenfunctions f(A, ‘) of the momentum operator 
in a form similar to (2.4): 


Sop (k, t) = C ri ea tke Onp> (6. 10) 
J 
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where C is an arbitrary constant. For states of definite momentum the 
function A, in accordance with (6.9), (6.10), and (2.4) has the form 


(6.11) 


kp? 


t 
A(k, t) = —=ee—™ 
ay 


where e may contain an arbitrary longitudinal vector 
e=e,+Cn 


(e, is the transverse unit vector). 

It is sometimes useful to give an interpretation of the existence of 
a longitudinal component of the photon wave function by introducing 
an additional fictitious photon state with longitudinal polarization. 
Then, for a given momentum one can speak of three polarizations 
defined by the vectors x,(u= 1, 2,3). Two of these are transverse, 
and are determined by formulas (2.5) or (2.6), while for the third one 
we have y,; = Cn. Since in this case the photon wave function also 
has a scalar component equal to the longitudinal component, the energy 
and the momentum of the photon in this fictitious state are both equal 
to zero. 

The eigenfunctions fo, of the angular momentum operator, which 
in the case of a scalar is identical with the orbital angular momentum 
operator, are given by spherical harmonics, which we shall write in 
a form analogous to (4.20): 


iC 
Soimalk, 1) = Ey Ls Y jn (at) e- 6... (6.12) 


We note that the parity of the function (6.12) is uniquely determined 
by its angular momentum and is equal to J = (—1)’. It is identical with 
the parity of the states of electric type. The vector A, for states of electric 
type is in accordance with (6.9), (6.12), and (4.20) equal to 


h(k, t) = eet (n) + CYS) (n)) e*5,.,,. (6.13) 


For states of magnetic type [= (—1)/+!, and therefore the wave 
function has no scalar part: 


Jx=9, AL=S,- (6.14) 
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On the basis of (6.13) we can say that a state of electric type appears 
to be a superposition of a transverse photon state (A= +1) and a 
“longitudinal photon” state (A = —1). 

We also note the following important fact. The free electromagnetic 
field may, in general, be described without making use of potentials. 
In such a case no fictitious states corresponding to photons with lon- 
gitudinal polarization arise, since the fields E and H have the property 
of transversality, and this property of the fields is relativistically invar- 
iant. However, for the investigation of the interaction between photons 
and electrons the intreduction of potentials is necessary, since the poten- 
tials of the electromagnetic field occur in that part of the Lagrangian 
or the Hamiltonian which determines the interaction. At the same 
time the necessity arises of investigating “longitudinal” (and also “‘sca- 
lar’) photons, since it is not possible to make the potentials transverse 
in a relativistically invariant manner. These questions will be discussed 
in detail in Chapters III and IV. 


6.3. Potentials for Plane and Spherical Waves 

With the aid of the wave functions (A,, fo,) it is possible by utilizing 
formulas (6.8) to obtain expressions for the potentials of plane waves 
describing photon states of definite momentum and polarization, and 
of spherical waves describing photon states of definite angular momen- 
tum and parity. We write the potentials in the form 

A= U+A*, Ay = clot oF. 

It can be easily seen that the quantities ¥{ and «(y) have the following forms: 

In the case of plane ‘waves: 


= — a (e+Cn) e'Pr-2), 
VY 22w 
lg = Celpr-en), (6.15) 
- V 220 
o = |p|; 
In the case of spherical waves of magnetic type: 
1. JV jot 
oy — - Y(9) e-ie ; 
° Bi(r) Xl; | (6.16) 


* ° —— 
iw 4nyR 
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In the case of spherical waves of electric type: 


1 oO r 
w= ty/3 W320 8 41(pr) Y;, jv1, A") 
1 
+e i 8-1 (pr) ¥;y 5- m4 
r 
—¢|/ ey 1 85a (Pr) Vy, 543, u("] (6.17) 


— V xf 8-1 (pr) Yiau(") flere 


Cc @ r\ 
se EB &,(Pr) Yiu ("). er 


By making different choices for the arbitrary constant C which 
determines the amount of admixture of the “longitudinal”? state, we 
can make expression (6.17) assume different forms. Thus, for C= 0 
(86) 2 differs from (© only by the factor 1/iw. For C= G/G+bpy" 
the expression for 9{ reduces to a single term and contains only the func- 
tion g,-1, which is advantageous for a number of applications (cf. 
§ 27 and § 40): 


2j+l io 
w= ys ye Bia ¥i same 
a @ J ia 
aly tV% Vo 8; Yim ei. 


§ 7. System of Photons 


(6.18) 


7.1. Wave Function for a System of Two Photons 


So far we have been considering a single photon and the electro- 
magnetic field corresponding to it. However, we can generalize the 
method just presented for introducing the photon wave function in 
momentum space, and we can investigate also an arbitrary number 
of photons in a manner analogous to the way a system of particles 
is treated in quantum mechanics. 

We investigate in greater detail a system of two photons. The argu- 
ments of the wave function of such a system are the momenta ky, kg, 
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and the spin variables a,, a, for the two particles, and also the time ¢. 
We denote this wave function by 


S (ky, 3 Ky, O95 2). 


The square of the absolute value of the wave function determines the 
probability that the first photon has the momentum k, and is polarized 
along the a, axis, while the second photon has the momentum &, and 
is polarized along the a, axis. 

Instead of representing this wave function as a scalar in the space 
defined by k,,k,;a,, @. we can regard it as a tensor function in the 
space of the momenta k,, k,: 


Sky, 5 ke, O3;0=foa (k,, k,; t) (7.1) 


in a manner analogous to the way in which we represented the wave 
function for a single photon in §3 either as a scalar f(k,a, ft) or asa 
vector f,(k, t). 

In first approximation the photons may be regarded as non-interact- 
ing particles. (In fact, owing to the interaction between photons and 
electrons, a weak interaction between photons appears, cf. § 54.) In 
such a case the energy of the two-photon system is equal to the sum 
of the energies of the photons, and their wave function satisfies the 
equation 


where w = w(k,)+w(k.), while w(k,) is the Hamiltonian for a photon 
defined by formula (1.11’). 

In addition to this equation the wave function must also satisfy 
two other conditions. The first of these (the initial condition imposed 
on the equation for f) requires that the polarization of both photons 
should be transverse. It may be formulated in the form of the following 
expressions: 

(Ky)a, Sora: = 0, 


(K2)a,Serae = 0. 
The second condition represents a symmetry condition and follows 


from the identity of the photons. Photons obey Bose-Einstein statistics, 
and their wave function must be symmetric with respect to an inter- 


(7.2) 
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change of the particles. Therefore (omitting for the sake of brevity 
the argument f), we have 


FS (ky, G1, Ky, Ae) = (Ke, G2, 1, a), (7.3) 
or, in tensor form, 
Foor he, Ke) = Say, (hes Ki) - 
Instead of the variables k,, k, we can introduce the total momentum 
of the system (momentum of the center of inertia) K: 
K=k,+k, 
and the relative momentum 2k: 
k,—k, 


k= 5 


In terms of these variables the wave function of the two-photon system 
may be written in the following form: 


Sk; ay, ky, dy) = PK) S(k 5 a1, Gy). 
In virtue of the conditions of transversality (7.2) and of symmetry (7.3) 
the function /(k; a,, a) = f,,.,(k) satisfies the following relations: 


ForaKar = FosarKay = 0, (7.4) 
S(K 5 ay, dy) = f(—K; ay, a). (7.5) 


If we consider states of definite total momentum K, then we can 
always (with the exception of the case when k, and ky are parallel) trans- 
form to a coordinate system in which 


K=O, k,=k; k, = —k. 
The function f(k, a,, a.) represents the two-photon wave function in 
this coordinate system. 
We note that two photons of total momentum equal to zero are 


experimentally observed in the case of the decay of a neutral system 
at rest (neutral z-meson, positronium). 


7,2. Even and Odd States of Two Photons 

We now set ourselves the problem of finding the wave functions 
of the system of two photons of definite angular momentum and parity 
(113). We take the momentum of the center of inertia K equal to zero. 
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The angular momentum operator for the system M is the sum of the 
operators for the orbital and the spin angular momenta: 


M=L+s, 
where L is the orbital angular momentum operator for relative motion 
L= —i[kV,}, and s is the sum of the spin operators for the two photons 


= $,+8,. 

As in the case of a single photon, the eigenfunctions of the opera- 
tors L? and L, are given by the spherical harmonics Y,,,(#). 

The eigenvalues of the square of the spin angular momentum are 
equal to s* = s(s-++1), where in accordance with the rules for the addition 
of angular momenta the quantum number s may assume the values 
s= 0,1, 2. Since for a given value of s the eigenvalue of the operator 
for the component of the spin assumes the values u = —-s, —s+l,..., 5, 
there exists for a two-photon system a total of nine different spin wave 
functions which we denote by y,,(a,, @,). They are bilinear com- 
binations of the spin wave functions of the two photons 7,,(a,) 
and Y,(ds). 

These combinations may be written in the form of six symmetric 
functions 7,1 (41) Z.2(@2)+Xn1 (42) %,.2(G,) and three antisymmetric func- 
tions 7,1(41)%,2(42) —%.1(42) X ,2(1)- Since states with different values of the 
quantum number yu for a given quantum number s must have the same 
symmetry, we must identify the three antisymmetric functions with 
the functions 7,, corresponding to the value s= 1, while the six sym- 
metric functions must be ascribed to the values s= 0,2. Of these, 
the four functions for which u,+, 4 0 must correspond to the value 
5s = 2, while the remaining two functions 


Yo(Qi)%o(@2) and 4% (ay) 4-1 (a) +.%—1 (G1) 41 (Ge) 


represent linear combinations of the wave functions 729 and Yoo. 

We note that the division of spin states into symmetric and anti- 
symmetric ones has a real meaning. As regards the classification of 
states according to the value of spin, it has no deep physical meaning, 
since, as will be seen later, the condition of transversality requires the 
superposition of functions with s=0 and s= 2. 

The wave function for a system of two photons with a definite value 
of the angular momentum j and of its component M along the Z-aXxiS 
fyu(k, %, %) Tepresents, in accordance with the rules for the addition 
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of angular momenta, a linear combination of products of orbital and 
spin functions Y,,,(k/k)7.,,(a1, 42)- 

States of definite angular momentum can be classified with respect 
to their parity. The inversion operator J acts only on the orbital part 
of the wave function: 

Vasa (kK) = So,a(—*), 
i.€., 
Lf (ke, 04, 2) = f(—Ke, O45). (7.6) 
Since 


Yin(—1) = (1) Yin =F, 


the parity of the state is determined by the quantity J = (—1)!. On 
the other hand, the replacement of k by —k is equivalent to an inter- 
change of the momenta of the two photons. From the condition of 
symmetry of the wave function (7.5) it follows that Y,,,(7) 7,,,(a@1, @2) = 
Yim(—*) Xs, (G2, 0%). We thus see that there exists a connection between 
the parity of the state and the symmetry of the spin function: 


Usp (Or ’ a) = (—1)! Xsu (G2. ax) (7.7) 


ie., even states (J = 2n, where n is an integer) are symmetric with 
respect to the spin variables, while odd states (7 = 2n+1) are anti- 
symmetric. In other words, the tensor /,,,, is symmetric in the case 
of even states and antisymmetric in the case of odd states. In the former 
case it has six components, while in the latter case it has three compo- 
nents, which is in agreement with the number of symmetric and anti- 
symmetric spin functions. 


7.3. Classification of the States of Two Photons of Definite Angular 
Momentum 


The state of a single photon of given energy is completely determined 
by its angular momentum and parity. To each set of the quantum 
numbers w, j, M, [ there corresponds one photon state (with the exception 
that the state for j = 0 is missing). In the case of two photons the situation 
is, generally speaking, different. Let us count the number of states 
corresponding to a two-photon system when the angular momentum 
and the parity are specified. We shall denote by N‘}) the number of 
even states of given j and M, and by N‘,) the number of odd states. 
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We begin by considering the odd states. As is well known, an anti- 
symmetric tensor of the second rank may be written in the following 


form: 
Saya, = Ca,ayl ys (7.8) 


where ¢,.,,, 1s the unit antisymmetric tensor of the third rank, while 
F,, is some vector. Therefore, the odd states may be described by a vector 
wave function F(k). The properties of the vector F differ significantly 
from the properties of the single photon vector wave function f,. Indeed, 
the condition of transversality (7.4) applied to the antisymmetric tensor 


(7.8) yields 
Copy Mp, = 0, Le, [nF]=0. 


Thus, the vector F is longitudinal in contrast to the transverse vector f,. 
According to the results of § 4 there exist three linearly independent 


vector functions Y) corresponding to given values of the quantum 
numbers j and M, with two of these being transverse (A = 0,1), and 


one of them being longitudinal (A = —1). From this it follows that 
for a given j and M the vector F has the following form: 
. F= YG (a). 


In accordance with (4.10) this function is odd only when / is even. 
Thus we have 

Ni) = 1 for j= 2n, 
iM 0 for j= 2n+1. 


We note that since the tensor wave function for a system of two 
photons f,,., is bilinear in the components of the photon vector functions 
Ff, and fy, then it follows from the antisymmetry property of the tensor 
Sa, that the vectors f, and f, have no components along the same axis. 
This means that the polarizations of two photons in an odd state are 
mutually perpendicular. The neutral z-meson and positronium in the 
ground state (cf. 33) can serve as examples of odd systems decaying 
into two photons. 

We now proceed to investigate the even states. As we have seen 
earlier, they correspond to the values of s= 0, 2. In accordance with 
the rules of addition of angular momenta for given values of j and M 
there are six different wave functions corresponding to different values 


of 7: 


(7.9) 


=jtl,j+2,j for s=2 
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and 

l=j for s=0. 
Since J = (—1)', then of all these functions we must retain only those 
for which / = 2n. The number of these functions is equal to four when 
j = 2n and is equal to two when j = 2n+1. 

In order to obtain N{¥) it is also necessary to take into account 
the transversality condition (7.4). In order to do this we consider any 
one of the tensor wave functions f,,,, corresponding to given values 
of j and M. We construct the vector G, = f,gn, which represents the 
longitudinal component of the wave function. Since the vector n is 
spherically symmetric, the vector G, like f,,,, is an eigenfunction of 
the angular momentum operator with the same eigenvalues j and M. 
But for given values of j and M there exist three linearly independent 
vector spherical harmonics Yj). Therefore, of the six tensor functions 
Jaya,» Only three can have longitudinal components different from 
zero, while the remaining three satisfy the condition of transversality. 
The parity of the former is identical with the parity of the vector spherical 
harmonics corresponding to them. Therefore, the number of even, 
linearly independent tensor functions which have a longitudinal compo- 
nent different from zero is equal to two when j= 2n and is equal to 
one when j = 2n-1. On subtracting this number from the total number 
of even functions we obtain the number of even states which satisfy 
the condition of transversality: 


N{y=2, j= 2n, 
Nip = 1, j= 2nt+1. 

The cases of j= 0 and j= 1 require separate consideration. When 
j= 0 the rules for the addition of angular momenta allow only two 
states (both even), 

l=0,s=0; J=2, s=2. 
On the other hand, when j = 0 there exists only one vector spherical 
harmonic Yj," (even). This means that of the two tensors f,,, only 
one satisfies the transversality condition. Thus, there exists only one 
even state of the system with angular momentum equal to zero. In this 
case, as may be easily checked, the wave function of the system satisfying 
the conditions of symmetry and transversality is given by the function 


Sosa, = CONSt (My Me, — 9,0.) (7.11) 


(7.10) 
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It may be concluded from (7.11) that the polarizations of the photons 
in this state are parallel. Indeed, let the z-axis be directed along k, then 
we have f,, = 0. 

When j= 1 the rules for the addition of angular momenta allow 
only one even state: / = 2; s = 2. But the corresponding tensor function 
has a longitudinal component, since of the three vector spherical harmon- 
ics Y{Y only Y{°) is even. This means that there are no even states 
satisfying the transversality condition when j = 1. In accordance with 
(7.9) when j = 1 there are also no odd states. Thus, a system of two 
photons, generally speaking, cannot be in a state of angular momentum 
equal to unity, while a system having an angular momentum equal 
to unity cannot decay into two photons. 


TABLE 4 
Angular momentum, No. of even states, No. of odd states, 
j Nya. Nie 
0 1 1 
1 _ _— 
2n 2 1 
2n+1 1 —_— 


In the accompanying table a summary is given of the classification 
of the states of a two-photon system. 


7.4. Wave Function for a System of an Arbitrary Number of Photons 
A system of an arbitrary number N of photons can be described by 
the wave function f(k,, @, 3 kz, 423 h3, 433 -..3 ky, @y) Which depends 
on the photon momenta k, and the variables a, which determine the 
photon polarizations (each variable a, assumes three values: a, = 1,2,3). 
The wave function must be symmetric with respect to interchanges 
of particles; i.e., 
See pgs Og 5 oe yy Oy HS Sy, ys A weedy 

and, moreover, it must satisfy the transversality conditions 

Dil ky a) ky =O G=1,2,..,N), 

oy 


where the summation is taken over the three values of the variable 


60 QUANTUM ELECTRODYNAMICS 


a, (the number of transversality conditions is equal to the number 
of photons). 

If the state of an individual photon is characterized by the set of 
quantum numbers r (for example, p,, or w,j,M, A), then the state 
of the system will be completely determined by specifying the ‘“occu- 
pation numbers” N,, i.e., by indicating for each individual state r the 
number of photons N, occupying this state. The wave function of 
the system with a specified distribution of occupation numbers can 
be expressed in terms of the individual photon wave functions f((k, a): 


Sn, Nett (Ky, a3 ...5&,, a5...) 


N,1N, 1... 
~ N! 


1/2 
Dh (ky, a) Sf, (Kz, Mp)... 
where N= > Ny: and the summation is taken over all the permu- 


tations of the subscripts r. The function fy, is normalized by the condition 
Df ive, 0 Cas On 5 Heys ty) Phy... dey = 1. 
Oy oe By, 


An arbitrary state of a system of N photons can be represented in 
the form of a superposition of states with definite distributions of 
oecupation numbers: 


Fuki, O13 3 ky, ay)== 3) DIN Nis Says oe Ky O15): 
Np - 7 


(7.12) 


When photons interact with charges the number of photons can 
change, since photons can be emitted and absorbed. Therefore, in 
the general case, we have to consider states with an indefinite number 
of particles. Such states are described by a set of wave functions f, 


(4, | 
afi (ki, a) 
a> fo(ky, ay, k, Gp) 


(7.13) 


a 


lon ty Aa, Q,;...3 ky, ax) | 
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where the square of the absolute value of a,, determines the probability 
that N photons are present (»)|a,|? = 1). 

Such a column is equivalent to a certain functional with the aid 
of which we can describe a system containing an indefinite number 
of photons. This functional is determined in the following manner 


(64). Let Q.(¢) = Til if Ty (Ex -» Ev) p(x)». (Eg) dE, «.. d&y, Where 


p(é,) is an arbitrary function of the variables k, and a, which are for 
brevity denoted by &, (integration over &, also includes summation 


over a,). Then, if we specify the functional Q(y) = »' a,2,(~), this 
N=0 


is equivalent to specifying the column (7.13). Indeed, 


ONQ(p) 
69(E,) dp(Ee) ... dp(Ex) o=0. 


where 6/dm denotes a variational derivative. 

As an example we consider the case of N photons all having the 
same momentum and polarization €. In this case a, = 1, a, = O(i4N), 
and therefore 


ay fy ly... &,) = VN! 


1 
— * Ni 
29) Wi (é). 

As is well known in quantum mechanics, in order to describe a sys- 
tem of identical particles obeying Bose-Einstein statistics we can go 
over to a representation in which the role of the wave function is played 
by the quantities ® in (7.12), while the independent variables are the 
occupation numbers N,. This method of description by means of a wave: 
function in occupation number space is called the method of second 
quantization. The transition to this representation is carried out by 


1 The variational derivative may either be obtained from the expression for 
the variation of the functional 


622 
62 = | ~—— dy(§)d 
| soy oot 
where dp is the variation of the function g, or it may be defincd as 


692 1 
Seley = lim = (2 &(é’—£)]—2 , 
SoG) = fim = (Mle) +186 —H1— O19} 
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means of introducing operators for the creation and annihilation of 
a particle in the state r (cf., for example, (119); (27)). These operators, 
which we denote by c+ and c,, are defined by the following expressions: 


c,O(...,.N,,-.) =VN,O0..,N,—1, -..); 
ct (...,N,, ..) =VN,4F18(..., N41, -..). 


In Chapter III we shall introduce these operators and study their 
properties in detail from another point of view. 


(7.14) 


§ 8. L-Vectors and Spherical Harmonics 


8.1. Irreducible Tensors 


In this section we shall investigate the basic properties of quantities 
which transform under spatial rotations in accordance with the irreduc- 
ible representations of the rotation group. Such quantities are, for 
example, the wave functions of a particle with a given value of angular 
momentum, and with different values of its components along the 
z-axis. In future we shall encounter other quantities of a similar 
type. For brevity we shall call them L-vectors. An L-vector has 2L+1 
components. (The transformation matrix for an L-vector corresponding 
to a rotation of the coordinate system will therefore have 2L-+1 rows 
and columns.) Since (2L-+1) is an integer, L may be either integral 
or half-integral. 

We note that if Z is an integer, then the L-vector is equivalent to 
an ordinary three-dimensional tensor. In the general case, a tensor 
of the Zth rank has 34-components, whose transformations are re- 
ducible. However, by means of symmetrization, antisymmetrization 
and simplification it is always possible to select sets of a smaller number of 
components which transform under rotations independently of the 
others. Thus, for example, from the nine components of the second 
rank tensor T;, it is possible to pick out its trace (scalar), and its anti- 
symmetric part, consisting of three quantities which transform like 
the components of a vector (a tensor of the first rank), after which 
there remain five independent components T°, of a traceless symmetric 
tensor: 

Th. = a (Ty +Ty)—4 Ty, 84,- 


Linear combinations of the components 7%, form an L-vector (L = 2). 
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{t may be easily shown that the number of independent components 
of an L-th rank tensor in n-dimensional space T?, ... (i, k, 1, ... 
=1,2,...,), which is symmetric with respect to any pair of subscripts 


(Tha = Tey + Tp, --. = TS, ...), and which vanishes on contraction 
with respect to any two subscripts (7%, ...= 72, ... = 0), is given by 
N= (n+ L—1)! (n+L—3)! 


(n—1IILt  (n—DV(L—2)! 
In three-dimensional space N= 2L+1; when n= 2,N=2; when 
n= 4, N= (L+1)*. 

We denote the components of the Z-vector F by F“(M=—L, 
—L+1,..., L). The set of basis vectors, i.e., the set of unit vectors 
in the (22+ -1)-dimensional L-vector space, can be so selected that the 
invariant bilinear form in the components of the L-vectors F and G 
(with the same values of L), i.e., their scalar product, will have the 
following form: 


(F, G) = x (—1)"FMG-™, (8.1) 


For L= #3 the quantities F” are identical with the components 
of a spinor, while for LZ = 1 they are identical with the contravariant 
components of a vector defined in §3 in terms of the basis vectors x,,; 
i.e., 

1 
v2 
In the general case, we shall refer to F™ as the contravariant compo- 
nents of the L-vector. If we also define the covariant components Fy 
by means of the following formula: 
FM = (—1)"F_y, (8.2’) 


then the scalar product of two L-vectors may be written in the 
following form: 


F°= F. 


. Fla = (EFIF,). (8.2) 


(F, G) = >) F"Gy. 
M 
8.2. The Algebra of L-Vectors 
The following problem is a basic one in the algebra of L-vectors: 
to construct an L-vector H™ from products of the components of the 
l-vector F™ and of the /’-vector G’. This problem is solved in the theory 


64 QUANTUM ELECTRODYNAMICS 


of the representations of the rotation group; here we quote only the 
results. 

By way of a preliminary remark we note that if L=/=l’=1, 
then the problem reduces to the determination of the vector product 
of two three-dimensional vectors, which, as is well known, is solved 


as follows: 
A, = €y,F;G;,, 


where i, j,k denote the cartesian components of the vectors, while 
4, is the unit antisymmetric tensor of the third rank. 
Similarly, in the general case, we have 


Hy = CM Gm ’ (8.3) 


where the coefficients C”. form a “third-rank tensor’ whose compo- 
nents, just as in the case of the tensor e,,,, do not depend on the choice 
of the system of coordinates. Since the values of C™”_. depend on L, 
I, l’, they are usually represented in greater detail as C™¥,,= Ci”... 
In (8.3) summations are implied over m and m’ respectively from —/ 
to / and from —l’ to I’. 

Formula (8.3) expresses the quantum mechanical rule for the addition 
of angular momenta /+J’'’=L. The coefficients Ch”. are called 
the vector addition coefficients or the Clebsch-Gordan coefficients. 

We shall not quote here the general expressions for Ch™... For 
the case /' = 1 they are given in § 4, while for the case /’ = 3 they will 
be given in § 11. We note that CL™. . differ from zero only when the 


following rules for the addition of angular momenta are satisfied: 
M=mim, |Il|<L_r<Hl. 
Formula (8.1) is a special case of (8.3) for /=/’ and L=0O. The 


formula for ordinary vector multiplication corresponds to the special 
case of (8.3) for /=/'’= L=1. If H= [FG], then 
Hy, = —iy2 CM, FGn- 


mlm’ 


The coefficients CLM. have the following orthogonality properties: 


imi’m 
LM ‘L'M’ 
» Chat’ m’ Cimt'm’ —_ Orn Oum’> 
mm‘ 
(8.4) 
Dy CEM CEM in! = Omm, Oman’ 
imUm’ “im Um, “mm, ’myn,° 


LM 
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From (8.3) and (8.4) the following formula can be obtained which 
expresses the product of the components of the /- and /’-vectors F 
and G in terms of the components of the L-vector H (the Clebsch- 
Gordan series) 


F,Gm = > Cin Ay (8.5) 
L 


If /’ is the smallest of the three quantities L, J, 1’ then for given 1’, J, 
and m the quantities CL”. form a square (2/’+1)-rowed matrix 
C, whose rows and columns are orthogonal and normalized in accordance 
with (8.4). (L can assume values from /—I’ to /+I’, while m’ can assume 
values from —l’ to 1’.) 

We note that the number of conditions (8.4) is equal to 2(2/’+1), 
while the number of elements of the matrix C is equal to (2/’+1)?. 
Therefore, the number of independent elements N, is equal to 


N, = QU-+1—2(2!’+1). 


If l’=4, then N,=0; ie., the coefficients Cijjm are completely 
determined by the properties of orthonormality. 

We note the connection between the Pauli matrices a“ (o” are related 
to o,, 0,, 0, by expressions (8.2)) and the vector addition coefficients 
(a, B are spinor indices) 

The coefficients CZ™.,. also have a number of symmetry properties 
with respect to interchanges of subscripts or superscripts. These symmetry 
properties may be most easily formulated if we introduce the coefficients 


Lil 
( . ‘), which are defined in the following manner [(119) § 97; 
m, mM, Ms, 


also E.P. Wigner quoted by (44)]: 


it L 
_ 1/2(__]\l-v 4M . 8.6 


L of 
1 4 tk 
It is obvious that m,t+m,+m,=0; h+l,+l,= 0. Let (,, m, *] 
hol, ds 


by a permutation of 
m, Mm, Mm, 


be the coefficient obtained from ( 


66 QUANTUM ELECTRODYNAMICS 


columns. Then we have 
L i | L & Ll 
f ; )=e() ° ), (8.7') 
m, m, m, m, Mm, mM; 
where e= 1 if the permutation is even, and e = (—1)'th? if the 
permutation is odd. 
Further, we have 
(" " 2) = —pists| hob ). 8.7") 
my, My Ms, —mM, —mM, —Ms, 
The orthogonality conditions (8.4) may now be rewritten in the 
following form: 
L i |, (" I 1s 
mM, Mm, m3) \m, Mm, m3 


(213+ 1) ( = Sram, Ont,» 


8.8 
hol i\fh bh ls G8) 
D(As+1)| \( = Sri’ mam, 


1 Mg M3} \M, Mz, My 


bg 
(A summation is implied whenever a lower index is repeated.) 
We also note that when /,= 0 we have 


1 I O 
Crem’ = , —m’ o} = (224-1)-"?6-5 um (—1)™. (8.9) 

It is convenient to make use of the vector addition coefficients 

in the symmetric form (8.5) for carrying out the summation over the 


components of the J,-vectors (the m, indices). We state the basic summa- 
tion formulas (161), (25): 


(—1)h tet lstmtme tins (’: ls I ( h Je | 
My Mz —M3f \—M, fhe Ms 


x(" ls *) _ rr Je i (’ Ja | 
m, —™M, bs Lode Us) \py Me bs)’ 


A Je J3 h I, J3 
= —] Istlstiatmy, 21 1 
(’ He *] (i Me —s A (2+ 1) 


4 Je it ( Ah | | (" hy 
x . 
hod, Ly \m, be my} \u. m, —m, 

Ji Jo Js 
hh ls 


(8.10) 


The quantities \ which do not depend on the m, indices, are 


QUANTUM MECHANICS OF PHOTON 67 


called Racah coefficients. Sometimes the following notation is also used 
for them: 


Ji Je Js _ . 
4 I, L \ - (—DEththth Wj, jeloly; jyls)- 
3 


Relations (8.10) may be illustrated by the following prescription 
for the vector addition of angular momenta. Suppose that we have 
to add the three angular momenta j,-+/j.+4, =. This addition may 
be carried out in two stages in two different ways (Fig. 2): 


1) Jitdse = ja, Ig th = ly, 
2) Jo+ L = I;, itl, = In. 


Formulas (8.10) establish the relations between the coefficients in these 
two methods of addition. 


(8.11) 


Fig. 2. 


Evidently the Racah coefficients differ from zero only if the relations 
(8.11) hold, ie., if the lines corresponding to the values of j,, /, appearing 
in that equation can forma triangle. 

The Racah coefficients possess the following symmetry and orthog- 
onality properties: 


ti Je H _ 4 Jp 4 _ { fs , (8.12) 
L ly |, l, ly L, Ja Jp 4, 
where (a, f,y) is any permutation of the numbers (1, 2, 3); 


: A Je Js A Je Js , 
; =6,). 8.12 
2 Cit) alt DY I AG l " wg BTA) 
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If one of the six indices is taken equal to zero, then the Racah coeffi- 
cient has the following simple form: 
ji da Js 
0 1, |, 
In later sections expressions are given for the Racah coefficients 
for the cases when one of the subscripts is equal to 4 or 1. 


\ (—1) tote d, 5 6,3, Qe tl? (2), +)-?. 


8.3. Spherical Harmonics 

The most common example of an /-vector is a spherical harmonic. 
The covariant components of the unit direction vector n, (m= 0, 
+1) coincide up to a normalizing constant with the first order spherical 
harmonics Y,,,. By utilizing the multiplication rule (8.3) it is possible 
to construct from products of n,, successive / -vectors with / = 2, 3,..., 
etc. They are identical (up to a normalizing constant) with the spherical 
harmonics Y,,,. Formula (8.3) expresses the recurrence properties of 
spherical harmonics. 

With the aid of formula (8.5) it is possible to obtain the expansion 
of the product of spherical harmonics Y,,,(m)Y,,,(a) in terms of the 
spherical harmonics Y,,,(m). This expansion must obviously have 
the form 

Yin) Yim () = Set Chm Yaa), 


where the coefficients ! do not depend on m, m’, M. In order to de- 
termine these coefficients we multiply both sides of the preceding equa- 
tion by CEK™.. On utilizing the first of formulas (8.4) we obtain 


Imi’m’* 
08! Yala) = CEM Vig (1) Y(t). 


Imi’m 
Further, by choosing n along the z-axis (0 = 0), we obtain in virtue 
of the fact that Y,,,(0) = 4,5 2+ 
4n 
ot = 1 / EDAD cue 
* 4n(2L+1) tore 


Since Yfi(n) = (—1)"¥,,_,,(m), we have 


. am /QI+-1) 2+) Any rim 
Yin(@) Yry(a) = (—1) » ~4n(2L +1) Choro Cam Yiu (n)- 
L (8.13) 
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We also give the expansion of the product of two vector spherical 
harmonics, 


Ype(0) Ypre() = (— DIED ED +N Oy DP 
] 7 rE 
* (4z0)*/? » (2L+ ane | Cite CP Y,,(), 
L 


i+1)? 8.13’ 
i¥gp one = CLED (yyw oe 


j 
XY CiEeCHa a Vi, tis 2m, 1) Po, (cosd). 
n=0 

On the basis of the properties of spherical harmonics regarded as 
l-vectors we can easily determine the character of the expansion of 
particle wave functions in terms of them. 

The wave function p of a particle of spin 0 is a scalar. Therefore 
the expansion of the wave function of a state of definite angular mo- 
mentum / in terms of spherical harmonics has the following form: 


y= DJa"Y,,,(n) (8.14) 


where the coefficients a” form a contravariant /-vector which determines 
the orientation of the angular momentum. 

It may be seen from (8.14) that the spherical harmonics Y,,,(m) 
can be interpreted as “‘basis vectors” in /-vector space. 

If a particle has spin s, then its wave function w can be repre- 
sented in the form 

& 
y= D+ wx, 
w=—s 

where 7,(a) are the eigenfunctions of the spin operator (a are the 
spin variables). Thus y is characterized by the contravariant s-vector 
wy". On the other hand, for states of total angular momentum Ly 
must have the form 


y = D>) a" Yiu(n, a) 
M 
where Y,,,(, a) are the eigenfunctions of the total angular momen- 
tum operator. On the basis of (8.3) they can be obtained in the form 


Yuma, a) = Cincy Yim (") x,(@) 
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mk (e482) (1+%£2) +22) Cr) (1+ Ob | (~) 
I++ — TD CELE -—DI-e Dee D Jee 


[ (E+ 767) I+) +922) I) (EF Ye) Lb | (—) 
etl OL— LED Ite -D Fett T—) ete tet Dy Jee 


[ (L-+7£Z) E+*g) (E +72) (I+ £2) A +'f) (€F're)p |. (-) 
ain ERLE + I) CET Ht I) EEE DEPLETED JOE 


It’s = 4% 
CT on 


) Ere) { | (—) (+42) Cz) @+8Z) +2) ] q—) 
(1-4) I+ 74+ tp) JOT atk Crty-Dat+s-et+ 7 Jere 


la (I+*rZ) Gz) (Ira) £2 
at 


See. (It+*¢2) (I+'£2) CLo) 
3/T 


| I~) [sour chant ro 
Cr—'p FD U+4+e—-T) pret a 


+7-4t"s) @+74+ 4+") erst ~ 


(F7 a i ‘ea 


I-r=4 

r= 
Itt =" 
Ce, 2 
I r=") 
—-+%Fr = 7 


SjuaiiffaoD yoooy 
$ alavy, 
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(I -*02) Cr) T+) £2) Cr) (+ 2b | (I~) 
(Itt 7) Ct tT) tT) IF ty ty Jee 


[. (I-*rz) 1+72) Cr) A+'l) +2) "6 | (I-) 
alt h (Tt) L$ 7) IF + DIE E ED JOT 


(+72) Cr) = 862) (€+ £2) I+) 1+ 2)b 


nlOHe r+D +4 —V 4+ DU te—7) Crt r— p rvdt) 


I-s¢ =" 


(+?r) +202) Cr) A — 42) Cr) + ra)p | (1) 
[ sereir DC—LtDCt+e+7-)atetiyt 7 peres 


[ oO le | a 
(I+-17- (+ 2%r)*¥e +t 'e)'r rot t — ) 


(T+%z) (I+7r) Er) (6+ 2) A+") I+ rap aa (-) 
Lt DIA TAL) IF FTE Ht DO 


T-'r = 4 
r= 
Itty = 
I-s= 4 
7 nae 
Ive = 4 
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Thus 
yt = D) a" Yu(n) 
M 
where 
Yi(n) = Cit, Vim(”)- 


imsu 
The functions Y#(m) (basis vectors in L-vector space) can be called 
generalized spherical harmonics. In particular, for s= 1 they coin- 
cide with spherical vectors (cf. § 4), and for s = 1/2 they coincide 
with spherical spinors (cf. § 11). 
Equation (8.15) defines the transformation to a dual tensor. Just 
as in vector algebra an antisymmetric tensor of the second rank 4,, 
can be introduced which is dual to the vector A,, 


Ay = 61, Ag; 
so in the algebra of L-vectors the tensor G# ((L-s)-vector) can be defined 
which is dual to the /-vector G,,, 

Gh, = CHG: 


The tensor G%, can be represented by a rectangular matrix of 2Z+1 
rows and 2s+1 columns. It depends on all three indices L,/, and s. 


* These wave functions can also be obtained directly by solving the equations 
for the eigenvalues of the infinitesimal rotation operator. In the general case these 
wave functions can be expressed in terms of Jacobi polynomials; cf. (75). 


CHAPTER II 
Relativistic Quantum Mechanics of the Electron 


§ 9. The Dirac Equation 


9.1. Spinors. Pauli Matrices 


In nonrelativistic quantum mechanics (cf., for example, (119) § 54) 


an electron state is described by a two-component wave function—the 
1/2 


. 4 
spinor yp = (", a) where g’(A = +1/2) are the components of the spinor. 


When the coordinate system is rotated through the infinitesimal 
angle 9 = vi, where v is the unit vector along the axis of rotation, the 
spinor components transform in the following manner: 


v= (5, aay 5 bof.) 0 (9.1) 


Here y’# are the spinor components in the new coordinate system (a 
summation is carried out over the index yu), of) are the elements of the 


matrix 
o = 6,0, +6, %+6,%, 


and o is the set of the three Pauli matrices 


01 0 i 1 0 
ee 0) ne 0} %2 = lo —a] 


In accordance with the general relation between the infinitesimal 
rotation operator and angular momentum the matrix 36 is the operator 
for the intrinsic angular momentum of the electron—its spin— while 
the transformation (9.1) is an unambiguous consequence of the basic 


physical fact that the electron spin is equal to 4. 
The Pauli matrices possess the commutation properties of the com- 


ponents of the angular momentum operator 
0,0,—9,0, = 2io,, 0,9,—6,0, = 210,, 9,029, 92 = 2ic,. 


[73] 
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Moreover, they also satisfy the following relations: 
0,0, +0,0, = 26;,. 
From these properties it also follows that 
0, = Oy tly), (9.2) 
where e,,,; is the unit antisymmetric tensor of the third rank. 
On integrating (9.1) over the angle ? we obtain the transformation 


law for spinors corresponding to a rotation through a finite angle 0 
about the v axis: 


gm = exp (500° gy’. 
Since (o))?* = 1, (o))?+2 = o (nm is an integer), then on expanding 


i . . . 
exp (00%) in a series, we obtain 


9 7] 
— __ ray (vp) , 
p= (cos4 +isin So Jor. 


From this formula it follows that when 6 = 22, g = —q’. But rotation 
through an angle 2z is physically equivalent to the identity transfor- 
mation. We thus see that the definition of a spinor contains an ambi- 
guity, since the sign of the spinor remains undetermined. Therefore, 
physical quantities cannot involve spinors linearly. 

Spinors, like tensors, may differ in the way in which they transform 
under inversion. The eigenvalues of the inversion operator I are usually 
determined by the fact that a double inversion is equivalent to the iden- 
tity transformation; t.e., I2 = 1. Therefore, two cases are possible when 
the operator I acts on the spinor 9: 

p =Ilp=— +9. (9.3) 
However, in view of the double sign in the definition of spinors another 
definition of the operator for the inversion of a spinor is possible. Indeed, 
a double inversion may be defined not as the identity transformation, 
but as the transformation corresponding to a rotation through the 
angle 27; 1.e., instead of the operator I we can introduce the operator 
1,, which has the property ig = —q, and, consequently, the law of 
transformation of spinors under inversion can be formulated in the 
following manner: 


Pp =he=tig. (9.4) 
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(If in (9.3) or (9.4) the upper sign holds, then we adopt the convention 
of calling » a polar spinor, while in the case of the lower sign we call 
it a pseudospinor.) 

The alternative definitions (9.3) and (9.4) of the inversion operators 
are equally valid. 


9.2. Dirac Equations. Dirac Matrices 

The relativistically invariant equations which in the case of the 
electron play the same role that Maxwell’s equations do in the case 
of the photon, were obtained by Dirac (47). They consist of the follow- 
ing system of homogeneous first-order differential equations in the two 
spinor functions y and 7: 


. Op 
ie = mp+opyz, 
; ay _myte (9.5) 
a. XTSPP, 
where p= —iV is the momentum operator and m is the electron mass. 


We note that Maxwell’s equations can also be written in a form 
analogous to (9.5) if we introduce the following formal substitution: 
yg — E, ¥- iH, o-s, where s is the photon spin operator defined 
by formula (3.3), and if we set m= 0. 

Later, in Chapter III, we shall obtain the Dirac equations starting 
from a general variational principle. But here we shall investigate specific 
properties of the system of equations (9.5). 

The set of two spinors m and y can be represented as a single four- 
component quantity: 


which is called a bispinor. 
In order to be able to write equations (9.5) in the form of a single 
equation in y, we introduce the four-dimensional matrices (the Dirac 


0c 1 0 
«=(° ) p=(; _). 0.6) 


matrices) 


76 QUANTUM ELECTRODYNAMICS 


where each element of the matrices a and f denotes the corresponding 
two-dimensional matrix. With the aid of the matrices a and f it is pos- 
sible to write (9.5) in the following form: 


0 
i Ae = (apt+fm)y. (9.7) 
Equation (9.7) has the form of the Schrédinger equation, 
Op 
I a Hy, 
in which the Hamiltonian operator is given by the following expression: 
H = ap+/m. (9.7') 
From the definition of the matrices a and f it follows that 
a,a,+a,a,== 26,, B?=1, aft+fa=0. (9.8) 
We also introduce the following auxiliary four-dimensional matrices: 
a 0 0 I 
z=(° °): o=(' i) (9.9) 


The matrices & have the same properties as the matrices o. Moreover, 
as may be easily seen, the following relations hold: 


pi—Xo=—0, PU-TB=0, Po+ef = 0, 
e=—1, a=o%, 
[a,a]= 272, |a, 2] = ia, 
Ady = Xi Gy = 004, bie A. 
We note that the unit matrix, the three matrices 2,(j= 1, 2, 3), the 
three matrices e, which commute with them, where 0, = 0, 0, = ipo, 


and e, = f, and their nine products 0,2’, (a total of sixteen matrices) 
formacomplete system of linearly independent four-dimensional matrices. 


9.3. Unitary Transformations of Bispinors 


The components of the bispinor wave function y can be subjected 
to the transformation y’ = Uy, where U is a certain unitary four-rowed 
matrix. This transformation leaves the form of the Dirac equation (9.5) 
unaltered if, in accordance with the general rules, the Dirac matrices 
are also subjected to the following transformation: 


ai = Ua,U+; B’ = UBU*. (9.6’) 


RELATIVISTIC QUANTUM MECHANICS OF ELECTRON 77 


The commutation relations and the other properties of these mattices 
are not altered as a result. 


We give examples of such transformations. 
If 


=75 


then the Dirac matrices transform as follows: 


B’ =e, o’ = B, x’ = &, 
a’ =9' 5’ = pz, 


while the transformed wave function y’ = Uy has the following form: 
r-( 
7 > 


P= Tarn, 7= en x. 


where 


The components of.the spinor & are usually denoted by &(A = 1, 2), 
while the components of the spinor 7 are denoted by nj; (A = i, 2). 

We note that under Lorentz transformations (cf. subsection 9.6) 
the spinors € and 7 transform independently of each other, while under 
the transformation of inversion (9.3) they go over into each other: 
lé=n, In= €. 

As a second example we take U in the following form (130): 


uM = yet 


If we designate the quantities transformed by means of this matrix 
by the index M, we obtain 


aM) = —a,; aM = —a,, 2) = e,2,; 

a =f; pM =a, SM =F; BH = 2, 
The matrices a!) are real, while 8B” and 2{™) are purely imaginary, 
and the Dirac equation contains only real coefficients. It has the follow- 


ing form: 


(2 Fi) a 


a 
_, © © _,#%1; (M) — 0. 
ae Gx toy Ge +iaym) 9 
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1 . 
The choice of the matrix U in the form U™) = jx ere is referred 


to as the Majorana representation. 


9.4. The Necessity for Four-Component Electron Wave Functions 


We now investigate the reason for the doubling of the number of 
components of the electron wave function in relativistic quantum mechan- 
ics in comparison with nonrelativistic quantum mechanics. 

In order to do this it is convenient to go over with the aid of the 


unitary transformation U == 6+) discussed in subsection 9.3, 


from the matrices a, f to the matrices a’, 8’ defined by formula (9.6’). 
The spinors & and 7 forming the bispinor p now satisfy the follow- 
ing equations: 


Ob 
iz= opé+my, 

(9.5) 
i—-= —opyt+mé. 


We see that due to the presence in the Dirac equation of the matrix 
B the first equation (9.5’) for the spinor & now contains the components 
of the spinor 7, while the second equation for 7 now contains the com- 
ponents of the spinor €. If the mass of the particle is equal to zero, then 
there is no such mixing of components of the two spinors, and equa- 
tions (9.5’) assume the form 


Oe 
iz == ope. (9.10) 


These equations, like the original Dirac equations, are relativistically 
invariant. 

Thus, for a particle of zero rest mass we can obtain a relativistically 
invariant equation containing a two-component, rather than a four- 
component, wave function (209). However, it can be easily seen that 
this equation will not be invariant under the transformation of space 
inversion. 

Indeed, we investigate the transition from one coordinate system 
to another coordinate system moving with respect to the former with 
an infinitesimal velocity v. Since the four matrices 1, ¢,, o,, 6, form 
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a complete system of linearly independent two-dimensional matrices, 
the transformation which contains v linearly and reduces to the identity 
transformation for v = 0 must necessarily be of the following form: 


p= (1+4vo}e 
\ 


where A is a constant. But an expression of this type is not invariant 
under an inversion, since v&&* is a polar and &o0&* is an axial vector. 

This may also be seen if we compare the foregoing expression with 
formula (9.1.) Both transformations are of the same form, but in (9.1) 
93 is a pseudovector, while w is a polar vector. 

Thus, the two-component wave function satisfying equation (9.10) 
may be used to describe a particle of zero mass only if we drop the 
requirement of the invariance of the equations under space inversion. 

Such a situation exists in the case of the neutrino which is described 
by equations (9.10); here the — sign corresponds to the neutrino, while 
the + sign corresponds to the antineutrino (114), (123), (166a). 

In the case of a particle of finite rest mass the requirement of rela- 
tivistic invariance leads to the conclusion that the wave function must 
have four-components. Moreover, as will be shown later, the equations 
determining this function, i.e., the Dirac equations, will also be invariant 
under the transformation of space inversion. This invariance is due 
to the fact that the bispinor y comprises the spinor m and the pseudo- 
spinor x, which have different transformation properties under inversion. 


9.5. Symmetric Form of the Dirac Equation. Equation of Continuity 
The Dirac equation may be put into a more symmetric form if we 
introduce the matrices y, (u = 1, 2, 3, 4), which are defined as follows: 


y,= —ifa, (J= 1,2, 3), 


(9.11) 
¥4 = B. 
The matrices y, satisfy the following commutation relations: 
VPetVily = 25 yy (HV = 1,2, 3,4) (9.11’) 


and are Hermitian, like all the matrices introduced earlier: 


YE = Mw P= Th 
(yt denotes the Hermitian conjugate matrix, while »,= yy; denotes 
the transposed matrix). 
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We multiply both sides of the Dirac equation (9.7) on the left by if. 
On utilizing the definitions (9.10) we obtain 


(YsPat+ yp—im)y = 0, 


0 0 . . 
se the set of the matrices y,, ve, 73- 
ax, ap and y is the s Yi> V2. V3 


If we introduce the abbreviated notation for the ‘‘scalar product” y,p, 


where p,= —iI 


P= > Py, = YP+YsPas 


then the Dirac equation assumes the following form: 

(ip-+m)y = 0. (9.12) 

The operator ip which appears in (9.12) is not self-conjugate. There- 
fore, the complex-conjugate wave function y* satisfies an equation 
which does not coincide with (9.12). In place of y* it is convenient to 
introduce the function 
p= vB, pt = vB, 

which satisfies the equation 

p(—ip+m) = 0 (9.13) 


(it is understood here that the differential operators p, operate on the 
function y which appears on their left). 

We now prove the validity of formula (9.13). Since p* = iV = —p 
and pf = p,, it follows from (9.12) that 


(—iyg Pat ly*ptm)y* = 0. 
Further, on noting that y*y* = p*y,, and on multiplying the last equa- 
tion on the right by 8 = y, we obtain equation (9.13) after making 
use of (9.8). 
We now multiply equation (9.13) on the right by —y, multiply equa- 
tion (9.12) on the left by y, and add them. This yields 


OT 


H = 0, (9.14) 


where the following notation has been introduced: 


5, = ipy,p- (9.15) 
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Relation (9.14) may be interpreted as an equation of continuity, 
and s, may be interpreted as a four-dimensional flux density vector. 
In three-dimensional form equation (9.14) has the form 


oe +divs=0, 
where 
So= PYay = yy, 
s= ipyp = p*ay. 
Just as in nonrelativistic quantum mechanics, the quantity s, 


= y*y represents the probability density of the electron being localized 
at a given point in space. The equation of continuity allows us to nor- 


malize wy so that [ v* pdr = 1. 


9.6. Invariance of the Dirac Equation 

We shall now prove the relativistic invariance of the Dirac equations, 
j.e., their invariance under spatial rotations, proper Lorentz transfor- 
mations, and the transformation of inversion. 

Let us begin with the transformation of space inversion and define 
this transformation in the case of the bispinor y(r, f), in accordance 
with formulas (9.3) and (9.4) in the following manner: 


v(r, t) > y'(r, t) = Ip (r, t) = Np VaP(—r, ‘), (9.16) 
v(r, t) > vr, t) = Iv(r, t) = naw(—r, Ny, 
where 7, has one of the four values, +i, —i, +1, —1. 


It can be easily shown that this transformation leaves the Dirac 
equation unaltered. Indeed, in equation 


a, 6, _ 
(—». 3 iv §, ~im) ve i=0 


we replace r by -r: 
0 i] 
—y,—-+iy—-—i —r,t) =0, 
( V4 Ct +1Y or im) r, ) 


and substitute into this expression in place of y(—r, #) the function 
n-ly,y'(r, 0) in accordance with (9.16): 


7] 0 
—y, —+iy——i ‘(r, t) = 0. 
( Va ot tiys im) rev (r, ) 
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By utilizing (9.11) we can move the matrix y, immediately preceding 
y’ to the left. Then, on multiplying the resulting equation on the left 
by y, we obtain the original Dirac equation which now contains y’ 
in place of y. 

Corresponding to each of the four values of 7, we have four types 
of bispinors which are usually denoted by A(y,= 1), By, = —d), 
C(y, = 1) and D(y, = —1). The bispinors A and B (and also C and D) 
can be used to describe two kinds of particles obeying the same Dirac 
equation but differing in the way in which they transform under inver- 
sion; it is commonly said that these particles differ by the sign of their 
“intrinsic parity’’. 

We now investigate the transformations under rotation. It follows 
from (9.1) that under a spatial rotation through an infinitesimal angle 
§ the transformation of the bispinor wy has the form 


i ' 
y= (14 492}. 


By utilizing the general relation between the infinitesimal rotation 
operator and the angular momentum operator we can conclude that 
the matrix Z represents the operator for the intrinsic angular momentum 
(spin) of the electron. 

The following transformation corresponds to a finite rotation through 
the angle 0 about the v axis 


d 
— OVE 


poe y= (cos 5 +E sin] wy’. 


In accordance with the arguments presented in subsection 9.4 we 
assume that the following transformation of the wave function corre- 
sponds to the infinitesimal Lorentz transformation 


yp = (1+ pdua)y’, 


where du is the infinitesimal relative velocity of the two coordinate sys- 
tems. In this case the following transformation corresponds to a finite 
Lorentz transformation defined by the finite velocity u: 


y= etenayy’ = {cosh os -+ no sinn] y’, 
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where 


u 
g=arctanhu, n=—. 
u 


Both formulas for the infinitesimal transformations may be amal- 


gamated into one, 
y= (1438 Garey’ (9.17) 


where #,, is the four-dimensional antisymmetric tensor for the infin- 
itesimal rotation 


i i, 
Bi = Bei Dy 5 Bay = Fs (i,j,k = I, 2, 3). 


We shall now demonstrate the invariance of the Dirac equation 
under the transformation (9.17). 

On substituting (9.17) into equation (9.12) and on multiplying it 
on the left by (1+38,,y,7,,) we obtain 


(1 +39... % i) Pit 20.6%aPa—im) (1+49 7.7) P = 9, 
where p{ are the momentum components in the new coordinate system 
Pa = Pat 2045p. 


On neglecting terms quadratic in #,, we can rewrite this equation in 
the following form: 


. ) 
5 im Ary Ae , fe 
\" p,—im— 5 Bap Val pt p VItEO a (YeV uP +P Yop) +2097 Bb, =0. 


On noting that #,, =—#,, and 
VpVaP = PY p%a+2¥pPa—27aPp> 


we can easily verify that terms linear in ),, vanish, and the transformed 


equation becomes identical with (9.12). 
We can also obtain the transformation law for y. We take the 


expression complex conjugate to (9.17), 
pt = yt (145885 Ya Va)> 
and multiply it on the right by y,. Since 0% = —%,, (i,j = 1, 2, 3) and 


OF, = —B,,, we obtain 
y = yl —$0.,, Yaa) . (9.18) 
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9.7. Bilinear Combinations of the Components of the Wave Function 


In relativistic quantum mechanics, just as in nonrelativistic quan- 
tum mechanics, considerable significance is attached to bilinear combi- 
nations of y and w*. Since the wave function y has four-components, 
sixteen such combinations can be constructed. From them quantities 
may be formed which behave under Lorentz transformations as a scalar 
S (one-component), a vector V (four-components), an antisymmetric 
tensor of the second rank T (six-components), an axial vector A (four- 
components), and a pseudoscalar P (one-component). We shall show 
that these quantities have the following form: 


S= py, 
Vi = PVs 
Dy = BVO WY Yds (9.19) 
A, = PV uVs¥> 
where P= PY 
¥s = Viv2¥sVa = —0- (9.20) 


In order to do this we utilize the transformation formulas for y and 
w. First of all we consider S. It follows from (9.17) and (9.18) that 


yy= yd —30.4 Ya¥a) @! +394, Yarn . 


This equation contains no terms linear in 0.5, ie., py = y'y’, and, 
consequently, S is an invariant. Under inversions S also remains unal- 
tered. 

In a similar manner it can be easily shown that 


PLP = PV WY TE BP (Yy%a¥p—VaY eV» 
or by utilizing the properties of the matrices Vas 
V, = Vi4+20,,,V,. 


Under inversion py,p = p'yay,7ay or Vj) = —Vj,V,= V4, ie., Vi, 
transforms like a vector. From this it can be seen that the flux density 
vector introduced in (9.15) is indeed a four-vector. 

In a similar manner it can be easily shown that T,,, transforms 


like a tensor. 
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In order to establish the transformation properties of the quantities 
A, and P it is sufficient to utilize the property of the matrix y, which 
fellows directly from its definition, 


VeV 2 = —V pls . 


From this it follows that the matrix y, commutes with the matrix Vel 
which appears in the transformation under a rotation (9.17), (9.18), 
and anticommutes with the matrix y,, which defines the transforma- 
tion of the inversion operator in accordance with (9.16). Therefore, 
the extra factor y, in P and A in comparison with S and V does not 
change the character of the transformation of these quantities under 
rotations, but changes the signa of the transformation under inversion. 
Thus, P is a pseudoscalar, and A is an axial vector. 

Since the components of S, V, T, A, P exhaust all the sixteen bilinear 
combinations which may be formed from the compoftents of y and y, 
it is clear that there exist no other independent quantities. In particular, 
the quantity Pa, Va2 Vag -.. ¥q,¥, which transforms like a tensor of the 
nth rank may be reduced to quantities of the types already investigated. 
For example, the tensor Th, = 2¥PYS0 7%, YY) 1S dual with respect 
to the tensor 7,,, 

We also give expressions for the components of V, A, and T in 
three-dimensional form: 


V=(V,V,) = —ip*(a, ly, 
A = (A, Ay) = y*(, oD, 
T = (H, E) = ip* (62, Ba)y. 


Here V and A are the spatial, and V, and A, are the time-like compo- 
nents of four-dimensional vectors, E is a three-dimensional polar vector 
and H is an axial one, which together are equivalent to the tensor 7,, 
(Ty, = Hy, Ty = —1E;). 

It follows from (9.19) that any quantity R,, which transforms like 
y,9, (we shall call it a spinor of the second rank) can be expressed in 
terms of the matrices y, in the following manner: 


R,, = (S:1+PystV gq Aers¥at Vapla¥ aun? (9.21) 


po 1 
Ty, —_ —3Cxpuvl ap: 


where S is a scalar, P is pseudoscalar, V-4s a vector, A is an axial vector, 
and T is an antisymmetric tensor of the second rank. 
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§ 10. Electron and Positron States. States of Definite Momentum and 
Polarization 


10.1. Solutions with Positive and Negative Frequencies 

The general solution of the Dirac equation can be represented in 
the form of a Fourier integral: y= fy, er dk. The Fourier compo- 
nent y, is the electron wave function in momentum space. In accord- 
ance with (9.7) it satisfies the equations 


. OW, 


ia = (ak+ Bm)y,. 
If we write y, in the form 
y= ("*) 
* Xe) 
we have 
i Pe = myp,+oky,,, 
ot 
j On = — myz,+okp,. 
ot 
We seek the solution of this system of equations in the form 
Ya = Yolk) 
or 


(7) = ("5 tet 
aul \xoK))© 


Then the equation for y, is 
(ak+fm—w)y, = 0, 
or (o—m)y,—cky, = 0, 
—oky,+(o+m) yz, = 0. 


From the condition that this system of equations should have nontrivial 
solutions 
ao—m —ock 
| —ok w+m 


we obtain the frequency w = +, where e = Vee +m. The last formu- 
la expresses the well-known relativistic relation between energy and 
momentum. 
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We see that there exist two kinds of solutions of the Dirac equation: 
solutions with positive and negative frequencies. The general solution 
of the Dirac equation has the following form: 


y= pty, 
where 


yt) = f wh? Geter de, 


yi) = fyore k) e—tkr—et) dk, 


Such decomposition into positive and negative frequencies is relativ- 
istically invariant, since the sign of the frequency cannot change under 
Lorentz transformations. This can be seen, from the fact that the 
lowest positive frequency is equal to m, while the highest negative 
frequency is equal to —m; i.e., the domains of positive and negative 
frequencies are separated by the finite interval 2m, while Lorentz 
transformations contain a continuous parameter. 

Of the two spinors g, and y, forming a bispinor, one is an arbi- 
trary function of k,- while the other can be expressed in terms of the 
first. For example, by specifying g{*) and y{ we can obtain y-) and 


yh): 


ok 
(+) = (+) 
Xk etm PR's 410.) 
gi) —_ oF , 
k etm k 


Solutions with positive and negative frequencies belong to different 
eigenvalues of the self-conjugate operator H=ap+fm. Therefore 


Wl) = * ol- (+)* y(-) — 
pr yl) = oto +a xy? = 0 
or 


fyrydr = 0. 


These relations can be easily verified with the aid of (10.1). 

The existence of two types of solutions is of fundamental significance 
for the theory of the electron. We examine the special solution of the 
Dirac equation in the form of a monochromatic wave 


tot 


y= polre” 
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The function y,(r) is an eigenfunction of the Hamiltonian operator 
H=ap+fm, Hyyg= oy = LEY. 


In quantum mechanics the eigenvalues of the Hamiltonian operator 
are interpreted as values of the particle energy. However, in relativ- 
istic quantum mechanics of the electron it is impossible to retain 
this interpretation. Indeed, the existence of wave functions with neg- 
ative frequencies would imply the existence of electron states of negative 
energy, and the absence of a lowest energy state. This means that in 
interacting with other particles an electron could give up unlimited 
amounts of energy by going to ever lower energy states. The physical 
absurdity of such a conclusion requires a change in the fundamental 
assumption of quantum mechanics which relates the possible values 
of physical quantities to solutions of corresponding wave equations. 

The altered assumptions must ascribe positive energies to states 
with negative frequencies. However, two different states will then 
correspond to a given value of the energy states with different signs 
of the frequency. Therefore, the altered assumptions must give a physical 
interpretation to this twofold degeneracy. We assume that the Dirac 
equation applies to electrons of both signs of charge (the electron and 
the positron). In this way a possibility arises of interpreting the sign 
of the frequency as characterizing the charge state of the electron. 
Corresponding to a positive frequency the electron must, for example, 
have the charge e, while corresponding to a negative frequency it must 
have the charge —-e. We shall see later that such an assumption provides 
the possibility of constructing a theory of electrons and positrons and 
of their imteraction with the electromagnetic field. 


10.2. The Charge Conjugation Transformation 


To facilitate the formulation of changes introduced into quantum 
mechanics as a result of the foregoing requirements, charge conjugation, 
a transformation of great significance, is introduced. We saw in § 9 
that the wave function y and the function y= w*fB obey different 
transformation laws in the transition from one coordinate system 
to another one and satisfy different equations. We shall show that it 
is possible to construct linear combinations of the components of » 
which will satisfy the same equations as the components of w and will 
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transform in the same way as the components of y. We denote these 
combinations by y° and set 
y= Cy, 
where C is a four-rowed matrix. 
The function y° is said to be charge-conjugate with respect to y. 
We now investigate the conditions that must be satished by the 
matrix C in order that the function y° should satisfy the same equation 
as y; i.¢., 
A 3) 
ipt+-m)yp* = 0, == —j-—. 
(ip+m)y Pe x, 
In order to do this we use the Dirac equation for » 


(—ip, ¥,tm)y = 0. 
On substituting into this expression in place of ~, y= C~1y*, we obtain 
(—ip, 7, +m) Cy" = 0. 

Hf the matrix C satisfies the conditions —y,C-1= C7ly, then this 
equation may be rewritten in the form C-\(ip-+m)y* = 0, and after 
being mukiplied on the left by C it may be reduced to the Dirac equation. 

Thus, the matrix C, which is called the charge conjugation matrix, 
must satisfy the following conditions: 


Cy, = —y,C (10.2) 


a 
in order that yw and y° should satisfy the same equations. 

It may be easily shown that if these conditions are satisfied, the 
function y° will transform under Lorentz transformations in the same 
way as the function y. Indeed, in accordance with (9.18), under infin- 
itesimal four-dimensional rotations the function y° transforms in 
the following manner: 


¥ = Cy'(l — 395% a¥a) = C(I 49 s(Ver—))¥'s 


where the superscript T denotes transposed matrices. 
We require that the function y° should transform in the same way 
as y, i.¢., that the following relation should hold: 


ye = (14+ 29 Vara) Ys 
where 
ye — Cc y. 
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In order to achieve this the matrix C must satisfy the following con- 
ditions: 
Cy)" = —VarpC, aFB 
or 
Ca = —aC. 


But these conditions follow directly from (10.2). 
We now investigate how y* transforms under space inversion. 

We assume that the transformed functions y*’ and y’ are related 
by the same expression which connects the functions y® and y; ie., 
ye —_— Cy’. 

The functions y and » transform in accordance with (9.16) in the follow- 
ing manner: 

py = Np Va? 

Pp = 5 ¥V4 
where 7, = +i,+1. We set 


yr = nyse 


where 7°, like 7+, may have any one of the four values +i, +1. On sub- 
stituting this expression into the equation relating y°’ to y’, we obtain 


Further, on utilizing (10.2) we obtain 


* 
ye = —2 oy, 
D 
and, consequently, 7%, = —n%. Thus, if y, = +1, then 7§ = -F1, while 
if 4, = -bi, then also 7§ = +i. 

In other words, if under inversion the spinor transforms in accord- 
ance with (9.4), then the charge conjugate spinor transforms in the 
same way; but if the spinor transforms in accordance with (9.3), then 
the transformation of the charge-conjugate spinor differs in sign from 
the transformation of the original spinor. 

We shall now show that a matrix C with such properties actually 
does exist. In order to do this we utilize the Majorana representation 
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(cf. subsection 9.3). Since the matrices a™ are real, while the matrix 
B™ is imaginary, the conditions (10.2) will be satisfied if we set 


Cop — pm — _a,. (10.3) 


It may be easily seen that in the Majorana representation the charge- 


conjugate function coincides with the complex conjugate function y™ ’e 


= yo", 

We obtain the transformation law for the matrix C corresponding 
to a unitary transformation of y. Let py’ = Uy, y*’ = Uy*. On intro- 
ducing the relations y*’ = C’y’ and y* = Cy and on comparing these 
formulas we obtain 


Cc’ = UCU, 
C= Ut+C’'U*. 


(10.4) 


Since in the Majorana representation the matrix C has the following 
properties, as may be easily seen from formula (10.3): 


C= —C, 
C+C=1, (10.5) 
c*C= -1, 


then by utilizing (10.4) it may be easily shown that these properties 
do not depend on the choice of the representation. 
On going over from the Majorana representation to the usual one, 
i.e., on setting 
1 


y2 


Cc=c™, U=— -G,+8), 


we obtain in accordance with (10.4) 
C=a,. (10.6) 


We exhibit the different relations between yp and y*: 


(10.7) 
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We also give the expressions for the bilinear combinations (9.19) 
in terms of the charge-conjugate functions 


S= —yry®, 
Vi, = VIPs 
} — 
Typ = PO gVe— YoYo Ws (10.8) 


A, = VY ps)" 
P= —Y Psy. 
10.3. The Pesitron Wave Function 


At this point let us consider the electron wave function in momentum 
space. Let 


y= | oe dk, 
p= [POE dk, 
where 
kx=kr—-wt, w+ Ve+m » wk) = vk, o). 
On substituting this expansion into (9.12) and (9.13), we obtain: 


(ik+m)y(k) = 0, (k) (ik-+m) = 0. 


On multiptying the last equation on the left by C and on moving 
Cyw(k) to the right, as was done earlier, we obtain 


(—ik-+-m)yy(k) = 0. 


We see that p°(k) satisfies the same equation as y(—k). Since 
the replacement of k by —& includes the replacement of w by —o, 
we see that y%(k) is a solution with positive frequency if p(k) is 
a solution with negative frequency. 

We introduce the following notation: 


p(k, &) = vk, 8), 
yP (k, &) = y(—k, —é), (é = | 6) 
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and correspondingly 


yo = {vk E)ethr—e) de 
y? = CHO; yOu five, —e)elilrtet) df, 


If we take for the particle wave function corresponding to negative 
frequencies not »‘—), but y, then its energy will be always positive. 
We shall call y® the positron wave function. 

It should be emphasized that in defining the positron wave function 
by means of these relations we go outside the framework of transform- 
ations admissible in quantum mechanics, since we subject a part of 
the solutions of the Dirac equation to a nonlinear transformation (the 
transition to a complex-conjugate quantity is a nonlinear operation). 
As a result of this, the general solution of the Dirac equation is now 
y= y@+Cp® and does not have the meaning of a wave function. 
On the other hand, the superposition of states of opposite sign of the 
charge y©+y® cannot give a general solution of the Dirac equation 
since solutions with positive frequencies do not forma complete system 
of functions. This circumstance is, of course, immaterial as long as we 
are investigating states of a free electron with a definite sign of the 
charge. In this case the interpretation of the states with negative fre- 
quencies as states of the opposite sign of charge is of a purely formal 
nature, as long as the interaction with the electromagnetic field is not 
taken into account. Later we shall see that the use of the transformation 
w'?) = Cy") enables us to construct a general theory for a system of 
electrons, taking into account their interaction with the electromagnetic 
field, with the states yp) and y'®) actually corresponding to the charges 
e and —e. 

In concluding this subsection we also investigate the question of 
the relative iatrinsic parity of the electron and the positron. In order 
to do this we must determine the transformation properties under space 
inversion of the wave functions of the electron and the positron at rest. 

On setting p = 0 in the Dirac equation we can easily show that 
these functions satisfy the following equations y,y = py and yp” 
= y'?), As has been shown earlier, the functions yp and y®) transform 
under inversion into yp = yn, yy and y®” = ney,p. On utilizing 
the equations for yp and yp), we obtain py” — yn nspy™. But 
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in accordance with (10.2) we have 4° = —7*, and therefore p(y?” 
= play?) 

This relation means that the electron and the positron have intrinsic 
parities of opposite sign (11). 


10.4. Plane Waves 

The electron states of definite frequency may be described by Hy 
= wy, where H is the Hamiltonian operator defined by formula (9.7’). 

States corresponding to a definite value of the frequency are degener- 
ate and in consequence we require that the wave functions of these 
states simultaneously be eigenfunctions of other operators which com- 
mute with each other and with the Hamiltonian operator. 

We begin by examining states of definite momentum and denote 
the wave functions of such states by y,. They satisfy the equation 
PY, = PY,- For the sake of definiteness we take the frequency to be 
positive so that w= «= + y/p?+m’. 

Then we have 


—“P_ eipr—iet, (10,9) 


Yp = jo 


where u, is a constant bispinor (we shall also call it the spinor ampli- 
tude), which satisfies the equation (ap+Bm—e)u, = 0, and 2 is the 
normalization volume. We assume that uw, satisfies the normalization 
condition u,u, = 1. We also have: J ly,|? dr = 1. 


We write u, in the form of a column consisting of two spinors w 
and w’: 

Ww , 

=| \y. (10.9’) 


where N is a normalization constant. The spinors w and w’ are related 
to each other by equations (10.1). The spinor w may be taken to be 
arbitrary, with 


op 
w= om Ww. (10.10) 


We assume that w is a unit spinor, i.e., that it satisfies the condition 
w*w = 1. Then the constant N has the value N = \V(e+m)/2e. 
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10.5. Polarization of a Plane Wave 

For a given value of the momentum two different electron states 
are possible corresponding to two linearly independent spinors w. We 
refer to these two states as states of different polarization. 

The two linearly independent spinors w may be chosen, for example, 
in such a way that they are eigenfunctions of the operator 40,. We 
denote these eigenfunctions by y,: 


Co, 
a XulA) = Hx,), 


where A is the spin variable which assumes the two values A= +}. 
From the form of the matrix a, it follows that «= +4 and x,(4) = 6, 

We note that if w= y, then w’ is not an eigenfunction of the opera- 
tor o,. Indeed, in accordance with (10.10) we have 


w'(A) = aa (op)ax %,(4°) = —(oP)au- 


However, if we choosc the z-axis in such a way that it is directed along 
the vector p, then op= po, and w’ will also be an eigenfunction of 
the operator o,: 


40, w'(A) = uw'(A) = om tu): 


These results are a consequence of the fact that the electron spin 
operator 42 does not commute with the Hamiltonian operator 
H = ap+fm, while the operator pZ does. Therefore, the eigenfunctions 
of the operator H, in general, are not eigenfunctions of the operator 
2, but can be eigenfunctions of the operator pZ: 


2z 
4 Py, = fly, BW H- (10.11) 
|P 
These amplitudes describe states with a definite value of the component 
of the spin along the direction of motion. We denote the plane waves 
corresponding to them by 


Uy et Pr 


Pon — Qe 
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We shall refer to states for which the bispinor uw, is defined by for- 
mula (10.11) as states of definite polarization. The bispinors u,, corre- 
sponding to different values of « are mutually orthogonal uf uw, = d,,. 

In a similar manner we can discuss states of definite momentum 
p and of negative frequency w = —e. We shall write the wave functions 
of such states in the form yf? = (o,/V Q)elPrtiet, where vp is a unit 
bispinor satisfying (ap-+fm--e)v, = 9. 

For a given p there exist two linearly independent amplitudes 0, 
which may be chosen to be the eigenfunctions of the operator Zp: 


ZU pv,, = |Pludp,, w= +F- 
These functions are mutually orthogonal, i.e., v¥,v,,, = d,,°- 


We compare the spinor amplitudes w, and v. . - 
The first of these amplitudes satisfies 
(ip+m)u,,=0 (10.12) 
and the second satisfies 
(ip —m)v_,, = 0, (10.12’) 


where p = (p, ie). Thus, u, and v_, may be regarded as eigenfunctions 
of the matrix ip, corresponding to the eigenvalues = m. Since ip is a 
four-rowed matrix, the four linearly independent functions w,, and 
v_,, form a complete system of its eigenfunctions. (We note that v_, 
= Bo,.). 

On introducing uw, = u,,, and v_,, =u 
tions for u,, and v,, in the following form: 


we rewrite the equa- 


Bem 


ipu,,= —Mu,, A=Fm, w= +h. (10.13) 
We now prove that 

_ _ A 

Uy a = » Hy 4 (2) ty 4: (@) = — Bye Daa (10.14) 


The functions u,, which are eigenfunctions of the non-Hermitian 
operator ip are not orthogonal in the usual sense of this word, i.e., 
Ursus FO. However, it follows from (10.13) that uw, ,uy4 = 0 for 
AA’, 

Similarly, it follows from (10.11) that u,,u,.4-= 0, uu’. We now 
obtain u,,u,,. By feplacing m in (10.10) by A, we obtain wu 


= N?(w* w—w'*¥ w’) = - Thus, the proof of (10.14) is complete. 
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In view of the completeness of the system of functions w,, the follow- 
ing relation also holds 


E _ ’ 
pts (a)u,,(a’) = 6,,.- (10.15) 
HA 


10.6. Polarization Density Matrix for the Electron 

The spinor amplitude of the plane wave u, may in the general case 
be expanded in terms of the amplitudes u,, corresponding to definite 
components of the spin along the direction of the momentum: 


+1/2 
uy = a Wipy: (10.16) 
w=] 


The expansion coefficients w“ in this expression are the components 
of the spinor amplitude of the electron wave function in the rest system. 
Indeed, in the rest system in accordance with formulas (10.9)-(10.12) 
the amplitudes have the following form: 


[Mn _ S,a/2 _ 


w wil2 
nea) 


Just as in the case of the photon (cf. subsection 2.4), we can describe 
the states of an electron of a given momentum by means of the polari- 
zation density matrix 


and, consequently, 


Quy = ww, (10.18) 


where the bar over the right hand side denotes averaging over the param- 
eters which characterize the system of which the electron is a part. 
The diagonal elements of the matrix @ are equal to the probabilities 
that the component of electron spin along the z-axis (the direction of p) 
is equal to +4 or —}. The normalization condition for g@ has the form 
Spo=l. 

Just as in the case of the photon, the matrix @ may be written in 
the form 


e= 2(1+ $9), (10.19) 
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where € <1. The parameter €, = Cp/|p| determines the probability 
of polarization along the z-axis and e,, = 4(1+¢,). The parameters 
¢, and ¢, appear in an analogous manner in the expressions for @,; in 
the system of coordinates which has been rotated by a certain angle 
with respect to the original one. Indeed, when the coordinate system 
has been rotated about the y-axis by the angle z/2 the spinor w is multi- 
plied by the unitary matrix exp ({izo,) = (1+ioe,)/\/2 and in accord- 
ance with (10.18) the matrix @ goes over into 9’ = 4(1+ia,)o(1—io,), 
from which we obtain o;, = $(1+¢,). 

Similarly, a rotation about the x-axis through the angle —z/2 corre- 
sponds to the transformation of the density matrix o’’ = 4(1—io,)e(1+ia,) 
from which it follows that oe, = $(1—Z,). We note that the expression 
for 0}, and @;; cannot be interpreted as the probability that the com- 
ponent of the electron spin along the x- or the y-axis has the value +4. 
However, we can say that 0,, is the probability that the component of 
the electron spin along the x-axis is equal to } in the rest system of the 
electron (and similarly in the case of 9/3). 

When ¢€ =0 we have a completely unpolarized state, and when 
¢ = 1 we have a state of complete polarization. If we introduce the 
notation = PG , where || = 1, then the matrix @ may be written 
as a linear combination of two matrices corresponding to the unpolar- 
ized and the completely polarized states 


1—P P 
e= ) + 5) (1+% 9). 


The vector $0 represents the average value of the electron spin in 
the rest system. Indeed, in the rest system the average value of Z is 


equal to 2=o = w*ow. On utilizing (10.18) and (10.19) we obtain 
o = Spoo=C. (10.20) 


The density matrix (10.18) is a matrix in the space of the eigenfunc- 
tions u,, of the spin operator. We can also investigate the density 
matrix in the “coordinate” representation, i.e., in the space of the bispi- 


nor indices 


Pro = up(A)us(o) where A,o=1, 2, 3, 4. (10.21) 


In contrast to the two-rowed matrix (10.18) the matrix (10.21) is a four- 
rowed one. However, its values for different 2 and a are not independent 
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if we are discussing, as we did earlier, states with a definite sign of the 
frequency. Therefore the matrix (10.21) may be characterized by the 
same three parameters as the matrix (10.18). 

It is convenient to write the matrix Y in a form in which it is not 
necessary to take explicitly into account the relationship between the 
different components w,(A). In order to do this we write, u, = n(p)u, 
where 


aA 
m—ip 


n(p) = (10.22) 


2m 
and u is a certain bispinor, whose components are no longer related 
by the Dirac equations. The validity of this equation can be easily veri- 
fied if one notes that (ip+m)n(p) = 0, in virtue of which u, satisfies 
the Dirac equation for arbitrary u. 

Similarly, the amplitude of the state of negative frequency v_, can 
be written in the form v_, = 7(—p)u. 

The matrix 7(p) is called a projection operator. It can be easily shown 
that the following relations hold 


(n(p—)? =P), 7 yantys =, (10.23) 
Uy = Un(P), — 1(P) Ups = Upp Oma: (10.24) 


On substituting (10.22) into (10.21) we obtain the following expres- 
sion for P: 


Pag = Nal) u(@)u(B)(n PY ¥4) po (10.25) 

We first consider the unpolarized state. We show that in this case 
DT ny, = MP 10.26 

P 2€ le 4e Yar ( ) 


In order to do this we substitute the expansion (10.16) into (10.21), 
and this leads to the following relation between and 0: 
+1/2 
Pe= > On» Up, (A) Ux (a). (10.27) 


#,y=—1/2 


Since in the unpolarized state 9, = 36,,, therefore 


Prag = 4 Dy Up, (Adu, (0). 
7] 
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By utilizing the projection operator we can, in accordance with (10.22) 
and (10.24), rewrite this expression in the following form: 


DY up Dug () = Maal Dpe >) Mpa Haul), 


where w,,, are defined by formula (10.13). In virtue of the orthogonality 
propérty (10.15) we obtain 


Sy Dit, ko) = (eas , 
“ ‘9 (10.28) 


Sup = ("SF n) 


(27 


which leads to the expression (10.26) for Y. 

On comparing (10.26) and (10.25) we see that in the case of an unpo- 
larized state, u(a)u(8) = mé,,/2e holds. 

In the general case of partial polarization the quantity u(a)u(f), 
which in accordance with (10.25) defines the density matrix, must be 
of the following form: 


u(ayu(B) = 5 Bag + Rep): (10.29) 


where R is a certain four-rowed matrix (a spinor of the second rank). 

For the construction of the matrix R we start from the fact that 
the density matrix ‘?, and consequently also R, depends on three param- 
eters. In the electron rest system these three parameters form the 
axial vector CG. 

Therefore, the state of polarization may be described in a relativ- 
istically invariant manner by two equivalent methods: either with 
the aid of the antisymmetric tensor t,,, or with the aid of the axial 


yp? 


.. i . 
vector a,, which is related to ¢,, by t,,= Sy CuerePa Ty» where é,,,,, 18 


the unit antisymmetric tensor of the fourth rank and p, is the momen- 
tum four-vector. 

The tensor ¢,, must satisfy ¢,,p,== 0, from which it follows that 
in the rest system only three of its components differ from zero. The 
tensor ¢,,, is equivalent to the two three-dimensional vectors s and d 
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(t,5 = ij Sn3 yg = —id,, i,j,k = 1,2,3), which may be expressed in 
terms of the vector ¢ in the following manner: 


—|5 7}. spac. gw few 
d >? |; Ry CD, sg me ; (10.30) 


where the symbols (||) and (| ) denote longitudinal and transverse com- 
ponents of vectors with respect to p. 

Similarly, the vector a, must satisfy a,p,— 0. Its components 
a;,) = 1, 2,3 and ay = —ia, are related to the vector ¢ by the following 
equations: 


av = ew. guoew, g— Pf. (10.30’) 
m E 
In accordance with the general expression (9.21) the matrix R may 
. ! A . 
be represented by either R= — —it,,y, y, or R= —iay,. On substitut- 


2 
ing this expression into (10.29) and (10.25), and on noting that 


7(p)R = Rn(p), we obtain two identical expressions for ?: 


1 i a 
P= Lider] (m—ip)y, (10.31) 
or (135) 
] oA A , 
P= Gz (1—iays) (m—ip) ya. (10.31’) 


From these expressions it follows that 


a= 2 Sp Py OMe, 
(10.32) 


E€ 
a, =~ SP Pav pVs- 


Thus, if the density matrix is known, the state of polarization may 
be obtained by determining 1,, or a, from formulas (10.32), and then 
obtaining the vector G with the aid of formulas (10.30), (10.30’). 

It is easy to obtain results similar to (10.28) and (10.31) also for 
states with negative frequency and of momentum —p: 


Sop DDp,(0) = — EP, (10.33) 
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1 1 in 
Ppl) = ~ 96 (| Sitar) embibon 
(10.34) 


1 UA uA 
—_— rr —iays)(m+ip)y4, 


where 
PSD) = v_,(A)v*, (0). 
We note that the density matrix for the positron P{)) = uff) u{?)* 
is related to Pi) by PH y, = —(C+ Py, C)*. If Pi) is of the 
form (10.34), then ) coincides with expression (10.31). 


10.7 Averaging over Polarization States 


In future we shall often encounter the following problem. We are 
given the expression M = au,, = » a(A)u,,(A), where u,, is the spi- 
A 


nor amplitude of a state of definite momentum and polarization (and 
of positive frequency), while a is a particular bispinor. We are required 
to find the sum of the squares of the absolute values of |M|? over the 
different polarization states of the electron: 


DMP = Yaa (O) D vp Pug). 


This summation can be easily carried out with the aid of formula 
(10.28). On utilizing it, and also the definitions @ = a*y,, (a)* = y,a, 
we obtain 


_ l 
» | au,,,|" = 5g aim ip)a. (10.35) 
Let a be of the form a= Ru,-,, where R is a four-rowed matrix, 
while w,., is the amplitude of the state of momentum p’ and polarization 


v, and consider the problem of evaluating > |upyRu,,,|?. On utiliz- 
uy 
ing once more the formula (10.28), and also the equality a= Up Rs 


where 
R=y,R+y,, (10.36) 


we obtain 


_ 1 can 
2 |p Repu |? = = ay Sp (m—ip)R(m—ip’)R. (10.37) 
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Similar results may also be easily obtained for states of negative 
frequency: 


_ 1, 
2; |G0~p,? = —5-G(m+ip)a, (10.38) 
it 
—_— 1 A oA a 
|D_pyRv_p,l* = Gs Sp (m-+ip) Ron-+ip’) R, (10.39) 
By 
li, Rv_,,|? —ip')R. (10.40) 


The matrix appearing after the trace symbol Sp in formulas (10.37)— 
(10.40) represents a sum of terms each of which is a product of several 
matrices y,. For the evaluation of the trace we can utilize the fact that 
the quantities Sp VeVog ct Von form a four-dimensional tensor of the 
nth rank. The last assertion follows from the fact that in accordance 
with the proof given in § 9 the expression py, 7,,...7,, 18 a tensor 
of the nth rank. Therefore the quantities > Wan Vo Vg tt Yon Man 


= Spy,,..-%,, Will also be tensors if the amplitudes are normalized in 
an invariant manner, ie., wu = 1. 

Since the matrices y, have the same form in an arbitrary coordinate 
system, the form of the tensor SPY,, -++Y,, also does not depend on 
the choice of the coordinate system. The only tensor which has this 
property is 6,,. Therefore the desired tensor can be constructed from 
Oup: 

From this it follows immediately that if » is an odd number, then 


we have 
SP(,.Y, Vy) = 0 (n= 2k+1). 


If m is an even number, then we have 
Sp(y,, Vn) = s Ap Oi Om oe > 


where i,k,/,m, is some combination of indices ,, %,¥3,...and a, 
are numerical coefficients. The sum is taken over all possible combi- 
nations of pairs of numbers ik, Im, ..., with the number of terms in 
the sum, i.e., the number of such combinations, evidently being equal 
to 

n!} 


AIDE = 1-3-5... (n—1). 


104 QUANTUM ELECTRODYNAMICS 


For the determination of the coefficients a, it is sufficient to set 
i=k, 1=™m, etc. On utilizing (9.11) and on noting that Sp 1= 4, 
we obtain 


ESP(Y,, ++ Yoq) = dy £8uc5im -- (n= 2k). (10.41) 


The signs of the individual terms in the sum may be found in the 
following manner (215), (153), cf. also (37). We let each matrix y, 
correspond to a point on the circumference of a circle, and we arrange 
these points in the same order in which the matrices y, occur. We then 
join these points in pairs by straight lines. Then to each straight line 
joining the points i and k there corresponds a factor 6,,, while to each 
way of joining points (or, in other words, to each decomposition of 
the subscripts i,k,/,m, ... into pairs i—k, /—m, ...) there corresponds 
a term in the expansion of the trace (—1)?6,,6,,..., where P is the 
number of points of intersection of the straight lines. Thus, we have 
ap = (—1)?. 
We give the values of Spy, ... vn for n= 2,4, 6: 
£ SPYe = Ox» 
t SPYi76 1% m = Sit 8imt im Oia — 941 4m » 
£ SPY VV mV V's = Ope Om Ops + is Set Ome + 9 ite Ots Omar + Oim Ort Ors 
+ bis Sir Om + bi Orr Oms + Sim Ons 6+ 6, Stem O15— bis Onm Os 
—6 sm Orr O15 — Ore Otr Oms — Oit O1an Ops — Ont Ones Omr— Sir Oia 


Am™ rs ks “mr kl ms 
—6,, Oxs Sim : 


We note that the expression for the matrix Vy, 01 Py, Can be simplified 
if among the subscripts there are two identical subscripts », =», =a 
over which summation is carried out. By utilizing equation (9.11) we 
can rearrange the product in such a way that the two matrices with 
identical subscripts turn out to be side by side, and after this we can 
carry out the summation: y,y,—= 4. For example, if two matrices are 
separated by one, two, or three factors, the following relations hold 
(it is understood that summation is carried out over the subscript 
a from | to 4): 


(10.42) 


Yalv Ya = —2Y,, 
Val nl vVa = 46.4 (10.43) 
YavavuryVa = —2y,VuVa- 
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§ 11. Electron States ef Definite Angular Mementum and Parity 


11.1. Orbital and Spin Functions. Spherical Spinors 

We now investigate electron states characterized by definite values 
of energy and of angular momentum. 

The angular momentum operator M is a sum of the orbital angular 
momentum operator L = [r, p) and the spin angular momentum oper- 
ator 32; M=L+4&. We shall denote the eigenfunctions of the oper- 
ators of the square of the angular momentum M2? and of its compo- 
nent M, corresponding to the eigenvalues M?= j(j+1) and M,= M by 


Pim 
v= (2), 
mM Xim 


They satisfy the following equations: 
My = IU+) yyy; 
MY yp = MY say - 


Each of the spinors 9, and 7,4 satisfies these same equations if we 
Teplace in them the four-rowed matrix Z by the two-rowed matrix 
o, 1e., if we sett M=L+3e. 

Just as in Chapter I, we do not solve these equations directly, but 
in order to obtain the wave functions we use the quantum mechanical 
rules for the addition of angular momenta, by regarding the orbital 
and the spin degrees of freedom of the electron as two subsystems. 

We already know the eigenfunctions of the operators for the orbital 
and the spin angular momenta. The eigenfunctions of the orbital angular 
momentum are the spherical harmonics Y,,,(r/r), where m and /(/+1) 
are the eigenvalues of the operators L, and L*, while the eigenfunctions 
of the spin angular momentum are the functions y,(A) = 6,, (cf. sub- 
section 10.5). 

In accordance with the rules for the addition of angular momenta, 
a given value of the total angular momentum j can be obtained for 
two values of angular momentum of the orbital subsystem / = j-+4. 
We use the notation @,,,, to denote the spinor function y,,, which corre- 
sponds to the same values of j and M, but to different values of /. We 
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can represent it as a linear combination of products of orbital functions 
Y,, and spin functions 7,,: 


“lm 
; r 
Pum a(r) » Cimon Yim (")%,.5 oe Y? 
pum 


where a(r) is a radial function which we shall define later. 
This equation can be regarded as an expansion of the spinor @ in 
terms of the orthonormal spinors x,, y(4)= >z,(A), which are 


the basic unit spinors analogous to the basic unit vectors x, in § 3. 

We call g the contravariant spinor components. Since 7,(A) = 6,,;, 
we have o(A) = g’, i.e., the contravariant components coincide with 
the components defined in subsection 9.1. 

In addition to the contravariant components we can also utilize 
covariant spinor components defined as gy, = (—1)"*?p™. In virtue 
of the formulas for the transformation of a spinor under rotation (9.1) 
this definition guarantees the invariance of the scalar product fy, 
of the two spinors g, and q,,; under three-dimensional rotations. 

The expression for ;,,, can also be written in the following form: 

Pam = BN) Qi (), (11.1) 
where 2,,,,(#) is a spinor whose contravariant components are given 
by 

(2510 (7) = CIM —p.1)20¢X LM —p (n). (11.2) 


We refer to the quantity 2,,, aS a spinor spherical harmonic or a 
spherical spinor. 

The coefficients Cj/M,_,,,.,, appearing in (11.2) differ from the corre- 
sponding coefficients in Chapter I by the value s = 4. They are normal- 
ized in accordance with (8.4) and have the values in Table 6. 


TABLE 6 
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The spherical spinors form an orthonormal system of functions. 
For different values of j, M, or / the functions are mutually orthogonal, 
since they are eigenfunctions of self-conjugate operators belonging 
to different eigenvalues. In virtue of (8.4) they are also normalized: 
f Qe Qy rye do = 8;y Sy Syye, Where do is an element of solid angle 
in the direction n. 


11.2. Wave Function of a State of Definite Angular Momentum 


In order to determine the radial dependence of ¢,,,,, i.e., the function 
a(r), we make use of the Fourier transformation: 


pr) = | pe dk. 


States of definite angular momentum correspond to wave functions 
g(k) in momentum space which are eigenfunctions of the operators 
for the square of the angular momentum and for one of its components. 
The angular momentum operator has the same structure in the momen- 
tum representation as in the coordinate representation, i.e, M=L+4e, 
where o has the same meaning as before, while L = —i[kKV,]. There- 
fore, we can directly write Qj. (k) = @(K)Qyy(v), where v= k/k. 
Since the electron energy has a definite value, this fixes the absolute 
value of its momentum p = (e?—m?)/?. We, therefore, assume that 
a(k) differs from zero only when k = p. On substituting yj,,(k) into 
the Fourier integral we obtain ,,,(r) = C fe?" Qy,,(v)do,, where C 
is a constant. 

We then make use of the expansion of exp(ipvr) in terms of 
spherical harmonics (cf. (4.24)). This yields 


Pan = CD BPO) Yew) J Yn (¥) Qn) do, 


On substituting into this equation the expression for the spherical 
spinors (11.2) we obtain 


> Ym (a) { Yin) Qpae() do, = By Qarye (A) 


and, consequently, @yy = Cg,(pr)Qy,,("), where g, is the function 
defined by formula (4.25). On comparing this expression with (11.1) 
we see that a(r) = Cg,(pr). 
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We now obtain the second spinor y;,,, which appears in the electron 
wave function y,,,,. On making use of the fact that in momentum space 
the spinors y(&) and (k) are related by the simple expression (10.1) 
we obtain 


k k 
Xun (®) = ak) ig ™) Siu) v= ke 


On the other hand, 7,,,,, like jy, 1s an eigenfunction of the operators 
M2 and M, belonging to the same values of j and M. This means that 
its angular dependence must be determined by a spinor spherical 
harmonic. From this we can conclude that the product (6y)2,,,,(v) 
is a spherical spinor. Since in accordance with (11.2) Q,,,, contains the 
spherical harmonic Y,,,, then (cf. (4.9)) the product vY,,,(v) contains 
the spherical harmonics Y,,,, where /’=/4+1. Of these values only 
the one value of /’, viz., 


yj? 


, . I-+1, /=j-, 


is compatible with the given value of 7 in accordance with the rules 
for the addition of angular momenta. 

Therefore ov22,,,(v) = cQj,-y(v), where c is a constant. In order 
to find this constant we choose the direction along the z-axis and make 
use of the definition (11.2) and the explicit expression for the coefficient 
Ci§ 1/2. and for the spherical harmonic Y,, (0). This yields 


(GV) Q yy (V) = —Qyy(v), where 1’ = 2j—. (11.3) 
From this we obtain in the coordinate representation, in a manner 


analogous to the transition from ,,,,(k) to gj,(r), the following expres- 
sion for Yjy4(r): 


Pp , . 
Xim = Og Br PN Lim (7) P=2Uj-l,; a= ‘}. 


The coefficient C is determined from the normalization condition 


Ll Praga = 1. The integration is here taken over the normalization 
volume which may be chosen in the form of a sphere of radius R (cf. 
subsection 1.4). Since R may be taken to be arbitrarily large, the integra- 
tion can be easily carried out if we make use of the asymptotic expression 
for the functions g, (4.26). 
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We give the expressions for the normalized’ wave functions: 


1 (e+m) pd 
Pim = (nye? joe &,(pr) 2n,(*] , 


l (e—m) p?6_ r 
Xiim = (Qn 3/2 V Je . £(0r) Quy") 


where 6 = a/R, 1’ = 27-1. 
We note that the wave functions normalized per unit energy interval, 


(11.4) 


i.e., in accordance with the condition | viene dt = d(e—e’), differ 
from the functions (11.4) only by the replacement of 6 by e/p. 

In momentum space the normalized wave functions have the fol- 
lowing form: 


1 I k 
Pimlk) = (27)3/2 V seas 2m] 


1 lL k 
tasl®) = — opens V oem e wl) 


11.3. Parity of a State 

We note that 9, and x; belong to different eigenvalues of the 
operator L?: /(/+-1) in the former case and /’(/’+-1) in the latter case. 
This means that the electron wave function y,,, is not an eigenfunc- 
tion of the orbital angular momentum operator. It can also be easily 
verified directly that the operator L does not commute with the Hamil- 
tonian operator H. We therefore conclude that the decomposition of 
the total angular momentum into orbital and spin parts has a restricted 
physical meaning in the case of the electron, just as in the case of the 
photon. However, this decomposition becomes fully valid in the non- 
relativistic approximation. As may be seen from (10.1) the ratio of 
x to m tends to zero as k > 0. This means that for low values of the 
energy we can use a wave function consisting of only two components 
(the remaining two components are small). In such a case / acquires 
the meaning of orbital angular momentum. However, in the general 
case the index / on the wave function serves only to designate two differ- 
ent states of the electron with the same values of j and M. 


(11.5) 
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We can uniquely associate the quantum number / with the parity 
of the electron state. In accordance with the law for the inversion of 
spinors the inversion operator has the following form: 


[= 7,6, (11.6) 
where I, is the operator for the reversal of sign of the space coordinates 


Ly) = y(—r). 
We apply the operator (11.6) to the wave function Yj, 


p . 
Tym — mlb “) — neh ( Pn) . 
Xm —Xitm 


Since ~j,,, contains the spherical harmonic Y,,,, while 7,,,, contains 
the spherical harmonic Y,,,, and LY,,=(-l)'Y,, UY, =(-—D* 
Ym = (—1)'*'¥Y,,,, we have 


Wein = Man, T= (dD. (11.7) 


Thus, y,,,, is an eigenfunction of the inversion operator corresponding 
to the eigenvalue J = (—1)'. We shall refer to the quantity J as the 
parity of the state. Thus the quantum number / which for a given value 
of j is uniquely related to J defines parity, rather than orbital angular 
momentum, which does not have a rigorous meaning. Two states char- 
acterized by different values of / for a given / differ in parity. 


11.4 Expansion in Spherical Waves 
We have constructed two different complete systems of electron 
wave functions p,, and p,,,,- An arbitrary solution of the Dirac equa- 
tion may be expanded in terms of either one of these systems: y 
= )'4,y,, Where n denotes the set of quantum numbers pu or jlM 
n 
(and also e). If py and y, are normalized, then we have a, = f pyxdr. In 
particular, the wave function of a state of definite momentum and 
polarization can be expanded in terms of wave functions of states of 
definite angular momentum and parity: 
Vp = » OP Vane Von = » ae Yam 
jIM UM 


or the converse expansion can be performed 


— (71M) 
Yam = » au Pou: 
PH 
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It is evident that 
AiR = (agp 
These coefficients can be conveniently calculated with the aid of 
wave functions in momentum space. On utilizing expressions (11.5) 


and (10.9) and on going over from Fourier series to Fourier integrals 
(cf. subsection 1.4) we obtain 


df = Ot 2) w/b, (11.8) 


where w is the spinor amplitude of the plane wave defined in accordance 
with (10.9’), while 6) is an element of solid angle. In the case of states 
of definite component of spin along the direction of the momentum, 
i.e., When w= y, we denote aff, by aly. 
. ; do et ge 
The quantity lap Pe defines the angular distribution of the 
0 


electrons in a state of definite angular momentum. If we sum this quan- 
tity over the polarizations, we obtain 


do 
Fe Oy LBs = snk) Pd. 
Hu 
For a given value of j this quantity does not depend on /, since 


| Qyal? = QF (ov) (Gv) Qyry = | Qyrae/?. 


The quantity |Qj).,|2 can be evaluated by the method presented in 
§ 8; this yields 


j-} 
! 
| Quy [? = ae, Ay, P,, (cos 9), 
where 
241) 2j+1 al 
tag = (eee AED CHD cornet, yi (tijs2n4)> (11S) 


W are the Racah coefficients. Explicit expressions for the coefficients 
are given below in Table 7. 

By utilizing (11.8) we can easily obtain the expansion of a plane 
wave in terms of spherical waves. If the amplitude of the plane wave 


as, 
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is normalized (wu* = 1), while the polarization is determined by the 
normalized spinor w (w*w = 1), then we have 


V + ” 8 (pr) Qirg(n) 


1 
ue = TD, (hud) > (11.10) 
IiM m 
1— -_ 8, (pr) Qiv rn) 
where 
n=", va=P, l= 2j-l 
r P 
TABLE 7 
7 _ = _ _ 
3 3 3 

an (Mi bo # 4 $ § 4G g 3 
Q, “1 1 2. 2 24 ee 
as 1 -1 8/7 2/7 —10/7 25/21 195/28 —5/3  —5/21 
ay 6/7 —9/7 3/7 81/77 288/77 63/77 —117/77 
as 25/33 —5/11 —5/33 25/33 


For pr > | we can utilize the asymptotic expression for the function 
g, (4.26). Then we have 


i! Ve Qjyy(n)sin {or | 
Herr ns dor _y (Q% (vw) . 


Yim . E—m . I'n 
—i Va" Saransin{ r=} 


12. Electron in an External Field 


(11.12) 


12.1. The Dirac Equation with an External Field 


In considering the one-body theory exclusively, only a limited number 
of problems can be formulated. These are problems in which the number 
of particles does not change, and the interaction can be introduced by 
means of the concept of an external field. 
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The equation of motion for an electron in a given external field 
may be obtained in the same way as in nonrelativistic quantum me- 
chanics. Let A be the four-potential of the external electromagnetic 
field (A is the vector and Ay =—iA, is the scalar potential). We shall 
obtain the desired equation if in the Dirac equation we replace the 
four-momentum operator p by p—eA, where e is the electron charge. 
Evidently an equation of this type is relativistically invariant, since 
the transformation properties of the quantities p and A are the same. 

Thus, the Dirac equation, taking the external field into account, 


has the form - A 
(ip—ieA+m)y = 0, (12.1) 
where 
A=y,A,. 
We confine ourselves to the case when the external field is inde- 
pendent of the time. Then stationary solutions such as 


vr, 2) = polre 
exist, where y,(r) is an eigenfunction of the Hamiltonian operator, i.e., 
Hy,—oy,, H=ap+fm+eA,—ead. (12.2) 


The general solution of (12.1) can be represented as a superposition 
of wave functions of different frequencies w. 

From the point of view of the values of the frequencies a signifi- 
cant difference from the free electron case now arises. As we have 
seen in § 10, in the absence of an external field the frequencies form 
a continuous spectrum with a gap in the range from -m to m. In the 
presence of an external field, in addition to the continuous spectrum, 
a discrete spectrum can also occur (as we shall see later), i.e., bound 
States can occur in the interval -m <w <m. 

We have interpreted the solutions with values of w > m as wave 
functions of electron states, and solutions with w < —m, transformed 
in accordance with (10.7), as wave functions of positron states. 
Now the problem arises of the interpretation of the discrete spectrum. 

We shall confine ourselves here to the practically important case 
when the discrete spectrum is situated close to one of the boundaries 
of the continuous spectrum. In this case we can, as before, separate 
the frequencies into positive and negative ones, and interpret them 
in accordance with the rules given in § 10. If the wave function y = y™ 
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belongs to negative frequencies, it is necessary to go over to the 
charge-conjugate wave function py?) = Cy'-). We derive the equation 
satisfied by y'”). On carrying out the same operations as in the case of 
the transition from equation (9.12) to (9.13) and on noting that A* = A, 
Af =—A,, we obtain p(—ip+ieA+m) = 0. On multiplying this 
equation on the left by C and on utilizing (10.5), we finally obtain 
(ip+ieA+m)y® = 0. (12.3) 
We see that equation (12.3) differs from (12.1) by a reversal of the 
sign of the charge. Thus, instead of solutions of positive and negative 
frequencies we can discuss solutions of only positive frequencies cor- 
responding to the two signs of the charge. This is in accord with the 


basic idea for the interpretation of negative frequencies presented in 
§ 10. 


12.2. Separation of Variables in a Central Field 


We consider the problem of the motion of an electron in an electro- 


static central field 
A=0, Ayp= Ap(r). 


The Hamiltonian operator (12.2) has in this case the form 
H = ap+fm4+ V(r), 
where V(r) = eA,(r). 

In view of the spherical symmetry of the field the angular momentum 
operator and the inversion operator both commute with the Hamilton- 
ian operator. Therefore, there exist states of definite energy, angular 
momentum, and parity. As in § 11 we denote the corresponding wave 


functions by 9 
iiM 
Pim = , 
uM a 


The eigenfunctions of the angular momentum and the inversion 
operators were obtained in § 11. Therefore, we know the angular depend- 
ence of the wave function, and we can write 9, and x,,,, in the follow- 
ing form: 

Pim = ig(r) QyrnM), 
Xnm = —f() Qin (n), 


where /’ = 2j—l,n= r/r and 2, is the spherical spinor defined by 
formula (11.2). Our problem thus reduces to the determination of the 


(12.4) 
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radial functions g(r) and f(r). In order to do this we substitute (12.4) 
into the equation for the eigenfunctions of the energy operator Hy 
= ey, 1.e., into the equations 
(e—m—V)p =copy, (e+m—V)x= ope. (12.5) 
We rearrange the right-hand sides of equations (12.5). On noting 
that opp = dg/dr(on) 2,,,,+igop2,,,,, and on making use of the fact 
that (6m) 2),,,= —Qypy we obtain 


. {2 1 
— (op) 2; = (cp) (on) Qi = (pz-+ i[pn] 0) 2 jap =a! (2 + 116} Q ia 


where L = [rp] is the orbital angular momentum operator. The function 
Qj is an eigenfunction of the operators L?, M? and ($0)? which corre- 
sponds to the eigenvalues /’(/’+1), j(j+1) and 3/4. Therefore we have 


Lo Qi = (M?—L?—G9)") Que = (14+ DP U4 D8} Qi 
On introducing the following notation: 


—(+1), J = I+4, 


and on noting that 


(12.6) 


iGEDWUHD-B= FP a pad 


we obtain 
(2+Le) Qj-y = I+) Qi 
opp = —Qyy{E4 g)- 
In an analogous manner we obtain 
opy = ~ 104, 17). 


On substituting these expressions into (12.5) and on cancelling the 
angular functions appearing on both sides of these equations, we obtain 
the desired equations for the radial functions 


Big +x) —(e+m—V)f = 0, 
dr r 


a +a nL 4(e—m—-V)g = 0, 


r 
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or 
(rg) 
dr 


+= (rg)—(e+m—V) (of) = 0, 
(12.7) 


MO) _* Of) 4 (e—m—V) (1g) = 0. 
dr r 


The functions rg and rf must in addition satisfy two boundary con- 
ditions which guarantee the possibility of normalizing the wave func- 
tion: they must remain finite as r > 0 and r > ov. 

When V = 0 the solutions of the system (12.7) are given by the 
radial functions found in subsection 11.2 


ig = cg,(pr), 


E—m , . 
f= im &y(pr), l= 2j—l. 


12.3. Asymptotic Behavior of the Radial Functions 

We now obtain the asymptotic behavior of the functions g and ff. 
If we assume that the potential tends to zero sufficiently rapidly for 
large values of r(V > 0 as r > oc) we obtain from (12.7) for r > co 


d 
“8) (4 m)rf = 0, 


d 
OD) e—miyre = 0. 


The general solution of these equations is of the form 


rg = C(e“"+ qe"), 


7 mae, ./mae , (12.8) 
if o| Vrte +4 ° ), 


where A = (m?—e?)"? and C and q are constants. The constant C is 
determined from the normalization condition for the wave function, 
while q is obtained from the condition that the solutions of equations 
(12.7) remain finite for r= 0. In particular, this quantity depends 
on the energy q = q(e). 

The nature of the behavior of the functions (12.8) is essentially dif- 
ferent in the two cases e > m and e <m. If ¢ >m the coefficient in 
the exponential is imaginary, and the condition at infinity is satisfied 
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independently of the value of e. The asymptotic expression of the radial 
functions (12.8) can then be given in the following form: 


irg = ree sine ) 
rf=#C Vio sin{ 9-40}, 


where p = —iA = V 2? m? while C, is a constant determined by the nor- 
malization condition. The phase 6 depends on the nature of the external 
field, and also on the energy and the momentum of the electron. In 
the absence of an external field 6 = 0, which may be easily seen on 
comparing (12.9) with the asyrnptotic expression for g, (4.26). 

If ¢ <_m, then the quantity / is real, and therefore the second terms 
in (12.8) increase exponentially. In this case the condition at infinity 
may be satisfied only for such values of ¢ for which g(e) = 0. The roots 
of this equation determine the allowed energy values. Thus, as was 
asserted earlier, we have a continuous spectrum for € > m, and a discrete 
spectrum for « < _m. The latter may be completely absent if q(e) has no 
roots. 


(12.9) 


12.4. Behavior of Energy Levels as Functions of the Potential Well 


Depth 
We investigate the frequency spectrum in the special case of the 
spherically symmetric potential well V= —Vy, r<n, V=O,r>"r, 


where V, is a constant. On this simple example we shall demonstrate 
certain general features of the behavior of the discrete spectrum. 

On substituting these values of V into the system of equations (12.7), 
and on eliminating rf from it, we obtain the following second-order 
equation for the function W= rg: 


aw x(x+1) be 
dr? re -W-+ [(e+ Vo) —m |\W= 0, r <ro, 


aw x(*+1) 
dr? r 

The general solution of these equations has the following form: 
W= Vr{A Jug BO+BM 41/21 (BD}; r<ro, 
W= Vr fAdierre(BO+BoM esrj2(Br)}, r>To, 


W+H(e—m)W=0, r>r. 
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where J is a Bessel function, and N is a Neumann function 
B=VE+V—m, p= Vent. 
The condition that W should remain finite at r= 0 requires that B, = 0. 
Instead of the condition that the function should remain finite as r > oo 
we introduce the condition W(R) = 0 where Rs ry. This corresponds 
to placing the system in a spherical box with impenetrable walls of 
radius R. Such a change in the boundary condition has no fundamental 
significance, However, practically it is convenient because it makes 
the whole spectrum discrete with a very small distance of the order 
of 1/R between the frequencies in the range |~| > m. Due to the discrete 
nature of the spectrum we can follow the changes in the position of 
each level as V, is varied. 
From the boundary conditions it follows that 


__ Jin41/21( BR) R) 
a= —As *Nie41/21(B'R) 
The requirement of continuity of W(r) at r= ry, finally leads to the fol- 
lowing formula: 
[Mi41/21(B’R) Si (B’r9) 
Ii 321 (B’R)N,,.4.1/21 (Br MN Fi41/21 (Br), r<ro, 
Jie4.rj2\(Pro) [Minc4-1/2! (B'R) hex sal (B'r) 
Ii ip2(BR) Ny rj2(B)1, r>Tlro,; 
where A is a normalization constant. 
The energy spectrum is determined from the following condition: 


Cr). br] 
W T=T —0 W r= re40 


where W, = rf. On expressing W, in terms of W with the aid of equations 
(12.7), and on utilizing asymptotic expressions for the functions con- 
taining R In their arguments, we obtain for e <m 


Fula) _ m Vrs \—e ; HO (a ymiry/ ral . 


Wir)= Ayr 


“Tula me Way + Vo +( J | 
—ErmM 


where y= x+3, a = Bro, a’ = f’r, and H is a Hankel function. 
The roots of this equation may be found graphically in the general case. 
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We discuss the case /== 0, x = —1, »= —1. Then we have 


2, 2° 
J )2(@) = Vz sina, AY} (a) => iV ela 
wa 


and the last equation takes on the following form: 


2 
mr 1S 41 —__ 
m a \2 
1—acota= {i V+) \ 
0 


14. 
mW 


This equation can be easily solved in the limiting cases of a wide (mr, > 1) 
and a narrow (mr, < 1) well. In the former case (mr, > 1) 


2 \L/2 
l—acota= on | bmo(1— | 
E m 
1+--— 
m 


From this it may be seen that the first bound state « = m appears when 


a= 7/2, i.e., for Vj = m*/8mrz, just as in the corresponding nonrela- 
tivistic problem. The energy of this level attains the value « = 0 for 
72 


mr? 
and the value «= —m for 


1 x | 
r= 214-5 ee |m 


In the latter case (mry < 1) we have 


E=m for yY,=——m, 
Fo 
nr 
e=0 for Vjz=—, 
ro 
X 
e=—m for V,=-—--+m. 
Fo 


We see that in both these limiting cases the width of the range of Vy 
within which the level shifts from m to —m is equal in order of magnitude 
to 2m. This also holds in the general case. 

Figure 3 shows schematically the dependence of the frequency spec- 
trum on the potential depth V, for a given well radius ry (170). We see 
that for Vy < V2) there are no bound states (|w| <m). The frequency 
spectrum consists, just as in the case when there is no external field, 
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of the two regions w > m and w <—# to which we shall refer respectively 
as the upper and the lower continuum. For V, > V{) the lowest level 
of the upper continuum attains a value less than m, i.e., there appears 
one bound state; for V,= V{) a second bound state appears, etc. 
The value of the frequency for each bound state diminishes continuously 
as V, increases, and even becomes negative for V, > V4. Nevertheless, 
we may include these states among the electron states, since such a state 


Fig. 3. 


can be returned to the upper continuum by an adiabatic variation of 
the external field. A difficulty arises when at a value V, = V,, the level 
crosses the boundary w = —m and merges with the lower continuum 
which represents the set of positron states. The problem of the behavior 
of an electron in a potential whose depth exceeds Vy), cannot be solved 
within the framework of the quantum mechanics of a single particle. 
We shall return to this question later (cf. Subsection 18.2). 


12.5. Electron in a Constant Homogeneous Magnetic Field 

We now discuss the motion of an electron in a constant homogeneous 
magnetic field H. If it is directed along the z-axis, then A, = A, 
= A,=0, A,= Hx. We write the Dirac equation in the form 
{a(p—eA)+fm}yp=ew or (e—m)y=—o(p—eA)y and (e+m)yx 
= o(p—eA)>¢. By eliminating y from these equations we obtain a sec- 
ond order equation for 9: 


{p+eH?x?—eH(a,+2xp,)}o = (2@—m)—. (12.10) 
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The solution of this equation may be sought in the form p = e'7v"*?2” f(x) 
where f(x) satisfies the equation 


nk 
or 


(—@/d&)+ &—o6,) f= af, 


—_ Pp e2—m*— p? 
= H Ce — sy = CS . 
f=Ve (: ¥, 4 eH 


where 


The spinor function f may be so chosen that it is an eigenfunction 
of the operator o,: o, f= uf, where » = +1. This means that f= (*) 
for 1 = 1 and f= (, } to f= —l1. For fu = +1) we obtain the 

-1 


following equation (d?f /d&)—&’f, = —(a+p)f,, the solution of which 
is given by 
f, = Ce?" H, (6), (12.11) 
where H,(&) is an Hermite polynomial, C is a normalizing constant and 
n = (at+p—1/2) = 0, 1, 2,... From this we obtain for the electron 
energy 6? = m?-+-p? eH Qn—p-+l). 
The function y% may be expressed in terms of as follows: 


0 
= eH)'!"| Eo, —ia 12.12 
“= om stg Meet ) (: mal (12.12) 
We give the expressions for the normalized wave functions y,: 
(e+m)v™ 
exp i(p,y+p.2) 0 
Per (L,Ey PF [2+ me)? pv” 
—i(eH2n)'2 ype) 
(12.13) 
0 
_ exp i(py¥+P.Z) (e+m)v 
Pa (L,L 2 2(e2-- me) }/? | i[ZeH (n+ 1)]VFvietY 7? 
—p,v0™ 
where L, and L, are normalization lengths along the y-and z-axes, and 


(eH)4 | 


gil Qni2 (n Hue 
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§ 13. Motion of an Electron in the Field of a Nucleus 


13.1. Solution of the Radial Equations for the Coulomb Field 


The most important application of the Dirac equation is the investi- 
gation of the states of an electron in the field of a nucleus. The latter 
is not a strictly central field. The deviation from spherical symmetry 
is associated with the fact that in the general case nuclei possess electric 
quadrupole, magnetic dipole and also higher multipole moments. If we 
neglect these effects, which give rise to the hyperfine structure of electron 
levels, and assume that the nuclear field is spherically symmetrical, 
then we can discuss electron states with definite values of energy, angular 
momentum and parity. In this case the wave function is of the form 
(12.4) and the problem reduces to the solution of the equations for 
the radial functions (12.7). 

At large distances the field of the nucleus is a Coulomb field, i.e., 
V = — Za/r where r >r, and where —Ze is the nuclear charge, a 
= e?/4n, and ry is the nuclear radius. We shall at first discuss this problem 
in the approximation when the finite nuclear dimensions may be neglect- 
ed, and we shall assume that the above expression for V holds over 
all space. 

In accordance with the nature of the asymptotic behavior of the 
radial wave functions (12.8) we seek the solution of equations (12.7) 
in the following form: 


re= yore e" (F,+F,), 


E 
= —_ e-Ar — 
rf V l mn e-*"" (F, — F,). 


Substitution of these expressions leads to 4 = }m?—e? and the 
following equations for F, and F,: 


d 
ee ee 


do A 0 Ao 

7 (13.1) 
F, x  m Za € Za 

do -(—" + it 7 F,, 


where 9 = 2dr, 
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The solution of the system of equations (13.1) for small values of 
o is of the form F, = a,0’, and F, = a,0”, a, and a, are related by 
the following equations: 


ay [v-+205] + ay (+ aa n = 0, 


m E 
a, (.—za"" + any za} = 0, 


from which it follows that y = |/x?—Z?a®. The sign of the square root 
must be chosen positive in order to satisfy the condition that the wave 
function should remain finite at 9 = 0. 

If we eliminate one of the functions, for example F,, from equations 
(13.1), we obtain a second order equation for 9~’F, of the following form: 


ad? d cup 
(oF 6-0-4 oF, = 0, 
where 


b=2wt+1, a= y-Za-.. 
As is well known, the solution of the last equation which is finite at 
= 0 is given by the confluent hypergeometric function 


I'(b) GI (atn) o 


Fa 21) = Tg 2, T+n) nl 


n=0 


(I is the gamma-function). Thus we have 


F, = co F(y— Za; 2y+1; e) (13.2) 


where c is a constant. By using the recurrence formula for the hypergeo- 
metric functions, 


05 Fla, b: 0) = a[F(a+l, b; 0) —F(a, 6; 0], 
we can obtain F, from (13.1): 


y—Za-.- 
Fi = c-———— ~- pF (y+1 


—x+Za 7 


ZQE 


7 etl; o} (13.2') 
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In the case « <_m these solutions, as we have seen earlier, have 
meaning only for discrete values of ¢. In order to find them we use the 
asymptotic expression for the hypergeometric function 

6), , FO) 
T(b—a) © 
from which the following conditions for the absence of exponentially 
increasing terms in F, and F, can be obtained: 


Ig, l =0. (13.3) 


E m E 
r(y—za5] (20 -»)r{y—z05] 
If (Za/A)m—x ~ 0, which always holds for x <0, then the second 
condition coincides with the first one. Since the poles of the y function 


are given by negative integers and zero, we have y—Zae/A = —n 
where n, is a non-negative integer. From this it follows that 


F(a, b; 9)  e-”" ote, os, 3.3) 


Tr? 


m 
E= aera 
V1+[Z2a*/(y+n,)"] 
If x = Zam/A, then y = Zae/A and n, = 0. At the same time the second 
condition (13.3’) is not satisfied. Thus, 


(13.4) 


0, 1, 2,..., «<9, 

= 1, 2,..., x > 0. 
Formula (13.4) gives the fine structure of the levels of a hydrogen-like 
atom. The lowest level corresponds to the values n, = 0, x = —1 and 


is equal to e = m(1—Z*a?)"2, For Za < 1 the expansion of the expres- 
sion (13.4) in terms of this parameter to terms of order (Za)! yields 
the following expression for (e—m)/m: 


e—m _ — zap} 1 S| 1 zh 13.4" 


m 2n? ' 2n3 \Vxl  4n 


where n = n,+|x]. 

The quantum number » coincides with the principal quantum num- 
ber of the nonrelativistic theory. The first term in (13.4’) yields Balmer’s 
formula. Formula (13.4’) can also be written in the form 


_ Za (Za)? [ 1 3 
ems 2a,n* E n (7-2) 


where dy = I/ma is the Bohr radius. 
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A characteristic feature of the fine structure formula is the fact 
that it contains only the absolute value of x. Therefore, all the energy 
levels, with the exception of the lowest one, are twofold degenerate. 
In particular, the two levels 2s,.(n,=1, x*=—l, /=0, j=, 
n= 2) and 2p,,, (m4,=1, x= 1, J/=1, j= 4, n= 2) coincide. 

Later (cf. § 53) we shall see that formula (13.4) based on the use 
of the concept of a given external field is not exact. Corrections to this 
formula remove the degeneracy with respect to x. The order of magni- 
tude of these corrections for smal] values of Z is equal to (Za)*a. From 
this it may be seen that, for example, the use of formula (13.4) for hydro- 
gen, attempting an accuracy which exceeds the accuracy of the expansion 
(13.4), is meaningless. 

We now give the final expressions for the radial wave functions of 
the discrete spectrum: 


_  TQy+n +1) / 1+(e/m) ( 2Z " 


PQy+) yn! 4N(N—x) \ Nag 
—34[2Zr\" 2Zr 
Na, _ . 
e (<2 n,F{—a,+1, 2y+1; Nac 


2Z. 
—w—wF(-n, 2y-+1; aa (13.5) 


_ VFQy+n, +1) in| 2Z )" 


f= TQy+)) y/n,! 4N(N—x) \ Nay 
~wazr{ 2Zr\"" ada 
Na, _ 1: 

xe -4) pF n+l, 2y-+15 Naz 
2Z 
+N) F{ =, 2y+1; Zr). (13.5') 

0 

where 


ee 1 
N= yn? —2n,(|x|—7), a) = ma’ n=n,+|e|, 


_ V 0@—Z?a?) a= ee = —— 
y , 4n 137 


They are normalized in accordance with the condition f (f?+2?)rdr = 1. 
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13.2. Wave Functions for the Continuous Spectrum 
We now proceed to investigate the continuous spectrum (e > m); 
in this case 2 is a purely imaginary quantity, A= ip = i(e?—m’)"?, 
It is now convenient to write the formulas for F, and F, in the fol- 
lowing form: 


F, = ce®(y+in)FQy+i+i, 2y+1; 2ipr)(pr)’, 


13.6 
F, = ce-®(y—iv) F(yt+iv, 2y+1; 2ipr)(2pr)’, (13.6) 
where 
2ig x—iZa[m/p] — & = ze 
° —y+iZafe/p]’ v= Za v’ 


v is the electron velocity (€ is real). 

The hypergeometric functions appearing in (13.6) are related by 
a simple expression which can be obtained by utilizing the integral 
representation for the hypergeometric function: 


T(b) 


1 
= (142) 
T@rb-az [ (1-£2)°4(1 2-2 et ay, 


-1 


F(a, b; x)= 


If x is an imaginary quantity and 2Rea+1 = 5, then 
F(a, b; x) = e F* (a+, b; x). 


Upon utilizing this equation and the expressions for F, and F,, we 
obtain the radial functions in the following form: 


irg = cV1+(e/m) (2pr){e“rt+8 (yt nF(yt+1+im, 2y+1; 2ipr) 


ele (y—)F*(y+1+iv, 2y+1; 2ipr)}, 
__ (13.7) 
rf= cV(e/m)—1 (Qpr)r{e~Pt#(y+)F(yt+ti+iv, 2y+1; 2ipr) 


—elPt-8(y— jp) F*(y+l+iv, 2y+1; 2ipr)} . 


Now we obtain the asymptotic expressions for the functions (13.7). 
To do this we utilize formula (13.3). Since now o = 2ipr is a purely 
imaginary quantity, the nature of the falling off of the hypergeometric 
function is determined not by an exponential function, but by the 
power-series factor in (13.3). In our case we have Rea=y-+1,b 


RELATIVISTIC QUANTUM MECHANICS OF ELECTRON 127 


= 2y+1 and the first term falls off faster than the second one, so 
that we can retain only the second term. Thus we have 


. . PQy+l) 1 
F 1 3 2 1; 2 ~ iy _ ; iv ,2ipr 
(yvti+i, 2y+ ipr) To tite) Qipry (2ipr)’” e*!? 
_ PQy+)) \ ad i(2or—~ 3 y+ in2pr) 
+m) I+) Qpryre — ° » Pret. 
On substituting this expression into (13.7) we obtain 
e IT(2yt+l) -2 . | ln 
= 1 — = 
irg=c V f m \PGytm)| e sin Pr 5 +6+y In2pr}|, 
7 (13.8) 
_ E PQy+)) -F yy. l'x 
rf Ve 1 To-+p)) e i’—' sin pr——- + 6+ In2pr , 
pr> 1, 
where 


6 = é—arg ry+m")—F~--D, 
= — y=VUHyPHZ ee, = Yr 
Formula (13.8) agrees with the general asymptotic expression for 
the radial functions (12.9). In this case the phase turns out not to be 
constant, but to depend logarithmically on r, which is a characteristic 
feature of the Coulomb field associated with its slow falling off with 
distance. 
For the determination of the constant c we shall make use of the 


normalizing condition in the form 
R 
f (gis Pr? dr = 1. 
0 


Since the integrand does not fall off as roo, while the radius of 
the normalizing sphere R is arbitrarily large, we can substitute into this 
integral the asymptotic expressions for the radial functions (13.8); 
the integral in this case turns out to be an elementary one, and we obtain 


c=? e2 IT(yt+h)| mm (13.8’) 
PQy+l) eR 
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The phase factor i' in this expression has been chosen so that at Z = 0 
the wave functions should coincide with the free electron wave functions 
in the form (11.4). 

If the wave functions are normalized per unit energy interval, then 
R should be replaced by zp/e in (13.8’). 


13.3. Isotopic Level Shift 


The results obtained so far have been based on the use of Coulomb’s 
law for all values of r. In those cases when the value of the electron 
wave function in the neighborhood of the nucleus is important, it is 
necessary to take into account the fact that the expression for the 
potential V is valid only for r > rg (ro is the nuclear radius). 

An example of an effect due to the finite nuclear size is the isotopic 
level shift in which a difference becomes noticeable between the electron 
energy levels in the field of nuclei having the same charge, but different 
radii (34), (159). We shall show that the isotopic shift may be directly 
expressed in terms of the wave function at r= rz (186). 

Let « denote the value of the electron energy in the Coulomb field, 
and e+, the shifted value of the energy in the field of a nucleus of 
finite size. We denote the radial wave functions in the former case 
by f, and g,, and in the latter case by f and g. We discuss the case 
“ =—1. The functions fg and gy in this case satisfy equations (12.7): 


5 (18) —— (08) = (e+ mV) (hy) 


d 
Fp (the) + + (tho) = (m+V—6) (rgy), 


where V =—Za/r. For r > r, the functions and g satisfy the equations 


d 
© (rg) — <8) = (etm Vif tenth, 


d 1 
5D) +f) = (m+ V2) (rg) ere 


From the equations for fo, gp and f, g it is simple to obtain the relation 
(d/dr) (gfor?’—go fr’) = er? (gogthof). We integrate it with respect to r 
between the limits ro and oo. On assuming that the functions fy, go differ 
from f, g only within a small region near the nucleus, and that this 
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region makes a small contribution to the normalization integral, we 
can approximate that 


ol foe) 


[ P(eogthofdr~ f (g+fPrdr= 1. 


v 
r 


Thus we have 


o 


Ey = 15 [80 Yo) fo) —8 0) So (ro) ]- (13.9) 
The isotopic shift is equal to the difference in the values of expression 
(13.9) for two different values of the nuclear radius r, corresponding 
to two isotopes. 


13.4 General Investigation of the Effect of Finite Nuclear Size 

The fact that the nucleus is of finite size may also play a significant 
role for the states of the continuous spectrum in those cases when 
the effect is due to the behavior of the electron wave function in the neigh- 
borhood of the nucleus. Such cases occur, for example, in B decay (181). 

In order to estimate the distortion of the wave function we return 
to the equations for the radial functions (12.7) in the general case of 
an arbitrary central field. The nature of the behavior of the wave functions 
for small r may be determined in the following manner (166). We 
construct the formal solution of each of the two equations (12.7) by 
treating the last terms as inhomogeneous ones. This yields 

r= eyr*tr* f x(e+m—V) f (x)dx, 


0 


: (13.10) 
f= cort—r* { x-*(e—m—V) g(x) dx. 


From the boundary condition at r= 0 we obtain c, = 0 where x > 0, 
C, = 0 where x <0, and therefore for small r, 


rg = c,r™|, 
Tr (% <0), 
rf —_— —eyr-™ f x?*l (e—m—V)dx 
° (13.11) 
rf = cor”, 
(x > 0). 


rg = oyr-* [ x™(e-m—V) dx 
0 
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We see that for x <0 the dependence of the function g on r is deter- 
mined by the magnitude of x, i.e., by the electron angular momentum, 
and in the first approximation is independent of the field. But the function 
f is essentially determined by the field, and, therefore, it is affected 
by the difference between the actual field and the Coulomb field. If 
we can assume that for small r Vs m (this holds for not very high 
energies and for nuclei with not too small a value of Z), then we have 


rf = cr7* f x?\*| V(x)dx where x <0. A similar situation occurs when 


x > 0 with the functions f and g interchanging their roles. 

In order that the expansion (13.7) be meaningful it is necessary 
that the integrals obtained by substituting (13.11) into (13.10) should 
exist. This will be true for all x if lim rV = 0. Thus, this expansion is 
not applicable to the pure Coulomb field. However, the field of a nucleus 
of finite size remains finite (or vanishes) at r= 0, and therefore we 
can utilize expansion (13.11). 

We shall not give in detail the solutions of the equations for the 
radial functions taking finite nuclear size into account. We shall merely 
point out the main features of this problem. 

First of all, it should be noted that the function V(r) is not exactly 
defined for r <ry, and the nuclear boundary itself is to a certain extent 
arbitrary. We shall obtain a qualitatively correct picture if we assume 
that the charge density is constant within a sphere of radius r,. In such 
a case we have 


Za; 1 r 
V= — 


a) l= V, for r<rg. 


ro 


Another limiting case is the field of a charge distributed over the surface 
of a sphere of radius r,. In this case 


V= —Za/rn=V, for r<r. 


The fields V, and V, lead to results for the distortion of the wave function 
near ro for r > ry which differ little from each other. The essential 
feature here is not the exact shape of the potential for r <r,, but the 
fact that it does not increase in accordance with Couiomb’s law as r > 0. 

The solutions of the equations for the radial functions in the case 
of the field V, (constant potential) coincide with the solutions for the 
free electron if € is replaced by e+ V,. In practice it is sufficient to restrict 
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ourselves to the first terms in the expansions of f and g in terms of r. 
For this purpose we can use formula (13.11) both in the case of the 
field V,, and the field V,. This determines the solution in the range 
r<ry up to a constant factor. 

The expression for the potential V=—Za/r is valid in the region 
r > ro. Therefore solutions exist in the form (13.1), (13.2). However, 
since now the point r=O no longer lies within the region where 
the solutions of equations (12.7) hold, the corresponding boundary 
condition no longer applies. Therefore, in formula (13.2) we must take 
into account the double sign of y. We shall, as before, utilize the notation 
y= +7 2—Za, then F, = F,(y)+qF.(—y), where F,(y) is given 
by formula (13.2), and g is a constant. 

Similarly F, = F,(y)+qF,(—y), where expression (13.2) holds for F,(y). 

Thus, the functions f and g depend on the two constants c and q with 
the former appearing as a common factor. Therefore, their ratio contains 
only the constant qg which may be determined from the condition of 
continuity at r= r, and may be expressed as (f/8),_,.40 = (//8),=1,-0: 

The finite size of nuclei alters in a radical way the question of the 
existence of bound states for large values of nuclear charge. According 
to (13.4) when Za= 1 the value of the lowest electron energy level 
Enin(% = —1,n, = 0) becomes equal to zero. 

For Za > 1 formula (13.4) leads to imaginary values, and this 
indicates that corresponding states do not exist. However, this conclusion 
is valid only for the Coulomb field and is inapplicable in the case of 
the actual field of the nucleus. Taking finite nuclear dimensions into 
account leads to the possibility of bound states occurring also for Za > | 
(156). As Z increases, the value of ¢,,, diminishes and, just as in the 
case of the example of the potential well discussed in § 12, for a certain 
value of Z = Z, it attains the value -2m. The value of Z amounts to 
Z, = 200 forrg=1.2-10-% cm, and Z,= 175 for rg= 8-10 cm. 


§ 14. Electron Scattering 


14.1. Spinor Scattering Amplitude 

The problem of the scattering of particles by an external field may 
be solved in relativistic quantum mechanics by the same methods as 
in nonrelativistic quantum mechanics (cf., for example, (119) and (139)). 
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In order to obtain the differential scattering cross section in the 
general case of an arbitrary stationary external field, it is necessary to 
find the asymptotic solution of the Dirac equation which represents 
a superposition of a plane and an outgoing spherical wave: 


elpr 
Y ~~] uel? + G(n)——- 


Here wu is a constant bispinor which defines the polarization of the incident 
wave (the z-axis coincides with the direction of the primary beam); 
G is the amplitude of the scattered wave and, like u, is a bispinor. It 
depends on the direction of scattering # = r/r. The differential scattering 
cross section do is equal to 


do r’nj(r) — G*anG 


do jo sO U* au 
where j(r) and j, are the flux densities of the scattered and the incident 
waves. The amplitude G(m) is equivalent to the amplitude of a plane 
wave propagating in the direction mw. Therefore do/do = G*G/u*u or 
if we represent u and G in the form 


w\. F 
u= w’ ? G= F’ , 
then we have do/do = |F|?/|w|?. Thus, in the case of the scattering 
problem it is sufficient to investigate only a part of the wave function 


? ; . . . . 
y= ) viz., the spinor g. If we write the asymptotic expression 


for g in the form 


; eipr 
p= wer? +B ; (14.1) 
and if the spinor w is normalized (w*w = 1), then we have 
do = | F/?do. (14.2) 


In order to obtain the solution of the Dirac equation in the form 
(14.1) we use the asymptotic expressions for the wave functions found 
in § 12. Special solutions corresponding to definite energy, angular 
momentum and parity, are determined by formulas (12.4) and (12.9). 
The general solution corresponding to the definite energy e = (p?+-m?)1/? 
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may evidently be written in the form of a superposition of these so- 
lutions: 
sin (pr+3.— -[7/2) 


r 


P= » yim Qiu (A) - (14.3) 


iiM 
In order to bring expression (14.3) into the form (14.1) we compare 
it with the asymptotic expansion of a plane wave. In accordance with 
(11.11) we have 
4n . sin (pr—In/2 
weirs EST (O4 (m8) Quy) nr), 
P jim r 
where nm) = p/p. It may be easily seen that expressions (14.3) and (14.1) 
will coincide if a. = (4z/pyit ex (Q* ng (1tg)) . The amplitude of the 
scattered wave turns out to be equal to 


F= Qing) ) (e*#! —1).Q,,,, (9). (14.4) 
iiM 

We also give expressions, useful in a number of applications, for 
the exact solutions of the Dirac equations which have the asymptotic 
form ppt) w& ue'P’ + G(n)e'?"/r. On replacing in (14.3) the asymptotic 
value of the radial functions by the exact one it may be easily shown 

that 
ig (pr) Q jy (a) 
( Sih Pl) 94 jm (14.5) 


out) __ 4n ° 
ys t) — - De (Q* (m,) »)| —fi (pr) 2 jy (®) 


UM 


where ag= p/p, n=r/r, l= 2j—I, g, and f, are radial functions 
satisfying equations (12.7) and normalized in such a way that in the 
asymptotic expressions (12.9) the coefficient c, is equal to unity. 

In an analogous manner we cam construct the solutions 


4m Yr id, ig; (pr) Qj) (m) , 

yon) = (2* | (Me) W ( »  (14.5’) 
Pee (hl : — Sy Pr) Q jy (7) 

which asymptotically go over into a superposition of a plane and an 

incoming spherical wave 


e-iPr 


yl) a ~ ue'Pr-+G(n)~ 
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Solutions (14.5) and (14.5’) for different values of p form two complete 
orthogonal systems of functions: 


and eee so 


api | vs usr ar = 500—P, 


in terms of which the general solution of the Dirac equation may be 
expanded. In the absence of an external field this expansion goes over 
into the expansion in terms of plane waves. 


14.2. Expression for the Cross Section in Terms of Phases 
The relation between the amplitudes F and w can be conveniently 
represented in the form 


F= R(n)w. (14.6) 


Here R(#) is a two-dimensional matrix which must obviously have 
the structure R(n) = a(n)+-a,(n)o, where a is a scalar, and a, is an 
axial vector. But the only axial vector which can be introduced in 
a scattering problem is the vector [mn]. Therefore, R may be written in 
the form 


R= a(8)—ib(9) ro = a(F)—ib(9) (c, cosp—o, sing),  (14.6’) 
where t is a unit vector perpendicular to the scattering plane 


[719 71] 
sin } ’ 


# and @ are spherical polar coordinates of the vector n in the system 
in which the vector my is taken as the polar axis. The functions a(#) 
and b(#) may be obtained by comparing (14.6) with (14.4). On utilizing 
the explicit form of the spherical spinors 2,,,, and the matrices o, we 
obtain 1 
— Y 215 _ 
soe 1) || P,(cosd), 
(14.7) 
(3) = ap (28. — Tay Ph (cos#), 
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where 
6,=6,, *= FU+4), (W=/4}), 


P, and P‘) are Legendre polynomials: 


. dP 
P = sin Dnt 


dcos 


We note that the function b (M) contains the factor sin #. Therefore, 

the matrix R does not contain the spin matrices ¢ when # = 0. 
We also introduce another form in which the matrix R can be 
(14.6”) 


expressed : 
R = A+ B(on)(on,). 


Comparing with (14.6’) we can easily see that 
a= A+Bcos8, 


= Bsing. 
The functions A and B have the following expansions 


1 d D [fr Prneosay HF PrCeos0)] 


A= p dcosd 
pei 4s S (f— fr) P(cos9), (14.7') 
p dcost £, 
where 
1 + 
fis = a (et —1), 


. 1 
J). = Oy ( = 14.4). 
We now determine the total scattering cross section. According 


to (14.2) and (14.4) we have 
4x)? . 

a= [Fido = oa D>) sin? 7 | Qarno)w 2. 
i M 
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Since Yj1,(a,) = V (2/41/47) bye, we have 


21+ 1 
Qiao) W = » WA) CHa Vim (ita) = W (M) Cite Vn 
Am 


But in accordance with the table in subsection I1.1 we have 


aT 


241° 


Clotm = |x| = f+. 


Therefore, 4 )’ | Q*y(w,)w|? = |x| and the cross section assumes the 
following form: 


o= = Y txsin*s,. (14.8) 


If for all values of / the quantities 6, coincide for x = —(/+1) and 
x = /, then formula (14.8) goes over into the nonrelativistic formula 
for the scattering cross section 


__ An . 
c= = », (2/+1)sin?6,. 


14.3. Polarization and Azimuthal Asymmetry 


An essential feature of electron scattering is its azimuthal asymmetry, 
i.e., the dependence of the differential scattering cross section on the 
angle gw. According to (14.6) the angle w is contained in the matrix R 
which determines the relationship between the amplitudes of the incident 
and the scattered waves, with the coefficients of cos y and sin g con- 
taining electron spin operators. Therefore, the azimuthal scattering 
asymmetry is closely connected with the nature of the polarization 
of the incident wave. 

The differential scattering cross section can be easily related to 
the state of polarization of the incident wave if we use the polarization 
density matrix @ defined in accordance with (10.18). It follows from 
(14.2) and (14.6) that 

do 


—_—_ = + 
Fe = SPER R. (14.9) 
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On substituting into this equation the general expression (10.19) 
oe = 3(1+ $e), where 40 is the average value of the spin in the rest 
system of the electron, and expression (14.6’) for R, we obtain 


& = 98) (14-48) = OC) [1 +4) C, cosp—t,sing)], (14.10) 


where 


i(ab* —a*b) 
la+loF, 4) =e (14.11) 
It may be seen from (14.10) that the scattering system is an “analyz- 
er’ of the polarization. A measurement of the azimuthal asymmetry 
enables us to determine the component of ¢ perpendicular to the scat- 
tering plane. On choosing for » the values 0 and z or +2/2, we obtain 

from (14.10) 
do(é, 0)—da(#, x) 


AHL, =a A(8)o, = 


“We 0) dot ay’ dol, —(x/2))—dof9, +(e/2) 
do(#, 0)+do(d, x) MS 


dol, —(a1/2))+-dal9, + (/2)) 


The longitudinal component of the polarization ¢, cannot be determined 
by single scattering. 

If AC?) = 0, then the scattering does not have any azimuthal asym- 
metry. This occurs, in particular, in the nonrelativistic approximation 
when scattering by a central field gives rise to the same phases 4,, for 
a given value of / and different values of j. In such a case in accordance 
with (14.7) 6 = 0 and, consequently, 4 = 0. 

Moreover, there is no azimuthal asymmetry in the Born approxi- 
mation. Indeed, in this approximation exp (2i6,)—1 ~ 2i6,, a(@) and 
b(9) are real, and according to (14.11) 4 = 0. 

We note that Jd > 0 when #0, since A(9), like 5(8), contains 
the factor sin #. 

Because the matrix R depends on a, the state of polarization of 
the electron is altered by scattering. The polarization density matrix 
o’ of the scattered electron can be defined as 0,, = FeF?*/|F|? where 
Fe are the components of the spinor F. We obtain from (14.6) 


RoRt 
ra ON 14.12 
°  SpoRtR (14.12) 
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Therefore, the polarization vector ©’ of the scattered electron is given by 


SpoeRtoR 
(= SES 14.13 
S SpoRtR ( ) 
If the incident electron is unpolarized, then it follows from this that 
= A) t= [mom] : (14.14) 
° sind ” 


i.e., the scattered electron is polarized in the direction perpendicular 
to the scattering plane, while its degree of polarization is equal to A. 
Thus, the scattering system acts as a “polarizer”. 

On utilizing (14.14) and (14.10) we conclude that secondary 
scattering of unpolarized electrons will exhibit azimuthal asymmetry. 
The differential cross section for secondary scattering is given by 


ue = Q(8') (1440) A(8’) «7'), (14.15) 
where cos? = (nn’), vt’ = [nn']/sin?’, n’ is the unit vector in the 
direction of the secondary scattering. 
In the general case, if initial polarization is present we have 
(Ja|?— ~lb) E+ 1(ab* — a*b) + (ab* + a*b) [cE] + 2 |b (Et)e 


= jal? +-[b[24+-i(ab*—a*byEt 


14.4. Scattering by a Coulomb Field 


The foregoing general theory of scattering by a central field is also 
applicable to the case of the Coulomb field. However, since (cf. § 13) 
the phase in the asymptotic expression for the wave function depends 
logarithmically on r, the solution of the Dirac equation which describes 
scattering should be sought in a form which takes into account the 
distortion of the plane wave at infinity, viz., in the form (cf. 13.8) 


lft —ivln2pr 


Q —_ welP2 — win P(T—2) | BE 
Formula (14.4) remains valid and, in accordance with (13.8), we have 


Z — 
b= f-argI'(y+in) - > (y-I-), ve ~, y = VP —Zo?. (14.16) 
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The series (14.7) for the functions a(9) and b() in which 6, is defined 
by formula (14.16) cannot be summed analytically. For low values 
of Z it is possible to expand these functions in terms of the parameter 
Za. In this case the scattering problem can be solved by perturbation 
theory. This solution will be obtained in §§ 26, 51. Here we shall 
only state the results (138), (133). 

In the lowest order approximation (to terms of order (Za)?) we have 


do Za\" 1 acina® 
= w= (74) int OD (1 v? sin 5) and A(®)=0. (14.17) 


This formula differs from Rutherford’s formula by the last factor in 
(14.17). In the next approximation (to terms of order (Za)*) an azimuthal 
asymmetry appears, and also a difference between the scattering of 
electrons and positrons: 


O(8) = (72) Sind “O93 [1 —v? sin?(8/2)-+2Za sin (8/2) — sin(#/2))], 
(14.18) 
A) = —2Za 20-2" __ sin’ (8/2) (14.19) 


[—v? sin? (8/2) | cos (8/2) " sin(8/2) 
(in the case of positron scattering Za should be taken as negative). 

In the general case of arbitrary Z the determination of the cross 
section requires numerical calculation. Figure 4 shows some results 
obtained in this manner (50). The curves show the ratio of the differ- 
ential scattering cross section for unpolarized electrons to the value 
obtained from Rutherford’s formula dap, i.e., 


do __ Q(9) 
don — (Za/2pv sin?(#/2)}° 
as a function of the scattering angle # for different values of the energy 
and of Z. Figure 5 shows similar results in the case of positrons (Z <0). 
Figure 6 gives the curves of the dependence of 4 on the energy for given 
0 and Z in the case of electrons (179), while Fig. 7 gives the same infor- 
mation for positrons (8). We note that the signs of J shown on the 
graphs are different for electrons and positrons. 

At very high electron energies it is necessary to take finite nuclear 
size into account. The change in the phases due to it may be taken into 
account by the method presented in § 12. However, we shall not repro- 
duce the corresponding results here (164), (61), (2). 
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14.5. Small Angle Scattering 

As has already been noted earlier (cf. (14.5)), the solution of the 
Dirac equation for an electron in a Coulomb field which has the asymp- 
totic form of a plane and an outgoing spherical wave 


etPr 


w= (P| =uemsom =, 
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can be expressed in the form of the following series: 


| liso (t\,otml 2 
? _ J sri (Opu (Ov) Le Ona" Torri e* 


X{(ytivjeter” F(y+1+iv, 2y+1; 2ipr)+ compl. conj.} (14.20) 


and of an analogous series for y, neither of which can be summed analyt- 
ically, 

However, it is possible to obtain an approximate solution y™ having 
the following properties: if wy‘ is expanded in a series in terms of 
spherical waves p') = }' yi), then the terms of this series will differ 

I 


significantly from the terms of the exact series py, = 3’ y, only for low 
l 


values of /. This approximate solution is useful for the investigation 
of those processes in which the principal role is played by large values 
of /, for example, the case of small angle scattering. 
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The function y™ can be obtained in the following manner (69), (22). 
We transform the Dirac equation 


(.- “ —fm-+iav] =0 


into a second-order equation. In order to do this we apply to the equa- 
tion given above the operator (e+ Za/r+Bm—iaV): 


2eZa 
r 


1 2 
ly = (Zaiav + eo }y, p= eF’—m*. (14.21) 


(4 +p?+ 


If in this equation we omit the right-hand side, then we obtain an equa- 
tion which coincides with the nonrelativistic Schrédinger equation for 
a Coulomb field. It is well known that its solution having the required 
asymptotic form is given by y= cue’? F, where F is the confluent 
hypergeometric function F= F(iv, 1; ipr—ipr), v= Za/v, v is the 
electron velocity, u is a unit bispinor, c is a constant. 

On this basis it is useful to seek the solution of equation (14.21) 
in the form y = ce'??(1+Q)uF, where Q2 is a particular operator. In 
this form it is possible to take partially into account the first term on 
the right-hand side of (14.21). The second term may be neglected since 
it contains 1/r?, and therefore it may be expected that for large values 
of / and for small angles small values of r are not important. 

It may be shown that the function 


yD = ce(1— Lav |ur (14.22) 


actually possesses the required properties. In order to prove this the 
following expansion should be used (43): 


=» Pd+1—b) 


2 _— i 9: 2 l otpr 
gine F = 2 QL Di, (cose? Tap ray Cpryie'™ Gy 


G,= F(l+1—i, 2/42; —2ipr), 


the function y™ should be expanded by means of it, and then this expan- 
sion should be compared with the series (14.20). It then turns out (22) 
that for (Za)?//2 <1 the terms of the two series coincide. 
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el?r 
From the asymptotic form y™ ~ uel? f(n)u—— it follows that 


Za 1 
I) = Fp sin?) (i + H (ena) 
For small angles the second term may be neglected and we have 
f= 2Za/pv3*. In this case the cross section coincides with formula 
(14.17) for @ < 1. 


§ 15. Nonrelativistic Approximation 


15.1. Transition to the Pauli Equation 

If the electron energy differs but little from the rest energy, i.e., 
|e—m| <™m, then, as we have seen earlier, one of the two spinors com- 
posing the electron wave function is much smaller than the other: 7 < 9. 
This enables us to obtain an approximate equation which contains 
only the spinor g by means of a formal expansion of the wave functions 
in a series in powers of 1/c, where c is the velocity of light. 

We start with the Dirac equation for an electron in an external 
field which we write in the form 


_O e > 
i = E (p-< 4| + fme!-+edo yp. 


Since in nonrelativistic theory the energy is taken to mean the difference 

between the total energy and the rest energy it is convenient to trans- 

form the wave function by introducing instead of yw the function y’: 
y= p’enimert 

On substituting this expression into the Dirac equation 


, 


0 
ix — fea (> <a] +(B—Imet--edahy 


and by representing as usual y’ in the form y’ = (?), we obtain the 
following system of equations: 


Op e 
a a ao 
iz can - A), -eAog, 
(15.1) 


. e 
ia = cop £4} pteAyx—2mc*x 
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(here we have omitted primes on the spinors @ and 7; this will not lead 
to any confusion since in future we shall use only the transformed func- 
tion y’). 

In order to carry out the expansion in powers of 1/c, we assume that 
x is of the order of magnitude of g/c (this is justified by the result of 
subsequent computations). Then in order to obtain the lowest-order 
approximation it is possible to neglect in the second equation all terms 
containing y with the exception of the last one the coefficient of which 
contains c?. We thus obtain 


1 e 


The substitution of this expression into the first equation yields 


0p fil e 4\\ A 
or = Yam [PP 4) | ey? 


By utilizing the properties of the matrices o,, it can be easily shown 


that ; ; 
. e e e 
lel £4)] - le G4) Gon, 


where H = curl A is the magnetic field. By utilizing this transformation 
it is possible to write the equation to first approximation in the form 
OP _ yg =| —£ A) +0436, 0H | (15.3) 
Ot am \P~ 0 Ome ?. ; 
Equation (15.3) is known as the Pauli equation. It differs from the 
nonrelativistic Schrédinger equation by the presence of the Hamiltonian 
H in the last term, which has the form of the potential energy of a mag- 
netic dipole in an external field. Thus, in first approximation the elec- 
tron behaves as a nonrelativistic particle having in addition to its charge 
a magnetic moment 


B= ~—-9. (15.4) 


15.2. Second Approximation 

We now obtain the second-order approximation by continuing 
the expansion to terms of order 1/c?. At first we confine ourselves to 
he case when only an external electric field is present (A = 0). 
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On substituting the first-order expression (15.2) for y into the 
terms of the second of equations (15.1) which were neglected earlier, 
and on solving the resulting “suanon with respect to y we obtain 


«= Ime Zcle opt ia oP met PG Je. (15.9) 


On substituting this value of y into the first of equations (15.1) we obtain 
the equation for : 


(1+ Pe = [Es edet gS alopAton)e. 


On multiplying the last equation by (1—p?/4m?c?) and on retaining 
terms of order not higher than 1/c? we rewrite it in the following form: 


i? we, WH(1—-—P_|(P tea, (op)A,(op). (15.6) 
oY 4m?c? Im 1 &Ao + Giga OP) A0leP 


Although this equation does have the form of a Schrédinger equa- 
tion, nevertheless it cannot be directly regarded as a wave equation, 
since the function does not have the exact meaning of an electron wave 
function, and the operator H’ cannot be regarded as a Hamiltonian 
operator. Indeed, in the first place the integral f gy*@ dr is not conserved 
in time, since according to the equation of continuity only the integral 
f (v*p+x* adr is conserved. Therefore the function y cannot be nor- 
malized. Secondly, H’ is not a self-conjugate operator, since it contains 
the term (e/4m?’c?)p?A,. Both these deficiencies can be eliminated if 
we carry out a transformation of the wave function by introducing 
in place of gm the wave function @: 


@ = Op, (15.7) 
and by choosing O in such a way that ® can be normalized. 
After such a transformation equation (15.6) assumes the form 


_O@ 
iz = H@, (15.8) 
where H = OH’O-!, 

We obtain the operator O by requiring that for terms of order 1/c? 
the equation 


[@*p+x* Dar = [ OO dr 
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should hold. To achieve this it is sufficient to substitute into the above 
equation the first-order expression (15.2) for y, which yields with the 
required degree of accuracy 


f p* (14+ (p*/4mre*)) dr =| @*@ dr. 


From this it follows that the operator O may be chosen in the form 


o=(1+42 Smile sia): (15.9) 


Since the operator O differs from unity only by a term of order 
1/c?, the transformation (15.7) does not affect the first-order equation 
in which is a normalized wave function to terms of order I/c. 

We now find the Hamiltonian operator in the second-order approx- 
imation. On substituting expressions (15.9) and (15.6) for the operators 
O and H’ into (15.8) and retaining terms of order 1/c?, we obtain 

p p* 


1 
H= 3 mated ot gpa ga(P Ao —Aop*)— Taxa Po 


e 
+ Gm? ct (sp) Ay(cp). 


The last two terms in this expression contain operators which are 
not self-conjugate. However, it can be easily shown that they cancel. 
Indeed, (op) Ay (Gp) = 4o p?—G (Ay p—pAo) Sp = Ap p?—i (GV Ay) (op) 
— A,p?+iEp—[Ep]o, where E = —VA, is the electric field. On noting 
that p?24,— A,p? = —4A,+2iEp, we finally obtain the following expres- 
sion for the Hamiltonian operator: 

2 4 
am + Ao ame in 2 


a (15.10) 


which is Hermitian. 

The last three terms in (15.10) are corrections of order 1/c?. The 
first of them takes into account the dependence of the mass on the 
velocity, while the second one can be interpreted as the energy of inter- 
action between the moving magnetic dipole and the electric field. Since 
the equation 4A, = — oholds for the electrostatic field where @ is the 
charge density giving rise to the external field, the last term differs 
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from zero only at those points where these charges are present. In partic- 
ular, for the Coulomb field of the charge Ze we have 
AA, = —Zed(r). 

By utilizing the Hamiltonian (15.10) it is possible to solve by pertur- 
bation theory methods the problem of the fine structure of the levels 
of a hydrogen-like atom, taking for the perturbation the last three terms 
in (15.10). This leads to formula (13.4’) obtained earlier by means of 
expanding the exact solution (13.4) of the Dirac equation. 

In the presence of an external magnetic field the Hamiltonian differs 


from (15.10) by the replacement of p by p—— A and of p? by 


2 z 
o(p SAL = Pp A * oH, and has the form 
c c c 


e e 
Ime 8 Smee 


— aia E (p— = 4)| (15.11) 


The transition to the approximate equation for the two-component 
function ® can also be accomplished (66) by means of the unitary trans- 
formation y’ = Uy, H’ = UHU-}, which leads to the system of equa- 


AA, 


t y 


. 0 hy Y . . . . 
tions i Y. Hy’ = H'(" which breaks up into two pairs of inde- 


or 
pendent equations in y’ and y’. 

There exisis no matrix U which has precisely the properties indicated 
earlier, but it can be obtained approximately in the nonrelativistic 
domain in the form of an expansion in powers of 1/mc?. In order to 
do this we write the Hamiltonian H in the form 
_ ( He), 

Hay Hoe 


where H,, are two-rowed matrices, and we break up H into the diagonal 


O OH 
and the nondiagonal H_ = terms 


AIL 12 
H.. = 
(5 Hy» Hy 5] 
H = H,+H_; 


Hi = Bmc?+eAy; H_ = ec(p—(e/c)A)a. 
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The problem consists of making the matrix H’ equal to zero after 
the unitary transformation. This may be achieved approximately by 
choosing U = exp(SH_/2mc?). On expanding U into a series it can 
be easily seen that in the new Hamiltonian H’ the nondiagonal part 
contains only terms of order 1/mc and higher. Further, on carrying 
out the transformation H” = U’H’U’-! with the aid of the matrix 
U’ = exp {—(B/2mc?)H!} we obtain H” of order 1/(mc)2, etc. 


15.3. Application of the Dirac Equation to Nucleons 


The Dirac equation deseribes any free particle of spin $. However, 
its application to the behavior of a particle in an external electromagnetic 
field is limited to eleetrons or to other particles (4 mesons) for whieh 
the electromagnetic interactions are the strongest ones. 

In view of the restricted nature of the concept of an external field 
the Dirac equation (12.1) is not exaet even for an electron. Thus, for 
example, as has already been noted earlier, the formula for the energy 
levels of the hydrogen atom is correct only to terms of order a‘. If the 
interaction of the electron with its own electromagnetic field is taken 
into account (radiation corrections), then, as we shall see later (Chapters 
VII and VIII), this will lead to correction terms in the equation describ- 
ing the behavior of the electron in an external field. Thus, in equation 
(15.11) the coefficient of the term containing oH will be altered, and 
this can be interpreted as a change in the magnetic moment, and also 
the coefficient of 1A, will be altered. The use of equations (12.1) and 
(15.11) is justified by the fact that these corrections are small. 

The interaction of nucleons with meson fields is of the greatest 
importance. Therefore, an investigation of the behavior of a proton 
in an electromagnetic field cannot be carried out in even a partially 
satisfactory manner. As a result of its strong interaction with the meson 
field, which is associated with charged particles, the motion of a proton 
in an electromagnetic field does not coincide with the motion of a par- 
ticle which is characterized only by its charge. Equation (12.1) is not 
applicable to the proton; the exact equation must take into account 
the additional interaction with the electromagnetic field through the 
meson fields. 

In particular, as is shown by experiment, equation (15.3) of the 
nonrelativistic approximation turns out to be inapplicable to the proton. 


150 QUANTUM ELECTRODYNAMICS 


For v/c <1 the proton has a magnetic moment which is not equal 
to the nuclear magneton py = eh/2Mc (M is the proton mass), as would 
follow from (15.4), but which has the value uw, = 2.7. The neutron, 
which has no charge, has a magnetic moment given by uw, = —1.9 Mo. 

Finally we can take into account the additional “anomalous” 
magnetic moment of the nucleons by introducing into the Dirac equa- 
tion an additional interaction in the form —y’oH where yp’ is the “anom- 
alous” part of the magnetic moment equal to uw’ = u,—fM> in the case 
of the proton and yw’ = yw, in the case of the neutron. 

The corresponding relativistically invariant equation containing 
the electromagnetic field tensor F,, must be of the form 


(i[p—£4) +i rr Fast Me!) p= 0, (15.12) 
or 


jb = = Hy = jea(p—£.4] “WP EH—iak)+ pac, (15.12’) 


We investigate with the aid of this equation the behavior of a neutral 
particle which has a magnetic moment (e = 0, yw’ ~ 0). 
We now go over to the nonrelativistic approximation. On setting, 


as we have done previously, y = (Phew, we obtain 


and 


. 0 , _ ip’ 

(io +n sH\p= co(p— He], 
_ 0 , 9 1 
ie oH+2Mc?)|y = co E|\q. 


From here we obtain in first approximation y = (1/2Mc)o(p+(ip'/c) E). 
The substitution of this expression into the first equation yields 


op 
aa H 
(15.13) 
_~P_ _ _ (WE)? 
mn oH Me div E+ > f-((p. (E, p})+ Me” 


In accordance with (15.13) a neutral particle which has a magnetic 
moment interacts with a static electric field (65). In particular, if this 
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equation is applicable to the neutron then the latter must interact with 
the Coulomb field of the electron. On neglecting the quadratic term 
in (15.13) we obtain for the energy of this interaction 


V= Me div E = pout, d(r). 
This interaction is equivalent to a potential well of finite width. For 
example, for a well of width r, = e?/4xmc?, the depth of the well turns 
out to be approximately equal to 4 x 103 ev. This value apparently 
agrees with the available data on the interaction between neutrons 
and electrons. We note that the Hamiltonian (15.11) also contains the 
energy of interaction between a magnetic moment and an electric field 
(the term —(u)/4Mc)divE), but with a coefficient which is only half 
as big as the one in the analogous expression for the interaction of 
the anomalous magnetic moment. 

However, it should be emphasized that the conclusion about the 
existence of the interaction (15.14) on the basis of equation (15.12) 
is illusory. In actual fact there can exist no equation of the type (15.12), 
nor one similar to it, which does not take into account the interaction 
of a nucleon with its own meson fields. We have already noted that 
even for an electron the radiation corrections distort the coefficients 
of 6A and div E in its Hamiltonian. It is a fortiori impossible to establish 
a relation between these coefficients for a nucleon in the presence of 
strong meson interactions. Such a relation can be obtained only on 
the basis of a theory of meson-nucleon interactions, which must also 
give a quantitative expression for the neutron magnetic moment. Since 
at the present time such a theory does not exist, the behavior of nucleons 
in external electromagnetic fields may be approximately described 
by equations of the type (15.11), (15,13) with empirical coefficients. 
In variable fields these coefficients may depend on the field frequency. 


CHAPTER Ill 


Quantized Electromagnetic and Electron-Positron Fields 


§ 16. Quantization of the Electromagnetic Field 


16.1. Four-Dimensional Form of the Field Equations 


In Chapter I, starting from the classical Maxwell’s equations we 
obtained photon wave functions in momentum space, and investigated 
quantum photon states. However, for the general formulation of the 
theory of the electromagnetic field and of its interaction with electrons, 
and also for the investigation of specific phenomena to which this inter- 
action gives rise, it is more convenient to utilize another method, to 
the presentation of which we now turn. It consists of treating the electro- 
magnetic field as a certain generalized dynamical system, and of regard- 
ing the quantities defining the field as generalized coordinates of this 
system. The quantum nature of the system is taken into aceount in 
this treatment by replacing the classical quantities by the corresponding 
operators. These operators act on the wave function of the system 
which depends on the “occupation numbers,” i.e., on the numbers 
of particles—photons—present in the different quantum states. This meth- 
od of describing the electromagnetic field as a quantum mechanical 
system, utilizing the wave function of the system in occupation number 
space, is referred to as the method of second quantization." 

We note that the transition from the wave function in configuration 
or in momentum space to the wave function in occupation number 
space is a canonical transformation. Therefore, the two approaches 
to the quantum theory of electromagnetic processes from the “corpus- 
cular” (photons and their wave functions) and the “field” (field and 
its quantum mechanical study) points of view are equivalent. 

Thus, we shall treat the four-potential (4, iA4j) and the electromag- 
netic field vectors E and H not as ordinary quantities (c-numbers), 
but as operators (q-numbers). In the same way that Newton’s mechanical 


1 This method, as applied to radiation theory, was first developed by Dirac (46). 
[153] 
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equations which are satisfied by the momentum and coordinate opera- 
tors are retained in nonrelativistic quantum mechanics, so in quantum 
electrodynamics we retain Maxwell’s equations which are satisfied 
by the field operators. But in quantum mechanics the equations of 
motion acquire a concrete meaning only after the establishment of 
commutation relations between the components of the momenta and 
the coordinates; therefore in quantum electrodynamics it is also neces- 
sary, first of all, to establish the commutation relations between the 
dynamical quantities characterizing the electromagnetic field. These 
relations are referred to as the field quantization rules. 

Since the field quantization rules must be invariant under Lorentz 
transformations, we shall, before formulating these rules, give the invar- 
iant four-dimensional form of the equations of the electromagnetic 
field (cf., for example, (118)). 

As is well known, the electric and the magnetic fields E and H together 
form the antisymmetric electromagnetic field tensor F,, whose compo- 
nents are equal to F,—=e,,H,, Fy, = iE,, where e,, is the unit 
antisymmetric tensor (i, k,/ = 1, 2,3), or 


0, H,, —H,, —iE, 

Fr —H,, 9, H,, —ik, 

“uy A,, —H,, 9, —iE, 
iE., iE,, iE., 0 


With the aid of the tensor F.,, the first and the second pairs of Maxwell’s 


equations can be written in the following form: 


Fy , Fy , Fu _ oy 
ax, Ox, éx, ° 
(16.1) 
OF,,, 0. 
Ox 


Here all the subscripts assume the values 1, 2, 3,4 and the repeated 
subscript » is summed over from v= 1 to v= 4; x, = ixy = it. 

The tensor components can be expressed in terms of the four po- 
tential of the field 4,(A, iAg) 


_ 6A, aA 
w= Oe GR, 
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These relations are equivalent to the first pair of Maxwell’s equations 
(16.1). 

The four-potential A, is not uniquely determined by the field F,,, 
since the addition to A, of the gradient of any scalar does not alter 
the field. In other words, Maxwell’s equations are invariant under 
the transformation 4, > A; = A,,+(6n/dx,), where y is an arbitrary 
scalar. Such a transformation is referred to as a gradient or a gauge 
transformation. 

All physical relations containing the electromagnetic field must 
obviously be invariant under gauge transformations. 

Since the potential A, is not uniquely defined, a subsidiary condition 
(the Lorentz condition) 


H=0 (16.2) 


may be imposed upon it. 

By utilizing equations (16.1) and the Lorentz condition it can be 
easily shown that the components of the potential satisfy the wave 
equation 

oC? 
4, = G2 4, = 0, p= 1, 2, 3,4. (16.3) 
These equations, together with the subsidiary condition (16.2), are 
equivalent to Maxwell’s equation. 

Condition (16.2) does not completely determine the gauge of the 
components of the potential 4. It restricts gauge transformations to 
those functions 7 which satisfy 7 = 0. 

We note that in order to satisfy condition (16.2) it is sufficient to 
require that at some initial instant of time =O the quantity ~= 
dA,,/0x, and its time derivative dy/0t should vanish. Then the function 


z% will also vanish at all later times (208). 


16.2. Variational Principle. Energy-Momentum Tensor of the Electro- 
magnetic Field 

The second pair of Maxwell’s equations (16.1) can be obtained 

from a variational principle if we assume that a definite Lagrangian .C 

corresponds to the electromagnetic field regarded as a generalized dynam- 

ical system. In such an approach the field potentials at different points 


156 QUANTUM ELECTRODYNAMICS 


A(x) play the role of generalized coordinates of the system, while 
aA ,/Ox, are the generalized velocities. The integral of the Lagrangian 
with respect to the time J= f Lat is known as the action. It can be 
represented in the form of a four-dimensional integral 7 = f Ld*x, where 
L is known as the Lagrangian density, and the integration is carried 
out over the invariant four-volume (both now and later we denote the 
element of volume dx,dx.dx,dx ) = drdt by d*x). 

The field equations can be obtained with the aid of the variational 
principle 67 = 0, analogous to the variational principles of classical 
mechanics. In earrying out this variation the generalized coordinates, 
i.e., A,(x), are varied, and it is assumed that the variation of A,,(x) 
vanishes over the boundaries of the region of integration. 

We derive the field equations by assuming that, in general, L depends 
both on A,, and on 0A4,,/0x,. The variation of the action is obviously 
equal to 


_ rf ae aL aA, \ , 
r= | (az 4+ SA Tox, ° fea 


aL 
=| (% $e 0(aA * oy) Aad 


and, therefore, the field equations, which are the Lagrangian equations 
of the system, have the form 


0 OL OL 
dx, O(0A,/dx,) dA 

In order that the field equations should be invariant under Lorentz 
transformations the action must be invariant, and, consequently, the 
Lagrangian density ‘L must also be invariant. 

On the other hand, the equations of the electromagnetic field must 
possess the property of gauge invariance, and, therefore, the Lagrangian 
density cannot contain the components of the four-potential directly, 
but only the components of the field tensor F,,. But from the field 
components we can construct only two independent invariants: E2—H? 
and (EH)’, so that the Lagrangian density can depend only on the two 
invariants, L == L(E?—H? and (EH)?). 

If, in addition, we require that the superposition principle should 
hold, i.e., that the field equations should be linear, then the Lagrangian 


= 0, where uw=1,2,3,4. (16.4) 


7 
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density can only be a quadratic function in the field components. In 
other words, up to a numerical factor the Lagrangian L must coincide 
with E?— H®, We set 


L=i\(E°—H®)= —1FF (16.5) 


pv pv? 
which corresponds to the use of Heaviside units. 


In accordance with (16.4) the field equations for this Lagrangian 
assumes the form 


6 oL _ 9 
dx, O(0A,/dx,) 
and since 
GA OA 0A 
= —1 = —1 v — TB 
6L 5 FOF, i Fad ix, rf) aa F,,0 ax.” 
i.€., 
OL F 


Q(@A,Jox,)  *” 


we finally obtain the second pair of Maxwell’s equations 6F,,,/dx, = 0. 

We use the Lagrangian equations (16.4) to obtain the four-dimen- 
sional form of the conservation laws for the energy and the momentum 
of the electromagnetic field. We consider the derivative 0L/dx, ; 


] 0(GA,/0x,) | OL OA, 
“6x,  6(0A,/Ax,) dx, OA, Ox,” 
On substituting into this expression the value of @L/0A, from (16.4) 
we obtain 


6L 0A, @ éL d GA, éL 
‘Ox, Ox, dx, (0A,/dx,) | Ox, Ox, 0(0A,/dx,) 


_ 6 (SA aL 
ax, \ dx, 8(6A,/6x,) ]” 


whence it follows that 


a) (cs ok <A.) 
dx,\ *” d(GA,/ax,) ax, 


or, on introducing the notation 


? 


aL OA, 
T.,, —_ L6,,— 6 (6A,/x,) Ox,” (16.6) 


158 QUANTUM ELECTRODYNAMICS 


we obtain finally 


Fn = O where w= 1,2, 3,4. (16.7) 


v 


The quantities T,,, form a four-dimensional tensor which is called the 
energy-momentum tensor of the electromagnetic field. 

The laws of conservation of energy and momentum follow from 
equation (16.7). Indeed, we consider the four-vector 


P,=—if T,sdr, (16.8) 


where the integration is taken over the whole volume of the field. 
We evaluate dP/dt in accordance with (16.7) 


d — fF OT, OT, 
stem [Piste — [Ta 


The three-dimensional integral appearing in this expression reduces 
to a surface integral which can be taken equal to zero. Therefore, P, 


is conserved: 
P= const. (16.9) 


It represents the energy-momentum four-vector for the field; its spatial 
components represent the momentum of the field, and its time-like 
component divided by i is equal to the energy of the field. 

On utilizing the formula for L it is possible to express the tensor 


T,, in terms of F,,: 


Ty = Fig Fg —} Sy F2,, (16.10) 


uy Ho yy 


or 
Ti, = $(E?+A?)6,—E,E,—H,H,, Tyg = —is, (i,k = 1,2, 3), 
T4 => —-wWw. 


where w = 4(E?+ H?) is the energy density of the field, and s = [E, H] 
is the energy flux density of the field. 

The wave equations (16.3) for the potential can also be obtained 
from a variational principle, but in this case the Lagrangian density 
must be taken not in the form (16.5), but in the form 


L= —}F,,F,,—}3(0A,/0x,)*, 


uv py 
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or 
1 04, 34, 


L=———*- . 
2 Ox, Ox, (16.11) 


These two expressions differ by the quantity 


I c| aA “A. 


_—__ B 
2 dx, \ ” dx, P ax, 


which has the form of a four-dimensional divergence, and therefore 
lead to the same field equations. In order to obtain Maxwell’s equations 
the subsidiary condition (16.2) must now be added to the wave equations. 

On taking the Lagrangian in the form (16.11) we obtain the expression 
for the energy-momentum tensor 


0L 0A, 04,64, 1, 04,44, 


T,, = L6,,.—- een = ay ax : 
ye “  @(0A,/0x,) Ox, Ox, Ox, 2 ” Ox, Ox, (16.12) 


In the future we shall make use of the wave equations (16.3) and 
the subsidiary condition (16.2) as our field equations. 


16.3. Expansion of the Potentials into Plane Waves 

The general solution of the wave equation can be represented in 
the form of a superposition of plane waves with arbitrary amplitudes. 
We write it in the form 


I I 
A, (x) = jo >, 0 e') (c,,e"*+cf,e-"*). (16.13) 


Here @ is the normalizing volume, kx = kr — wt is the scalar product 
of the four-vector x(r, if) and the four-dimensional propagation 
vector k(k, iw) which satisfies the condition k?= k*-w?=0, cq, 
are the wave amplitudes, and e® are the polarization unit vectors. 
For a given & four linearly independent solutions are possible differing 
by their polarizations. We choose the vectors e as the basis vectors 
for the coordinate system e(”) = 6,,. If we direct the X,-axis along k 
and the other two space axes x, and x, at right angles to & and to each 
other, then 4 = 1, 2 will correspond to transverse, and A = 3 to longi- 
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tudinal polarization; A= 4 corresponds to the so-called scalar polari- 
zation. The following relations hold: 


0, A=1,2, 
eMm=)o, A=3, (16.14) 
ion, A= 4, 
where 
eMe@) — 6, and eMe= 6,,. (16.14’) 


From the relation k? = k?—w? = 0 it follows that the frequency 
w can be of either sign. This fact is taken into account in (16.13) by 
the existence of two types of terms, containing exp (ikx) and exp (-ikx) 
respectively, in each of which we must take w = |A|. 

We note that the sign of the frequency is relativistically invariant, 
as can be verified directly with the aid of Lorentz transformations. 
Therefore, the decomposition of A, (x) into terms with positive and 
negative frequencies is also invariant. 

Since the spatial components of the potential 4,(x) (j= 1, 2, 3) 
are real, while the time-like component A, (x) = iA,)(x) is a purely 
imaginary one, the amplitudes c,, of waves with positive and negative 
frequencies must satisfy the following relations cj, = ¢¢,, cha = —Cig> 
where c* denotes a quantity which is complex-conjugate with respect 
to c. We also use the notation ¢,4= icy, Cyq = icf. 

As we have seen earlier, the potentials A, (x) must in addition to 
(16.3) also satisfy the subsidiary condition (16.2). On substituting 
the expansion (16.13) into (16.2) we obtain, after utilizing (16.14), 


0A, i k,e 
= HT (c eikt__¢ abe eikr) 
0x, VQ 2 V/2w x 


= SVG (Caan e** — (cj, ticle" | = 0, 
k 


from which it follows that 


Cys ticyy = 9, cf, tick = 0. (16.15) 
By utilizing the expansion (16.13) it is possible to write the field tensor 
in the form 


_ i I ikr + pw ike (A) (A) 
F,,= Jo & — (¢4,6""* —cje*) (Mk, —e\ k,). 


nn V2w 
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The electric and the magnetic fields are equal to 


E= —— mV? ~ (Cy, eft —cp, e tkr) el) | 
78 kT, 2 


I 
~ /Q >> 


qa1,2 V2 


a —— [k, e)] (Cx, elk= —_ ch eg ike) | 


The energy-momentum tensor defined according to (16.12) can be 
expressed in terms of the plane wave amplitudes in the following manner: 
1 1 . 
T,, = a» Vai (c,,e"" —cf,e"* ) 
x (Cy eT — ct, eit) G k, ks Say Ki k,) . 
The energy and the momentum of the field, which are related to 
Ty by expressions (16.8), are equal to 
@ 
H= DS 5 (euciitcbieu)s 
wAm12 k (16.16) 
P= » Cenk eka Cea) - 
k; A=1,2 
We see that the electric and magnetic fields, and also the energy and 
momentum of the field, do not depend on the longitudinal or scalar 
waves. This is connected with the existence of conditions (16.15). If 
we had not used these conditions, we would have obtained for H and P 
the same expressions (16.16) in which, however, A would assume the 
values 1, 2,3, 4. The terms corresponding to the polarizations A = 3, 4, 
cancel because of the conditions (16.15). 


16.4. Quantization of the Electromagnetic Field 

The expressions for the energy and the momentum of the electro- 
magnetic field enable us to establish the quantization rules for it. These 
rules must lead to the correct corpuscular picture, which consists of 
the energy and the momentum of the field being sums of the energies 
or the momenta of the individual particles—the photons. 

In order to arrive at such a picture it is necessary to regard the ampli- 
tudes c,, of the plane waves in the expansions for the potentials (16.13) 
not as ordinary numbers, but as operators satisfying definite commu- 
tation relations. 
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We assume that these relations are 


[Cras Chad = Ope Oars (Cras Cee] = 9, (cf, Chey] = 9, 


16.17 
A, A’ = 1, 2, 3, 4, 


or, in abbreviated form, [c,,c¢]=46,,, [c,,c,]J=90, [ce~, ct] = 0, 
where c, = c¢,, and [a, b] = ab—ba. Moreover, in accordance with the 
fact that A and A, are real we must assume that the operators c, and 
ct with A= 1, 2,3, and also the operators cy and cj are Hermitian 
conjugate. 

We shall show that from the quantization rules (16.17) it follows 
that the eigenvalues of the operator N,=N,, = cfc, with 2 = 1, 2,3 
are equal to N,= 0, 1, 2,... 

First of all, it is evident that the eigenvalues N, are not negative. 
Indeed, from the equation cfc, = N,®, where @ is the eigenfunc- 
tion of the operator N, belonging to the eigenvalue N, it follows that 


__ (cf c,®, ®) __ (c,®, c,P) 


M=——@ 6) ~ G8) 


2 0, 


where (®,,@®,) denotes the scalar product of the wave functions ®, 
and @,. 

We consider the function y = c,® on the assumption that N, > 0. 
It differs from zero, since cfy = cpc,8 = N,HF0, and it satisfies 


N,v = cf ¢,c,8 = (c,cf —1)c,® = (N,—l)¢. 


Therefore, @ is the eigenfunction of the operator N, belonging to the 
eigenvalue N,-1. Similarly, we can show that N,-2, N,-3, ... are also 
eigenvalues of the operator N,. But such a series must, evidently, break 
off since the eigenvalues N, cannot be negative. This is only possible 
in the case that N, is either a positive integer or zero. 

It can be easily shown that all integers are eigenvalues of the opera- 
tor N,. This follows from the fact that the function y= c+@® which 
satisfies the equation 


Nix = cf e,cy = of (1+cfc)P = (N,+1)z, 


is the eigenfunction of the operator N, belonging to the eigenvalue 
N,+1. 
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We note that the foregoing problem is equivalent to the problem 
of finding the eigenvalues of the energy of an oscillator. Indeed, if 
we set 


1 . 
7 oa —— (p,tiog), ef = Vow Pe 1%)» 


then q, and p, will satisfy the commutation relations for the momentum 
and coordinate operators [q,, p,]=i, while the operator H,=w 
(cfc, +4) will assume the form of the energy operator for the oscillator 


H,=3% (pj+w?q3). 


We now obtain the matrix elements of the operators c, and cy}. 
We denote the normalized eigenfunctions of the operator N, = cfc, 
by ®,,. Then from the foregoing it follows that c,®,, = const -®,,_, 
and c{@,,=const:®,.4,. These relations mean that the only 
nonvanishing matrix elements of the operators c, and cf are 
(C)ya.ngt and (cP) yi41,y, (NV, = 9, 1,2,...). Up to a phase factor 
exp(ia), which may taken equal to unity, they are equal to 


Cdrzm =VNAL, COmga= VN» A= 1,2,3, (16.18) 
since 
Ny = (CF C)yvg.ary, = (CP) g. my—1 Cyt = MCP g.g—al? = Cava? 
On utilizing these relations we obtain 
6 Py,= VN Py, -1, cf Py, = VNF1 Oy 44- (16.19) 
The quantization rule (16.17) for A = 4 can be rewritten in the form 
[ct Col = 1, (16.20) 


whence it follows that the eigenvalues N, of the operator cycf are equal 
to 0,1, ... The nonvanishing matrix elements of cy and cf are obviously 
equal to 


(cy Ye. Natl = YN,4+1, (Co), os = VM. (16.21) 


We now show that the quantization rules (16.17) actually lead to 
the correct corpuscular picture of the field. In order to do this we obtain 
the operators for the energy H and the momentum P of the field, which 
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in accordance with (16.16) can be expressed in terms of the operators 
c, and cy: 
H= 4S w(c,ct+cFc,), 
mA (16.22) 
P=i Nk(c,cf+c7¢,), 
kA 


where the summation is taken over A, and over all the polarizations 
A including the longitudinal and the scalar ones. 

From these expressions it follows that the states for which the 
operators N, = cjc, have definite values are states of the field with 
a definite value of the momentum. This is connected with the fact that the 
amplitudes c, and c? are the coefficients in the expansion of the po- 
tential in terms of plane waves, i.e., in terms of photon states of definite 
momentum. 

We note that the angular momentum of the field in these states 
does not have a definite value, since the angular momentum operator does 
not commute with P. 

We shall obtain the states of the field having definite values of 
angular momentum if we expand the field potentials not in terms 
of plane waves, but in terms of the spherical waves A,,,,, Which 
describe states of definite angular momentum (cf. formulas (6.16), 
(6.17)). This expansion can be written in the form 

A, = - a Cosma Awimade + Carma Auinady > 
where the expansion amplitudes c,,,,,, and cz,,,, regarded as operators 
satisfy the following commutation relations: 


[Cosmas Corgma] = Sou 943° Ou’ Ona » 
[Casmas Curgmea’] = 9, [Coincas Cary] = 0. 


The validity of these relations can be verified if we use the expansion 
of plane waves in terms of spherical waves (cf. subsection 4.4). 

The operators for the energy and for the component of the angular 
momentum of the field are expressed in terms of the amplitudes c 
and Cijy, as 


wjMA 


4 
H=% Py 0 Coin Pwimat Cosma Saryaca) » 
Qs, ' 


+ + 
» a M (Chima Cosma Carma Coyma) . 
o, 4, 


< 
| 
whe 
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From this it can be seen that the states of the field in which the 
operators Noy, = ChyaaCosug ave definite values (they are equal 
to 0,1, ...), are states of definite energy, angular momentum, and com- 
ponent of angular momentum. 

The operators for the energy, momentum, and angular momentum 
of the field contain all the polarizations including the longitudinal 
and scalar ones (A= 3,4). We have seen earlier that the subsidiary 
condition (16.2) imposed on the potentials guarantees that in classical 
electrodynamics all physical quantities are independent of the longi- 
tudinal and scalar oscillations. This independence must, of course, 
also exist in quantum electrodynamics, but the subsidiary condition 
in its ordinary classical form is incompatible with the conditions of 
quantization. Indeed, in accordance with (16.15) we have c,, = —icy,, 
while in the quantization rules the operators c,, and c,, are independent. 

The subsidiary condition for the quantized field can be formulated 
in the form of a condition imposed not on the operators c,, and c,, 
but on the wave function ® (59). In particular, we shall regard as ad- 
missible only those wave functions which yield the result zero when 
the part of the operator dA,,/0x, which contains positive frequencies, 
i.e., terms of the type exp (ikx) is applied to them. On denoting this 
part of the operator 0A,,/0x, by (6A,,/0x,), we write the subsidiary 
condition as 

(2 A @ = 0, (16.23) 
Ox, “Fy 


or 
(D> |/c (Cys t+icya) e!*?) B = 0, 
k 


whence it follows that the function ® must satisfy for all A the conditions 


(C,3-+ic,,)P = 0, (16.24) 
and, consequently, also the conditions 
P* (cf, +icf,) = 0. (16.24’) 


In other words, the function ®, in addition to satisfying condition 
(16.23), also satisfies the following condition: 


o( o A, _=0, (16.25) 
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where (GA,,/0x,) is that part of the operator dA,,/0x,, which contains 
negative frequencies, i.e., terms of the type exp (—ikx). 

On taking the scalar products of (16.23) on the left with ®*, and 
of (16.25) on the right with ®, and on adding these two expressions, we 
obtain 

(0, 32 d ——A o)= ‘aes . = 0, (16.26) 
where (L> = (®, L®) denotes the expectation value of the operator 
L in the state ®. 

We see that in quantum electrodynamics the quantity which vanishes 
is not dA,/dx,, this requirement being impossible to satisfy, but the 
expectation value of the operator dA,,/éx, in the state ®. As a result of 
this, in quantum electrodynamics the equations for the field tensor 
instead of being of the form (16.1) are 


(2. = F 2o)= 0. (16.27) 


It follows from (16.24) and (16.24’) that 


(D, (c&—ichy) (Cyg t+ icy) P) + (9, (cy3 + icsa) (Cyg— ic,4)D) = 0, 
i.c., 


(9, (Cina +044 Cn) ®) = = (Cg C3) += 0. (16.28) 


However, it does not follow from this that N, = N, = 0. On the contrary, 

as we shall see later, there exist no states of the field with N, = N,= 0. 

We now determine the eigenvalues of the operator for the energy 

of the field (16.22). On noting that c,cf = cfc,+1, and on utilizing 

(16.28), we find that the eigenvalues of the energy of the field are equal 
to 

E= » o(Ny+3). (16.29) 


k3A=1,2 


We see that if we disregard the infinite sum } >» mw, the energy 
k;A=1,2 
of the electromagnetic field is indeed expressed in the form of the sum 
of the energies of the individual particle—the photons. The integer 
N,, = N, represents the number of photons with propagation vector k, 
polarization A (A= 1, 2) and energy o. 
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The energy of the field is determined only by the transverse vibra- 
tions (A= 1, 2). The osciliations with 2 = 3, 4 and the corresponding 
numbers of longitudinal and scalar photons N,, and N,, do not appear 
in the expression for the energy. 

In a similar manner we can obtain the eigenvalues of the momentum 
and of the component of the angular momentum of the field, which 
turn out to be given by P= )’ kK(N,,+4)andM,= » M(N wimat dys 


k,A=1,2 o,j,M,A 
where N.jy4, are the eigenvalues of the operator Chi Cojua- 


We see that if we disregard the sums 23 tk and » 4M, then 


w,7,M: i 
the momentum, or the component of the angular momentum of the 
field, is equal to the sum of the momenta or of the components of 
the angular momenta of the individual photons, 

It follows from (16.29) that the energy of the field has the lowest 
value when all the numbers N,,(A= 1,2) are zero, i.e., when no 
photons are present. This lowest energy state of the field is named 
the electromagnetic field vacuum. Jt is a characteristic feature that 
in accordance with (16.29) the value of the energy of the vacuum is 
different from zero. To each degree of freedoin of the field corresponding 
to given values of k and A there corresponds in the vacuum state the 
zero point energy equal to 4. 

Taken by itself, the presence of an additive constant in the expression 
for the energy of the field is, of course, not essential, provided we are 
dealing only with the eigenvalues of the corresponding operators or 
with their expectation values. However, it would be incorrect to assume 
on this basis that the zero point energy can be simply neglected. We 
shall see later that zero point oscillations appear in the investigation 
of the interaction of the electromagnetic field with electrons and lead 
to a number of observable effects (these effects will be discussed in 
Chapter VIII). 

In concluding this subsection we note that the operators c, and 
ct have a simple physical meaning. If the field contains N, photons 
of polarization A and ©, denotes the corresponding wave function, 
then it follows from (16.19) and (16.21) that 


By, = VN, Py, -15 cf Oy, = VN, +1G, 41, A=1,2,3, 


CoP = YN,41%y, 41; cg @ =yN, Py 1. 


(16.19’) 
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Thus, the operators c, and c} with A= 1, 2,3 represent annihilation 
and creation operators for a photon of polarization 4. For A= 4 the 
roles of cy and cf are interchanged: cy represents a creation operator, 
and cg represents an annihilation operator for a scalar photon. 


16.5. Use of the Indefinite Metric 

We have already seen that the vacuum of the electromagnetic field 
represents a state of the field in which no transverse photons are present, 
ie., the numbers N, (A= 1, 2) are equal to zero. However, insofar 
as the longitudinal and the scalar “‘photons”’ are concerned, their numbers 
N, and N, differ from zero. Let us investigate that part of the wave 
function of the field which describes longitudinal and scalar oscillations. 
This function, which we denote by ®, ,, can be represented in the form 

Q, = » c(N3, NP x, n> 
where the function ©, ,, describes states of the field with definite 
numbers of longitudinal and of scalar “‘photons”’, equal respectively 
to N, and N,. On substituting this expression for ®,, into (16.24) 
and on utilizing (16.19’), we obtain 
2 c(N3, N,) {V'N,®y, 3, —-V Natl Py, vait = 9. 

On making in the first term the substitution N,—1— N,, and in the 
second term the substitution N,+1—-N,, we rewrite this relation 
in the form 


» c(N3-+-1, Na) VNZ+1®,, y, 


Ny20,Na2>0 


— » e(Ny, Na—1) /N,®y,, y, = 0, 


Ns20,Ny>1 

from which it follows that the quantities c(N,, N,) satisfy the difference 
equation 

c(Ny +1, N,V N3+1 = c(Ny, NI) /M, 

where N,=—0,1,..., N,=1,2,..., 

and the boundary condition c(N,, 0) = 0; N,= 1, 2,... 

On introducing in place of c(N,,N,) the new unknown b(N3, Nj) 
so that 


c(N3, Ny) = V(NGI/NGS) b(N3, Ny), 
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we obtain b(N,+1, N,) = b(N,, Ny—1) = b(N,—-1, Ny-2)=..., 
whence it follows that b (Nz, N,) depends only on the difference N,—Ngj. 
By utilizing also the boundary condition we finally obtain the desired 
function c(Nz, N,): 


0, Ny <3, 


c(N,, Ny) = ee 
VNGUNSDS(N—N5), N,z2 Ns, 


(16.30) 


where f(N) is an arbitrary function of the non-negative integer N. 
We see that various states of the field of the longitudinal and the 
scalar oscillations are possible, but that there exists no state in which 
the numbers of the longitudinal and the scalar “‘photons”’ are equal to 
zero. 
It follows from (16.30) that the wave function cannot be normalized, 


since >’ |c(N,, N,)|2 = 00, and consequently, the usual definition of 
Ny Ng 
expectation values in the state ®, , has, strictly speaking, no meaning. 


The longitudinal and the scalar ‘photons’? do not appear in the 
expressions for the energy of the field, and have no physical meaning 
in the case of the free electromagnetic field. Their appearance in the 
theory leads only to a formal difficulty, which can be eliminated by 
altering the quantization rule for the scalar potential, and by using 
a definition of the expectation value of an operator which differs from 
the customary one. According to the usual definition the expectation 
value of any operator L in the state Y is equal to 


(L) = (¥, LY) = [ P*L¥ dg, 


where ¥* is the function complex-conjugate to Y and dq is the prod- 
uct of the differentials of the variables of which Y is a function; more- 
over, it is assumed that ¥ satisfies the normalization condition 


(YP) = [ P* dg = 1. 


However, it is possible to adopt a different definition of the expecta- 
tion value of an operator, and of the norm of a wave function (150): 


(Ly = (LP) = f tL dg, (YP) = f dg = £1, (16.31) 


where Y+ = Y*y and y is a certain Hermitian operator. 
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With such a definition of the expectation value the norm of the 
wave function may be negative. In this case we speak of the indefinite 
metric in Hilbert space. 

Obviously, the expectation value of any operator which corresponds 
to some physical quantity must be real. 

We now show that the expectation value of L will be real if the 
operator L satisfies the condition 


L=L, (16.32) 
where L = y-1L+y, and L* is the operator which is Hermitian conjugate 
to the operator L. For the sake of simplicity, we examine the case of 
discrete variables. In this case we have 


<L> = 2 Ene L,Y. 


Since, by definition, y is a Hermitian operator, then the quantity which 
is complex-conjugate to (L>, can be represented in the following form: 


<L)* = » vr (Lt Pi = 2 PP (Dis? =<L. 


If condition (16.32) is satisfied, then <L>* = <L), Le., ¢L> is real. 

We refer to the operator L = n-!Lt+n as the operator conjugate 
to L, and to an operator satisfying condition (16.32) as a self-conjugate 
operator. 

When the indefinite metric is used in Hilbert space, with the norm 
of a vector defined not by f ¥*Wdq, but by [ ¥*n dq, the self- 
conjugate operators in the sense of (16.32) play the same role as 
Hermitian operators do in the usual scheme, which defines the norm 
as [ Y*Wdq= 1. 

The general definition of an expectation value in the form (16.31) 
based on the indefinite metric can be utilized for carrying out the quanti- 
zation of the electromagnetic field. In this way we eliminate the difficulty 
noted earlier which is associated with the introduction of longitudinal and 
scalar “‘photons”’, and which consists of the impossibility of employing 
the usual definition of expectation values in the state ®,, which de- 
scribes longitudinal and scalar oscillations. 

The method of quantization utilizing the indefinite metric is devel- 
oped in the following manner (80): 
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We start with the expansion of the potential A,, (x) into plane waves 
in the form 


1 | 

A (x) =S=S Se — Cc etc e7iks el), where j= l, 2, 3, 
j 75 © aH ka ) j J 
(16.33) 


1 1 
A (x) = = —_(¢ ete e—ikr el) 
0 Ta 2 a0 ka ) 0 
and we assume c,,=c, and ¢,,=, to be operators conjugate in the 
sense of (16.32) and satisfying the following quantization rules: 


[c,,&]=1, [cos SJ = —I. (16.34) 


The Hermitian operator 7 which appears in (16.32) is defined by 
the conditions 


(16.35) 


We note that the expansion (16.33) and the quantization rules 
(16.34) differ from (16.13) and (16.17) formally only by the replace- 
ment of c+ by c. Therefore, in the future, we shall, for the sake of uniform- 
ity, utilize the notation (16.13), keeping in mind that all the formulas 
will remain valid if we replace c+ by c. 

It follows from (16.34) and (16.35) that the eigenvalues of the oper- 
ators N,=¢,c,;=ejc, (j= 1, 2,3) are equal to N,=0,1,2,..., 
while the eigenvalues of the operators CoCg = —cCg Cy are equal to No 
=0, -1, ~-2,...; N, and N, represent the numbers of transverse photons, 
while N, and N, represent the numbers of longitudinal and of scalar 
“photons.” 

As can be easily shown, the operator 7 commutes with c,c, and 
C,cy. Therefore, we may assume that the operator y is diagonal in 
the representation in which C,c; and CyCy are diagonal. It follows from 
(16.35) that the diagonal elements of m can be represented in the form 


(N,, No, N3,Nolnl Ni, No. Ns, N.) = Mn N21 NI No> 
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where 7y, satisfy the conditions 


Yyjyt1 = "Nj J= 1, 2,3, 
Anti = ~My: 


These conditions show that the matrix elements of the operator n have 
the form 


(N,, Nos Ng, Noll Ni, NioNZ, NO) = (—1)* On, xe Ovary Onranrs Onyx» (16.36) 


We denote by ®,,, the eigenfunction which describes the state which 
contains N, photons of polarization A (A = 1, 2, 3, 0). It follows from 
(16.31) and (16.36) that these functions must be normalized as follows: 


(Py, P,,) = Ons, nyo j= 1, 2,3, 
®,,,, Py.) = (— 1) On, .Ni 


By utilizing (16.35) and (16.19) we can show that the result of 
operating with the operators c, and c, on ®, and ®y, is given by 
the following formulas: 


(16.37) 


6,Py, = YN,jPy 4, j=1,2,3, 
6 Py, = VN,+ 1®y sa 
CoPy, = — VNoPx,-15 
Co Py, = VNot1®y 1. 


(16.38) 


We see that if the quantization is carried out in accordance with 
relations (16.34), then both c, (j= 1, 2,3), and cy will be photon 
annihilation operators, while ¢, and ¢, will be photon creation operators 
in contrast to the quantization based on the quantization rules (16.17) 
in which the operator cy was the creation operator for the scalar ‘“‘pho- 
ton.” 

We now determine the form of the allowable wave functions ® 
which describe the states of the electromagnetic field. The subsidiary 
condition (16.23) retains its form and we now have (0A,,/0x,,).P = 0. 


In place of (16.25) we must write @+(0A,,/0x,)— = 0. It follows from 
(16.23) that 


(cy—c,)® = 0. (16.39) 
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We seek ® in the form 
d= »'  DBN,, No, N;,No)P 


Ni, N2,Na,No 


Ni, Nz,N3, No? 


where ®, y,.y,,v, 18 the normalized wave function which describes 
the state of the field containing N, and N, transverse, N, longitudinal 
and N, scalar photons, while b(N,,.N>2,.N3,No) are numerical coeffi- 
cients. Conditions (16.38) together with (16.37) lead to the relations 


VNs(N1, No, Na—1, No) + YNob(N,, Nos Ng, No—1) = 0 


(the quantities b with negative arguments are equal to zero), whence 
it follows that these states of the free electromagnetic field are possible: 


Dy = Dy. ns,0,0 


PD, = Py, y,,1,0— Py, n,,0,13 (16.40) 
fd, = Dy vz.2,.0— V2® yeaa +n n,0,2 3 


. 1 _ ; 
or in general ®, = Fae (Cy Co)"Po, where n is the total number of 


longitudinal and scalar ‘‘photons.” 

We see that in contrast to quantization based on the quantization 
rules (16.17), in the case of quantization based on conditions (16.34) 
and the indefinite metric, a state of the field is possible in which 
no longitudinal or scalar “‘photons” are present (the state Dp). 

On forming an arbitrary superposition of states (16.40) we obtain 
the general state of the electromagnetic field 6 = ®)-+a,®,+a,@,+ ..., 
where a@,, dj, ... are arbitrary numbers. A definite choice of these num- 
bers corresponds to a definite choice of the gauge for the potentials 
with the condition (16.39) being taken into account. 

The function ® is normalizable. Indeed, by utilizing (16.37) and 
(16.40) it can be easily shown that for all i and j, with the exception 
i—j—0, we have (®,, ©) = 0. Therefore, 

(@, bd) = (Dy, Py), (16.40’) 
independently of the values of aj, @, ... 


Thus, the norm of ® contains only that state in which no longitudinal 
or scalar “‘photons”’ are present. 
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If we neglect the zero point energy, then the operator for the energy 
of the field in terms of the variables c, and c, has the form 


H = » wc, Cy +6yCg+C3 C3 —CCo) . 
k 


From this, on making use of (16.40’), we can easily conclude that the 
states ®,, ®,,... make no contribution to the expectation value of 
the energy of the field, which, as should have been expected, is deter- 
mined only by the transverse vibrations. We can therefore completely 
leave the states ©,, ®,,... out of consideration, and assume that in 
the free electromagnetic field only transverse photons are present, while 
the numbers of longitudinal and scalar “photons” are equal to zero: 


N, = No = 0. 


In this case vacuum may be defined as the state which satisfies the con- 
ditions 
C,Poo00=0, A=1,2,3,0. (16.41) 


This definition is convenient because it is symmetric with respect to 
the transverse and the longitudinal degrees of freedom of the electro- 
magnetic field, but we must keep in mind that it corresponds to a cer- 
tain particular choice of the gauge for the potentials. 


§ 17. Commutators of the Electromagnetic Field 


17.1. Commutation Relations for the Potentials and the Field Compo- 
nents 

If we know the quantization rules for c,, and cj,, we can determine 
the commutation relations which must be satisfied by the operators 
for the potentials and for the field components. 

We first of all evaluate the commutator for the potentials 
[A,, (x), A,(@’)]. For this we use the expansion (16.13): 

1 l 
[A (x), A,(x’)J vat a {[c,, Cera’) el kz +k'2") 
. 282 > You 


+ [Chas chy el (kr—k'r") + [ch Cry] ent (kr—k'z’) 


_~ Ion A M 
+ [eias Cix]e #29) ef e, 
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In accordance with (16.17) and (16.14’) this expression may be rewrit- 
ten in the form 


I 1 


[A,.0), A, = sy SY — (eee He2)5,, 


On going over from the summation over & to integration over k-space 
in accordance with the formula 


DIO = gays [10 a, 


we finally obtain 


[A,(x), A,(x)] = —iD(x—x')6,,, (17.1) 
where 
1 ,. sinwt 
D(x) = iss | dk. (17.2) 


It may be easily seen that the function D(x) is invariant under Lo- 
rentz transformations. Indeed, expression (17.2) for D(x) may be writ- 
ten as 


DX) =F a il e¥ E(k) (2) dk, (17.2’) 


where 


E(k) = ko/lkol and dk = dkdky. 


But &(k) is an invariant, since (17.2), because of the presence of the 
6-function, contains only propagation vectors which satisfy the condi- 
tion k? = 0, while, as has been noted previously, the sign of the fre- 
quency is in this case relativistically invariant. 

The invariance of the function D(x) shows that the quantization 
rules (17.1) are invariant under Lorentz transformations. 

We note some properties of the D-function. 

It may be seen from (17.2) that D(x) is an even function of the coor- 
dinates, and an odd function of the time 


D(x) = D(r, t) = D(-r,) = —D(r, —2). 
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On carrying out the integration over the angle between the vectors 
k and r in (17.2) we obtain 


co 
1 ; 
D(x) = gar | {eile 4 e-tolr—t) __eta(r+t) _ e-ia(r +6) dw 


0 


_ i {6(r—1) —6(r-+-D}, 


D(x) = xs E(x) (P?—P), (17.3) 


where &(x) = t/|t|. 

Expression (17.3) shows that the function D(x) vanishes everywhere, 
except at points lying on the light cone x? = r?—1? = 0; at these points 
D(x) has a 6-like singularity. 

From the integral representation (17.2) it follows that D(x) is the 
singular solution of (] D(x) = 0, which satisfies 

D(r, 0) = 0, © Deno = O(r). (17.4) 


On differentiating the commutation relations (17.1) with respect 
to t’, and on setting ¢’ = ¢ in the result, we obtain 


lA. (r,t), - oA, Ar’, |= id,,0(r—r’). (17.1) 


On differentiating (17.1) with respect to x and x’ and on utilizing 
the definition of the field tensor, we can easily obtain the commutation 
relations for the field components 


Fs Fy) = 48, — 8, 
[ p(X) an (X =i Ox, OXI ™ Ax, OXw 
o* C2 
~ Own ae ae, F Om Be az} D(x—x’), 
(17.5) 


(8), Ey) = FH, (0), HAO = 15 7 by gh DEX), 


[E((x), H,,')] = tej4=—— D(x— x’); j,k, J= 1, 2, 3, 


o 
iki at ax’, " 


ELECTROMAGNETIC AND ELECTRON-POSITRON FIELDS 177 


where e,,, is the unit antisymmetric tensor of the third rank. We see 
that the field components may fail to commute with each other only 
in the case when the corresponding space-time points lie on the light 
cone (x—x’)? = 0. 

As is well known, the commutation relations admit the following 
physical interpretation. If the operators L and M which correspond 
to certain physical quantities L and M do not commute, but satisfy 
the commutation relations [L,M]= G, G+ 0, then it can be asserted 
that there exist no siates of the system with well defined values of the 
quantities L and M, i.e., with well defined eigenvalues of the operators 
L and M. The states of the system can be characterized only by ranges 
of values of L and M. The intervals AL and 4M, within which these 
values lie must satisfy the uncertainty relation 4L-AM > |G). 

Since the commutation relations for fields contain the singular 
function D(x), we cannot obtain definite physical results directly from 
them. Such results can be obtained, if we average the fields over certain 
space-time regions. It can be shown that such averaged values of the 
field components commute with each other if the time-like or the space- 
like intervals over which averaging is carried out coincide. In particular, 
the values of the fields, averaged over the same space-time region, com- 
mute. However, if the regions over which averaging is carried out can 
be connected by light signals even partially, then the averaged fields 
do not commute with each other (31), (87). 

In place of c, and cy we introduce the new variables N, and 9: 


g=e "WN, cf = WN Oe”. (17.6) 


Here N, == cfc, is the operator for the number of photons; the operator 
@, may be interpreted as the phase operator. 

We obtain the commutation relations between the operators N, 
and g,. On substituting (17.6) into (16.17) we obtain 


[N,,e"J=e%. (17.6) 
This relation will be satisfied if N, and 9, satisfy the condition 
[N, 9%] = —?. (17.7) 


Indeed, the following relation can be obtained from (17.7): 


[N,, 93] = —ingt", 
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which immediately yields (17.6’) if we note that 


fore] 1 
er = S—(ig)". 
n=0 °° 


The commutation relations (17.7) yield JN,4g, = 1. The physical 
meaning of this inequality consists of the fact that the electromagnetic 
field cannot be simultaneously characterized by definite numbers of 
photons of different kinds, and also by definite phase relations. 

If the difference in phase between two waves has a well defined 
value, then only the total number of photons associated with these 
two waves can be specified. But the manner in which the photons are 
distributed between the two waves remains completely undetermined. 

The classical electromagnetic field 1s characterized by large expecta- 
tion values of the numbers of photons. In this case, even for very small 
values of Ag,, the expectation value of the number of photons <N,» is 
considerably greater than AN,, i.e., the states of the field are practically 
characterized both by definite phase relations and by definite intensities 
(photon numbers). 


17.2. Chronological and Normal Products of Components of the Potential 


An important role will be played by products of the operators for 
the potentials arranged in a definite order, in the future investigation 
of the interaction between the electromagnetic field and electrons. 
These ordered products bear the names of chronological (time-ordered) 
and normal products. 

In the chronological product of the operators A,,(x) and A,(x’), 
which we denote by T(A,,(x) A,(x’)}, the factors are arranged in chrono- 
logical order, viz.: the operator corresponding to the smaller value 
of time is placed on the right and the operator corresponding to the 
greater value of time is placed on the left. In other words, 


fA,QAO’), 6> 8%, 


T(A, (x)A,(x}) = 1 A.) A,(x), t<f. 


(17.8) 
We note that this definition is relativistically invariant. Indeed, if x 
and x’ are separated by a time-like interval, then this assertion is obvious, 
since in this case the concepts of a later or of an earlier time have abso- 
lute significance. However, if x and x’ are separated by a space-like 
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interval and t—?’ can change sign under Lorentz transformations, 
then the operators A,,(x) and A,(x’) commute, and, therefore, can be 
arranged in all coordinate systems in the order which is required for 
the chronological product. 

By utilizing the expansion for the potentials (16.13) into plane waves 
we can represent the chronological product T (A(x) A, (x’)) in the fol- 
lowing form: 


T(A, (A, (x)} =~ i Vv vs — {Cpa Cn eikr kr +o, cit ty _ eilkt—k'2") 
ke VO 

FOR C yey CAFO Ch Cf CUTE EN PDEA ot > (17.8’) 

On interchanging x and x’, we obtain the chronological product for 

t<t’. 

We now define the normal product of the operators A,,(x) and 
A,(x’). In this product, which we denote by N (A Ch (x)A,(x)), the photon 
creation operators cj, are placed to the left of the annihilation opera- 
tors c,,. If we represent the operator A(x) as a sum of two terms with 
positive (AC(x)) and negative (A(x) frequencies, then we have 


NA, CA, 2D) = APR)AMAIFAP@MAPL’) 
+ ALCO) APPR IAAM XR) AYP) 


1 1 by - 
=. yr —___ vg CTE ZI A OF ic, elee—kr) 
20 Sf \/ wor" a KM ~kA 
kA, kM OV 


+ cfc, KE ID 4 cik of, eHEHHEN 9H), (17,9) 


A remarkable relation exists between the chronological and the 
normal products—their difference contains no photon creation or 
annihilation operators, and is an ordinary function (c-number). Indeed, 
on utilizing the expansion of the potentials into plane waves and the 
quantization rules (16.17) we obtain for this difference the following 
expression: 

T(A,,(x) A,(x))—N(A,2) A,(°)) = Owe Mee ito} 5 
which is valid both for t> 0’, and for t<V. 

We call the difference between the chronological and the normal 
products of two operators the pairing or the contraction of the two 
operators. 
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By making the transition in the preceding expression for the pairing 
from the sum to an integral over k-space we obtain 


T(A, (A, (2) —N(A, A, &)) = AZAR’) = Dx—x') 6, 5 
(17.10) 
where the pairing of the operators A,(x) and A,(x) is denoted by 
A“ (x) A%(x), and the function D°(x) is 


1 dk 
D(x) => spe | een S. (17.11) 


@ 

We now show that the pairing of the operators A,(x) and A,(x) 
defines the expectation value of the chronological product of these 
operators in the vacuum state. 

In order to obtain the vacuum expectation value of T(A,(x)A,(’) 
we must know in accordance with (17.8’) the vacuum expectation values 
of products of the operators c,, and cj. Since in the vacuum state 
the numbers of transverse photons are equal to zero, we have 


CChyCyo = 9, <Cyciro= tl, A=1,2, 


where <L>, denotes the vacuum expectation value of the operator L. 
It is obvious that for these polarizations the following relations also 
hold: 

CCH Cyaro =O, Cyr Cya ro = 9, 

(ChaCha ro = 9, Cu Cha ro = Ope Ow A, A = 1,2. 


As regards the longitudinal and the scalar polarizations, if that gauge 
is chosen for the potentials which corresponds to the definition of the 
vacuum (16.41), the numbers of longitudinal and scalar photons in 
the vacuum state will also be equal to zero. However, here we shall 
not utilize this gauge for the potentials and, in contrast to subsection 
16.5, we shall not even specialize the definition for the expectation 
value in the state ®,,, but shall assume that the vacuum expectation 
value of the operator cz, c,-, has been defined in some way: 


Cig Cua o = (ke Py (kK) Oxy (17.12’) 


where y(k) is, generally speaking, some arbitrary function of k. More- 
over, we shall assume that for all A the following relations will hold: 


(17.12) 


(Cy Cyaro = (Cp yro = 0. 
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From relation (16.28), which we can use since it is based only on the 
subsidiary condition (16.23), and also from formula (17.12’) it follows 
that 


(Cha Cyao = —K Cha leg 0 = (ke)? (k). 
Further, it follows from (16.24), (16.24'), and (16.14) that 
CCiisCuao = (Cha Cus = 1CCeaCas>0 = E(ke™)?4(k) = (ke) (key (k). 


All these expressions, and also expression (17.12), valid for 2 = 1, 2, 
can be written in the form 


(ce Cwa ro = (ke) (Ke) 7k) Oy, (na Cwaro = 0, 
(Cy, Cao = {Oyy tlhe) (ke) x(k)} Ons Cree >o = 9; (17.13) 
A; 4’ =1,2,3,4. 
On utilizing these formulas we obtain, in accordance with (17.8’), 


| 1 
CTIA, IAL) 0 = ey_DY cy MOH PEP 


k,A, a’ 


4 > >» ~ (kel) (ke) cosk(x—x’) e® e y(k), 


k,A,v 


j (Do) — 
or, since ePe” = 6,,, we have 


] A x A x’ — re) pik r—r')—iw ft— a 
‘ | u ) vf ))>o wIdO >, 70) roe 


jw 


1 ] , 
len » k,,k,—- cosk(x—x') x(k). 


Here the first sum is equal to D%(x—x’), while the second sum can 
evidently be written in the form (6°/¢x,,dx,)p(x—x'), where 


1 | 
p(x) = — 73) = 008 kxyx(k). 
k 


Therefore, we finally obtain the following expression for ¢ TIA, (A,(%'))Y05 
which is valid both for ¢ > ¢’, and also fort <?': 


2 


Dé, (x—x’) = <T(A, (x) A,(x'))>o = D(x—-x')5,,4 — p(x—x’). 
(17.14) 


182 QUANTUM ELECTRODYNAMICS 


The second term containing the arbitrary function g(x) is due to the 
arbitrary gauge for the potentials. If we use the gauge in which N,; = 
N,= 0 then this term will vanish. It is clear that no physical quantity 
can depend on the arbitrary function g(x). This is the meaning of the 
property of gauge invariance. 

On repeating the calculations just given it can be easily shown that 
the vacuum expectation value of the normal products of the opera- 
tors A,,(x) and A,(2’) is equal to 


oe? 
Wo => (x x’). 17.15 
MA.OAC Pe = ge ae PO—*) (17.15) 
We expand the function D°(x) into the four-dimensional Fourier 
integral: 


1 


POO nye 


[ Dweratk, (17.16) 
in which all four components of & are independent and d*k = dkdky. 
In order to do this we use the following integral representation of the 
function (1/w) exp(—ia|t|): 


1 swt 1 eniket 
e~ =— 


5 0 
w th k , 
Cc 


(17.17) 


where k? = k?—k? = w*—k?, and the integration is carried out in the 
complex plane of ky along the contour C shown in Fig. 8. In order to 
show the validity of formula (17.17) we note that for f > 0 the contour 
of integration can be completed by the semicircle of infinite radius 
situated in the lower half-plane. Then the integral will be determined 
by its residue at the pole kj = w and will be equal to the left hand side 
of (17.17). However, if t <0, then the contour of integration must 
be completed by the semicircle in the upper half-plane. In this case 
the integral will be determined by the residue at the point kj = —w 
and will again be equal to the left hand side of formula (17.17). 
Instead of integrating in (17.17) along the contour C which passes 
above the pole kj = w and below the pole k, = —w, we can integrate 
along the real axis of ky, by displacing the former pole into the lower, 
and the latter pole into the upper half-plane (Fig. 9). For this we must 
replace the denominator k? of the integrand by k?—in, where 7 is 
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an infinitesimal positive number, since in this case the poles will be 
given by the points ky = +(1—(in/2w%)) situated as shown in Fig. 9. 

On substituting formula (17.17) into (17.11) and on comparing 
it with (17.16) we obtain the Fourier component Dk): 


] 
D°(k) = += 
(x) i —i0)’ (17.18) 
where i0 denotes i|y| for |7| + 0. This expression can also be written 
in the form 
D°(k) = 26, (—k’), (17.18) 
where the singular function 6, (x) is defined by the integral 


ioe) 


1 in 
5,0) = — | eter de = In} +0. (17.18) 


i 1 
mz x+id’ 


Fig. 8. Fig. 9. 


We note that 6, (x) = 6(x)+(i/)P(1/x). This equation, which follows 
from (17.19), means that integrals containing the 6,-function are to 
be evaluated according to the following rule: 


+00 | ts 
[ peos,e@a= fro ta=srotrir [ ro S. 79 


where the contour of integration C coincides with the real axis, but 
passes above the pole x= 0, while P denotes the principal value of 
the integral. 

On substituting (17.18’) into (17.16) we obtain 


! fi. 
D°(x) = aay | ake | et Geta) g@é 
0 


ziti ap 


oq f ae % few, 
0 
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where k’ = k—(x/2€). On noting that 


+ 


co 
J ett da = Vier e 


J 


and that, therefore, 


fews dk! = (nik), 
we obtain 


Bill ~ 


1 f i 4é a) iz( ini) 
c § 2(z4+inl) qd 
D°(x) = (abi e 4S = Fei e Zz, 
0 


0 


D°(x) = = 6. (x?). (17.20) 


If we know D*(k), we can easily obtain the Fourier component 
Di, (k) of the function D%,(x) defined by formula (17.14). Since differ- 
entiation of any function with respect to x, corresponds to the multi- 


plication of its Fourier component by ik,, we can write Dé¢,(k) in the 
form (115) 


Dik) = = me (d, Gey—) ae atl, (17.21) 


where d,(k?) is an arbitrary function of the invariant k? corresponding 
to the arbitrary function g(x). On setting d,(k?) = 1 in this expression 
we obtain D¢,(k) = D°(k)6,,. When d,(k*)=0 the function Dé¢,(k) 
will have the property of ‘‘transversality”’: 


Di(K\k,=90, d(k?)=0, 


or in the coordinate representation 


0 
Ox, Diy (x) = 0. 
It has been pointed out previously that physical quantities do not 
depend on the arbitrary function v(x). Therefore we can say that the 
property of gauge invariance of physical quantities means that they are 


independent of the quantity d,(k°). 
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We note, that since k?D°(k) = —i, the function D°(x) satisfies the 
equation 
1 D°(x) = id(x). (17.22) 


Thus, D*(x) is the Green’s function of the wave equation. 


17.3. Singular Functions Associated with the Operators (| and (C) —m?) 


We have discussed the two singular functions D(x) and D°(x) asso- 
ciated with the electromagnetic field. The function D°(x) can be ex- 
pressed in the form of a four-dimensional integral 

1 eikr 
(2x)ti | ke 
c 


D(x) = d'k, (17.23) 


where the integration over ky is carried out over the contour C, shown 


in Fig. 10. 
Cc = 
C. C, C, 


Fig. 10. 


The function —iD(x) can also be represented in the form of a four- 
dimensional integral with the same integrand as in D*(x), viz., 
J elkr 
(Qayt J ke 
Cc 


9 


D(x) = d'k, (17.24) 
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where the integration over ky is carried out along the contour C, shown 
in Fig. 10. Indeed, in carrying out the integration over ky with the aid 
of the residue theorem we obtain 


1 etkrtict eikr—tot 1 tk sin wt 
—_ _ — — r dk. 
Do) (in | an Zo Jo (2n)8 { eo 
We obtain other singular solutions of the wave equation associated 
with the electromagnetic field if we investigate the integral 


] 4, ak 
F(x) => Ga {oe 
L 


in which the integration with respect to ky is carried out over the contour 
£ which coincides with one of the contours C,, C_, Ci, Cp, C,, shown 
in Fig. 10. Moreover, if 2 surrounds one or both poles of the integrand, 
then F (x) will be a solution of the homogeneous wave equation, while 
if the contour extends to infinity we shall obtain a Green’s function 
of the wave equation, i.e., a solution of the inhomogeneous wave equation 
with a 6-function on the right-hand side. 

We first of all discuss the singular functions D, (x) for which 
has the form of the contours C, or C_: 


] eikr 
(22) k2 
c 


+> 


D.(0) = dik. (17.25) 


Integration with respect to ky yields 


I ikr dk 
Dil) = — sr9555 |e 
5 . ak (17.25’) 
— —ikr 
D_() Gay | ar 
From this it follows that with ky = w|k\, 
D_(x) = —D,(—»x). (17.25"’) 
It is clear that 
D(x) = Di (x)+D_ (x). (17.26) 


We now show that the functions D,(x) define the expectation 
values of products of the components of the potential in the vacuum 
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state. By making use of the expansion of A,,() into plane waves, and 
relations (17.13) we obtain 


A, QA) = 55 5D J eixtz—¥) gt) 0 6, 


2 Aa @ 
+55 y- 1 — 4 (k) (ke) (ke) {etel2-2) 4 @t(2- 20} (2) 02, 
kA 


On noting that ee — 6,,, and on going over from summation to 
integration over k, we obtain 


AIAN = IDA O28 pot Gra BO), 


i ° , e i 
CA, (x JA, 0+) >o = iD_(x—x )O uy x, ox, 9 ). 


From this it follows that the vacuum expectation value of the anti- 
commutator {A,(x), A,(x’)} = A,@A,C@)+A,@')A,(X)_ is equal to 


({A,(x), A,O))o = Dixe—x') 6,42 ae g(x—x’'), (17.27) 


where 
D(x) = —i{D,(x)—D_(»)}. (17.28) 


Evidently, the function D,(x) can be represented in the form of 
the integral 5 
c Zz 

4 ? 

D(x) = ay, ak, (17.28’) 


where the contour C, is shown in Fig. 10. Integration over ky with 
the aid of the residue theorem yields 


1 1 cos wt 
tkr+tot ikr—iwt ier 
Di(x) = one | bh ° + 2o° \ = an) € w dk. 
(17.29) 
This expression can be rewritten in the form 
1 
(kr 2) 44 , 
D(x) = a! ¢ 6 (k*) dk . (17.29") 
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On carrying out in (17.29’) the integration over the angle between 
k and r we obtain 


1 2 r 
D(x) — — i {ele (7 +4) e-iw (r+t) 1 gia (rt) __ ein (1) day 
(20)? ir. 
° 2 1 
~~ (2x)? r2— 1?’ 
i.e., 
2 | 


We see that the function D,(x), like the function D(x), is a singular 
solution of the wave equation, but in contrast to the latter vanishes for 
no finite values of x?. 

On comparing the integral representations (17.23), (17.24) and 
(17.28’) for the functions D°(x), D(x), and D,(x) we can express D°(x) 
in terms of D,(x) and D(x): 


D*(x) = Ef D,(x)—i€ (x) D(X}, (17.31) 
where 
f 1, ¢>0, 
FO)=)_1 po. 


We also give the expression for D(x) in terms of the functions 
D, (x): 


1 
D(x) = —{8(x) D(x) (—x) D_()}, (17.31’) 
where O(x) = $(1+ &(x)). 
We now consider the function 
| eikr 


Cat | 


R 


D,(x) = d'k, (17.32) 


where the integration over k, is carried out along the contour C, (Fig. 10). 
When ¢ > 0, the contour of integration can be completed by a semi- 
circle in the lower half-plane, and we then obtain the function D (x). 
However, if ¢ <0, then the contour of integration can be completed 
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in the upper half-plane, where the integrand has no poles, and we obtain 
zero as the result. Therefore, 


D(x), t>0, 
Dz(x) = 0 1<0 


On applying the d’Alembertain operator to (17.32) and on making 
C, coincide with the ky-axis we obtain 


(17.32’) 


1 , 
L] Dp) = — aye | atk = —6d(x). (17.33) 
Similarly, it may be easily shown that the function 
] elkt 
— 4 
D, (x) Oni . eB dk, (17.34) 


A 
where the integration with respect to ky is carried out along the contour 
C, (Fig. 10), reduces to 


0, t>0, ; 
D(x) -| Dis), 1<0. (17.34’) 
and satisfies the equation 

[]D,(x) = —d(). (17.33’) 
It follows from (17.32’) and (17.33) that the solution of the inho- 
mogeneous wave equation | ]A(x) = —j(x), which vanishes for t= — oo, 

can be written in the form 
A(x) = f Da(x—xD jax’; (17.35) 


i.e., the function D,(x) is the Green’s function of the wave equation 
which leads to retarded solutions. Similarly, we can easily show that 
D,(x) leads to advanced solutions. 

In the future study of the electron-positron field we shall need 
a number of singular functions which bear the same relation to the 
operator [_]—m? that the functions which we have just discussed bear 
to the d’Alembertian operator. These functions are defined by the 
four-dimensional Fourier integrals 


_ 1 elpr 4 _ ] f elpr A 
40) =e | same t? 40) =Gpq | praet? 


Cy C, 


1 elpr 4 1 f elpt 
c — i A = —— | ——_dp, 
A (x) (22)%i f p* m= a’p, +(x) (27)! pP m? d'D 


c Cy 


(17.36) 
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where the integration with respect to pp is carried out along the con- 
tours Cy),C,,C, shown in Fig. 10. On applying to these expansions 
the operator [1 —m?®, and on making the contours coincide with the 
Po-axis, we find that the functions A(x), 4,(x), A°(x) satisfy the follow- 
ing equations: 

(D —m)A (x) = 0, 

(i —m’)A,(x) = 0, (17.36’) 


(1) —m?)A°(x) = id(x). 


On carrying out in (17.36) the integration with respect to pp with 
the aid of the residue theorem we obtain representations of the functions 
A(x), A(x), A°%(x) in the form of three-dimensional Fourier integrals. 
For example, 


i 1. 1, 1 __ sinet 
A(x) — — ais [ao Jems 1 ool — aye | er tap, 


(17.37) 
where e = j/p?-+m?. 
In a similar manner we obtain 
A(x) = —! [ew COSEE (17.38) 
WO Gap Je P ' 

1 ; dp 

c — ipr—te ji} ~4) , 
A‘(x) ain)" [er ; (17.39) 


These formulas differ from the corresponding formulas for the functions 
D(x), D,(x), D°(x) by the fact that « appears in them in place of w. 
On comparing the expansions just obtained we can easily show that 


A(x) = 5 {4,()—i€(@)4@)}. (17.39') 


It is evident that all these functions are invariant under Lorentz 
transformations, and therefore depend only on x? for x? > O(for x? < 0 
these functions depend on two quantities: x? and &(x)). From this it 
follows, in particular, that since the function A(x) vanishes for t = 0, 
then it vanishes everywhere outside the light cone when x? = r?—?7? > 0. 
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By utilizing (17.37) and (17.38) we can easily show that the functions 
A(x) and 4,(x) may be written in the form 


ACs) = rary | ee SC pt +m) dtp, 
(17.40) 
] ; 
Ay(%) = aang | 8 8(pt +m") a. 
Thus the Fourier components of the functions A(x) and 4,(x) are 
given by 
A(p) = 2niE(p)6(p?+m’), 
A\(p) = 2x0(p?+m’). 


The Fourier component of the function A°(x) can be obtained 
in the same way as the component of the function D(x) if we displace 
the +e pole into the lower and the —e pole into the upper half-plane, 
and then integrate in (17.36) along the real axis. Such a displacement 
is evidently equivalent to a replacement of p* by p?-—i|n| where |7| -+ 0. 
From this it follows.that the Fourier component of the function A°(x) 
is equal to 


(17.40’) 


1 

¢ => — rT —p?—m . 
By utilizing formula (17.19) it is possible to obtain in a manner 
analogous to the way this was done for the function D°(x) the following 


integral representations for the functions A(x), 4,(x), A°@): 


A(x) = ase (2-22) dz, 
A,(x) = 5 { sin (x: ~ | dz, (17.42) 


We now show that the functions A°%(x), A(x), and A,(x) can be 
expressed explicitly in terms of Bessel functions. We start from the 
integral representation (17.36) of the function 4°(x). Since this function 
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is relativistically invariant and, consequently, depends only upon 
x? = r2—/?, it is sufficient to discuss the two cases when ¢ = 0 and 
x? > 0 and when r? = 0 and x? <0. In the first case on carrying out the 
integration over the angle between p and r, and then on setting 
p= msinhy, e= mcoshy we bring the integral (17.39) into 

co 

fe sinh vy sinhydy. 


—0 


m 
8x7ir 


A(x) = 


Further, on utilizing the following representation for the Hankel 
function (204), 


HPQ) = — [ etreomrdy (17.43) 


— 


and setting r— —ir, y + y—in/2 in this expression, we obtain 
wo 


Hge(—ir) = — [ ebrstonvdy, 


—-@ 


A comparison of this formula with the one given earlier for A(x) 
shows that 


A°(x) = a:  HS(—imr). 
But 
d (2) (2) 
HE@) = HPO), 


and therefore 
im? H{®(—imr) in? HY(—im yx?) 


8x —imr 8x —imy x 


A(x) = », x*>0, 
When x — 0 the term (i/4)d(—x?) arising from the differentiation 
of the function Hj” must be added to the right hand side of this expres- 
sion. Indeed, when |z| <1 we have 
H§?(z) = Jo(z)—iNo(2) © —(2i/x) In(2/yz), 
and since 
d 


1. 
qin? =— —xid(z), 
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the additional term 


i d 
Qf __ 2) 
Fx dey — H?(—im Vx) = tal x?) 
will appear in A‘(x) when x? > 0. Thus, when x? > 0 we have 
i m= Hi?(—im yx) 
A(x) = —- 4 6(—x*)4 : : 
(x) ai (—x?) 5 im fe (17.44) 


If x° <0, then we can take r=O in (17.39); on setting 
p=msinhz, ¢=mcoshz, we obtain 


A m i! 2 

c —_ —im |t]cosh? zo] 

(x) ro { e sinh’? z dz. 
0 

This integral can be reduced with the aid of (17.43) to 


and since 
d® (2) (2) I 2) 
ie AP (2+ AP (z) = nee (z), 


it can be easily shown that we again obtain formula (17.44) which is, 
consequently, valid for arbitrary x’. 

If we have an expression for A°(x), we can find with the aid of 
formula (17.39’) the functions A(x) and A,(x). On separating in (17.44) 
the real and the imaginary parts we obtain 


x L m J,(—imyx’) 
A(x 9 =~. 6 x?)— Jin + 9(—x?), 
xe 2m ( 4x —imy x ( ) 
( m> K, (myx?) ° 
> ay ene > 0, 17.45 
2m myx * ( ) 
A, (x) = 
mm Nu(my~3 *) x <0 
Ac? my —x eo ° 
When x? — 0 these formulas assume the form 
% 1 — x2 mM y_x2 
A) = 3 [=a FO 


(17.45') 


1 2 ym y|x?| m* 
4,0)= gal etm eye 


where y = 1.781. 


194 QUANTUM ELECTRODYNAMICS 


We also give expressions for the functions 4.(x), 4,(x), and 
A ,(x), which are analogous to the functions D(x), Dg(x), D4(x): 


A (x) = 1 { elPt dp 
+ = RL a re ’ 
(2)! d, Pm 
A= a f 
w= | ~~ 
(27)! ptm 


1 eine i 
AO = aoe | sepa OP 


C4 


e! pr 


d‘p, (17.46) 


where the contours of integration C,, Cy, C, over py are Shown in 
Fig. 10. 
It can be easily shown that 


A.(x)= fewZ-= R{A(x)+ iA\()}. (17.47) 


1 
27a 
From (17.47) it can be seen that similarly to (17.25) we have 
A(x) = —4_(—>). (17.47') 


The function A°(x) can be expressed in terms of the functions 
A. (x) as follows: 


Ae(x) = ‘ {0(x)A, (x) —6(—x) A_(x)}. (17.48) 


By repeating the calculations given earlier with reference to the 
function D,(x) we can show that 


A(x), t > 0, 
A = 17.49 
A(X) Seco (17.49) 


and also that 
((j—m?) Ap(x) =—4 (x). (17.49’) 


In conclusion we note that all the functions considered above 
can be expressed in terms of one analytic function. In order to do 
this we consider the function 4, (x). From (17.36) it can be easily 
seen that the integral defining it is still meaningful if x is replaced 
by z = x—in, where 7 is a four-vector for which 7? < 0,7) > 0. This 
means that 4, is a function of z® analytic in the plane of this vari- 
able with a cut along the negative real semi-axis (—ovo,0) (81a, 211a). 
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Moreover, the region x? > 0 corresponds in the z? plane to the 
positive real semi-axis, while the regions x? < 0 , Xp == 0 Correspond, 
respectively, to the upper and lower edges of the cut (z? = x?+i0). 
Indeed, from the preceding formulas an explicit expression for 4, 
follows: 


A, (2) = F(z*) = =, K,(my/z*)|//2". (17.50) 


The remaining functions can be expressed in terms of A,, if rela- 
tions (17.47), (17.47’), (17.48) are utilized. In particular, we obtain 


iAe(x) = F(x?-+i0), (17.51) 


4 = F(x*-+i0)— F(x?—i0). (17.52) 
0 


§ 18. Quantization of the Electron-Positron Field 


18.1. Variational Principle for the Dirac Equation. Energy-Momentum 
Tensor of the Electron-Positron Field 


In Chapter II we studied the properties of a single electron. In 
order to study an arbitrary system of noninteracting electrons and 
positrons we can, just as in the case of a system of photons, go over 
from the description by means of the wave funetion in configuration 
space to the description by means of the wave function in particle 
number space. In the case of a system of photons such a transition 
is equivalent to the quantization of the electromagnetic field. In the 
case of a system of electrons it is equivalent to the quantization of 
the electron-positron field, i.e., of the field of the wave functions yp (x) 
and » (x) satisfying the Dirac equations. In this case the Dirac equations, 
like Maxwell’s equations, play the role of field equations, and not of 
equations for an individual particle, while the quantization of the 
electron-positron field means that the wave functions p(x) and w(x) 
are regarded as operators satisfying certain commutation relations 
and operating on the state vector, or on the wave function of the system 
in particle number space. As regards the dependence of these opera- 
tors on the coordinates and the time, it is determined by the Dirac 
equations. 
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In order to emphasize the field nature of the Dirac equations and 
to be able to treat them similarly to the equations of the electromag- 
netic field, we show, first of all, that the Dirac equations can be 
obtained from a variational principle: 6f Ldtx = 0, if for the Lagrangian 
density we take 


_ ay _ 
L= a (18.1) 


and in varying L regard the functions y and yw as independent. 

On treating py, y and dy/dx,, Op/dx, as generalized coordinates 
and velocities of a certain dynamical system—the electron-positron 
field—we obtain from the variational principle the following Lagrangian 
equations: 


6 OL OL 0 
dx, O[dy,/Ox,) Oy, , 
0 OL OL (18.1') 
tex —=0, A=1,2,3,4. 
x, O[dy,/0x,] Oy, 
On substituting into these expressions 
OL _ la ) oL = Le ),Y 
d[dy,/dx,] —_ 2 PAY, Bar 6[0p,/0x,] —_ Dy Yn av Pos 
oL Py ) mip OL Le ) Pi (18.2) 
aw, —_ 9) Ox, Y» Ba Y) OY, 32 Y» ma Gx Pa 
or, in abbreviated form, 
OL 1_ OL il 
Blap/ax,] ~ 2° Bapjéx,) ~ 2? #” 
OL 1 oy _ mo OL lL ody 
ap 2 ax,” Gy OY Gy 
we obtain the Dirac equations 
a) _ 9 _ 0 0 
"Ge, t+mljy=0, yp Meee = 0, (18.3) 


If we know the Lagrangian density, then we can, just as in the case 
of the electromagnetic field, define the energy-momentum tensor of 
the electron-positron field. 
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We begin with expression (16.6) for the energy-momentum tensor 
of the electromagnetic field. As can be seen from the derivation of 
this expression, it can be applied directly to define the energy-mo- 
mentum tensor of the electron-positron field, if in it we replace the 
components of the potential A,, by the components of the Dirac functions 
y, and wy, which we regard as generalized coordinates of the electron- 
positron field. Thus, we arrive at the following definition of the energy- 
momentum tensor of the electron-positron field: 


_ OL Oy, OL oy, 
Pray = FO | d[dy,/dx,] Ox, + 6[dy,/0x,] Ox, ]° 
On substituting into this expression formulas (18.2), and on noting 


that the functions w and yw Satisfying the Dirac equation make the 
Lagrangian density vanish, we finally obtain 


1{_ oy ow 
= ny . 18.4 
T,, 5 fz dx. Ox 1.0} (18.4) 


le 


From this we see that the energy density and the momentum density 
of the field are respectively given by 


(18.4’) 


The energy-momentum tensor (18.4) in virtue of the Dirac equations 


satisfies the condition (6/dx,) T,, = 0, and this, as we already know, 
implies conservation of the four-dimensional vector 
P= —if Tg dr. (18.5) 


This vector can be interpreted as the four-dimensional energy-mo- 
mentum vector of the electron-positron field. 

The total energy and momentum of the field are obviously equal 
to integrals of w and p over all space: 


i((_. op op 
— | wd = — yt dr, 
H fo dr >| (Pr at at 18) ‘ 


(18.6) 
.f—. oy 
p=|p dr = -if pn dr. 
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We note that the tensor 7,,, is not symmetric, but that we can con- 
struct the symmetric tensor 0,,= 3(7,,+T,,), which, like the tensor 


T,,,, satisfies the equation of continuity (@9,,/0x,) = 0. 


18.2. Quantization Rules for the Electron-Positron Field 


We now proceed to establish the quantization rules for the electron- 
positron field. As has been noted earlier, we must, just as in the case 
of the electromagnetic field, regard the components of the field p as 
operators which operate in particle number space, and which obey 
definite quantization rules. However, these rules must differ from 
the rules for the quantization of the electromagnetic field (16.17). 
Indeed, from the latter it follows that the number of particles in a def- 
inite state may be arbitrary, while the Dirac equation describes particles 
which obey Fermi-Dirac statistics, and therefore their number in any 
given state may be equal either to unity, or to zero (the Pauli exclusion 
principle). 

In order to quantize the electron-positron field, we start with the 
general series expansion of y in terms of the orthonormal system of 
functions y‘*+) and y‘—) which are solutions of the Dirac equations with 
positive and negative frequencies respectively. These may be solutions 
which correspond either to free motion, or to motion in an arbitrary, 
but sufficiently weak, stationary field. In a strong field it is impossible 
to carry out the separation into positive and negative frequencies 
(cf. § 12). The wave functions with positive frequencies correspond 
to electron states, while the wave functions with negative frequencies 
correspond to positron states. We write the expansion of y in the form 


y= Sayo+ Sotyo, 


p= Satput+t Mog, O87) 


where y!*) are normalized in accordance with 


f ployer de = Dp Sans , 7 =; 


and we assume that the expansion amplitudes a,,a+, b,, b*, are not 
ordinary numbers, but operators, just as we did in the case of the 
expansion amplitudes c,, in (16.13) for the potential of the electro- 
Magnetic field, 
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We assume that a, and at, and also b, and b? are Hermitian con- 
jugate operators which satisfy the following commutation relations: 


{a,, as} = Dy ys {b,, be} = Ory» 
{a,, a,} = fat,at}=—0,  {b,, b,} = {bt, bt} — 0, (18.8) 
{a,, by} = {a,, bi} = {ar by} = {af be} = 0, 


where {A, B} = AB+BA is the anticommutator of the operators 
A and B. These relations, which are the quantization rules for the 
electron-positron field, lead, as we shall see later, to the correct cor- 
puscular picture of the field. 

By making use of the quantization rules we determine the form 
of the operators a,,at,b,,b;. We first of all find the eigenvalues 
of the operators 


(+) = at (-) = p+ 
no)=ata,, and n{-)=brb,. 


On squaring n‘+) and n‘—), and on noting that a? = b? = 0, we 
obtain 
2 + — — at 
nit? = ataata = ata (l1—a,at) = ava,, 


ni)? = bb, bt b, = bb, (1—b, by) = b+b,, 


ie., n(+2 = n+), n(-)?? = n'-), whence it follows that the operators 
n+) and n‘-) have only two different eigenvalues equal to unity and 
zero. 

We make use of the representation in which the matrices n{*) and 
n-) are diagonal; then the matrices a,,at,b,,b* can be taken to. 
be two-rowed ones, and we can write 

2 2 1, i=1, 
(A), = 2 a (Q)ni = 2! (ail? = to 7) 
(it is assumed that the eigenvalue n‘+) = 1 corresponds to the subscript 
i= 1, while the eigenvalue n‘+) = 0 corresponds to the subscript i = 2). 
Since a? = at? = 0, ie., 


(ay. = p> (a,),,(@)i. = 9, 


2 


ar n= 2 (a7) QP) = 9% 
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we finally obtain 


= gt — ytat 
a, = ry» a; = 1, a, > 


0, 0 . 0, 1 
<V1,0P "Vo, of 
where 7, is a certain matrix which does not operate on the variables 
of the rth electron state and which satisfies the condition 7+7,= 1. 


By proceeding in a similar manner we can show that the matrices 
b, and b? are of the form 


b,= 4, br = état, (18.9’) 


(18.9) 


where ¢, is a certain matrix which does not operate on the variables 
of the rth positron state, and which satisfies the condition &*é, = 1. 

In order to obtain the form of the matrices 7, and &, we arrange 
all the electron and positron states in a definite (arbitrary, but fixed 
once and for all) order, and we label these states uniquely by the subscript 
r. The matrices 7, and € must be chosen in such a way that the following 
anticommutation relations hold: 


{a,, a} = {b,.., byw} = {a,, by} = 0. 


For this it is sufficient to assume that the matrices £, and 7, (we shall 
in future denote both kinds of matrices by¢,) operate only on the variables 
of those states which precede the state r, i.e., 


¢,=¢,(01,2,...,r—-]), 
and which have the form of the product 
C, = (1) O(2) ... &r—]), (18.10) 


where € (mn) operates only on the variables of the state n. 
We now consider the anticommutator 


{a,, asi} = C0, oy 41 Op1y +0, 410,410,4, = 0. 


Since the matrices a, and a,,, refer to different states, i.e., operate 
in different spaces, they commute with each other. Therefore, the 
anticommutator {a,,a,,,}can be rewritten, on taking (18.10) into 
account, in the form 


a,f(r)+C(r)a, = 0. (18.11) 
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Thus, the matrix ¢(r) anticommutes with a,; similarly it can be easily 
shown that ¢(r) also anticommutes with at. From (18.11) it follows 
that 

[S(r), af a] = 0. 


Therefore, the matrix ¢(r) may be assumed to be diagonal in the rep- 
resentation in which the matrix ata, is diagonal, and we may write 


(a,)or(CC)ar +(CM)a2(a,)or = 0, 


1.€., 
On = —CO)e»: 
where the subscripts 1 and 2 correspond to the eigenvalues of n* 


equal to 1 and 0. This relation, together with the relation ¢+¢ = 1 
shows that ¢(r) has the following form: 


+ 
C(r)=(-1)"" "= 1-2d¥d,, 


where d, denotes both the operators a,, and the operators b,. By making 
use of (18.10) we finally obtain 


T-1 rT-1 

C= ]] Q—2dtd,)= J] G—2n"*)), (18.12) 
Tes rez] 

where n{*) = d*d,. We now show that this quantity represents the 

number of particles (electrons or positrons) in the state r. 

Thus, ¢, is equal to +1 or —1 depending on whether the number 
of occupied electron and positron states preceding the state r turns 
out to be even or odd. 

We now show that the quantization rules (18.8) lead to the correct 
corpuscular picture. In order to do this we obtain the energy of the 
electron-positron field. This quantity, like the field components, is 
an operator defined by means of formulas (18.6) and (18.7) in which 
the operators a,,a*,b,, b* obey the quantization rules (18.8). 

By making use of the orthonormal properties of the system of 
functions p‘+), p'—), we can easily show that the field energy is given 
by 

H = » e+ ata,— > eb, bt, 


where e(+) = wt), e(-) = —w'-) and w% are the frequencies of the 
corresponding solutions of the Dirac equation. By introducing into 
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these expressions the quantities n{+)= ata, and n{-)= btb,, we 
rewrite H in the form 
H= Dent Ve nl — Ye. (18.13) 
T Tr r 


This expression is not positive definite. In other words, the energy 
of the electron-positron field, both in classical theory, and also after 
the quantization rules (18.8) have been imposed on the quantities a, 
and b,, can assume both positive and negative values. 

However, we can define the vacuum state of the electron-positron 
field in such a way that the energy of the field with respect to the vacuum 
state is always positive definite. This state is defined as the state of 
lowest energy, in which all the numbers n‘*) and n‘- are equal to zero: 


<at a,>o = 0, <br bo = 0, 


q (18.14) 
{aat>g=1, <b, b7 >, = 1, 


where <L>, denotes the vacuum expectation value of the operator L. 
According to (18.13) the energy of the vacuum state 1s equal to 


E, =— >) &©, where the summation is taken over all the individual 


r 


states of the electron with negative frequencies. Therefore, the energy 
of the quantized field with respect to the vacuum state is given by 


E= H—Ey= YePnP+ Yen. (18.15) 


We see that the numbers n™ and n°, which can have the values 
0 and 1, appear in the expression for the energy of the field in the form 
of factors multiplying the energies of the electron and the positron. 
Therefore, these numbers should be interpreted as the numbers of 
electrons and positrons having respectively the energies e? and e@. 

Thus, the quantization rules do indeed lead to the correct corpuscular 
picture, since the energy of the field is equal to the sum of the energies 
of the individual particles—the electrons and the positrons. 

We note that in accordance with (18.15) the energy of the electron- 
positron field attains its minimum value (equal to zero) for n+ 
= n-) = 0 only in the case when e+) > 0, e© > 0. These inequalities 
hold both for free electrons, and for electrons in a weak external field. 
In a strong external field, as we have already seen in § 12, when the depth 
of the well exceeds a certain value V’), a negative energy e'+? <0 can 
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appear. In this case the energy of the field will be a minimum, and 
equal to e+) not when all the nm? vanish, but under the condition 
that the state of energy e‘*) is occupied, i.e., nj = 1. In this state 
the field has the charge e. When V, > V,, the energy e‘+) becomes 
less than —m, and a state of the field with negative energy and of zero 
charge is possible, in which in addition to an electron of energy e'+? <0 
there also exists a positron of energy e‘—) > 0. Moreover, the positron, 
for which the external field is repulsive, can escape to infinity, while 
the electron charge will cancel a part of the charge which gives rise 
to the external field, and will therefore reduce it. These considerations 
lead to the conclusion that the external field cannot be too strong 
(the depth of the potential well cannot exceed V,, in the example of 
§ 12). The complete solution of this problem requires a more detailed 
investigation of the interaction between the electron and the source 
of the external field, taking into account the energy and the charge 
states of the latter. But this already goes beyond the limits of applica- 
bility of the very concept of an external field. 

We now show that the matrices a,(b,) and a*(b{) have a simple 
physical meaning, and represent annihilation and creation operators 
for an electron (positron) in the state r. Indeed, if we denote by ®,«) 
the wave function (or the state vector), which describes n‘t? electrons 
in the state r, we can write 

aPw= Ow, nP=l, 
" , (18.16) 
ay Pcs) = Prcr4rs AP = 0, 

In a similar manner we can show that b, and b* are annihilation 
and creation operators for a positron in the state r. 

We write the nonvanishing matrix elements of the particle annihila- 
tion and creation operators as 


(ayer. noo = br Va, 
(AP )ncd-41, ac?) =6, VnP+1, 

(baa, 00) = br Vn, 
(D7) 41, a0 =, pnO+. 

If we write the operators y and » in the form 
y=A+Bt, p=At+B, (18.18) 


(18.17) 
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where A and B+ comprise the terms in the expansion of the operator 
wy which respectively contain positive and negative frequencies, while 
A+ and B play a similar role in the case of the operator y, then in accord- 
ance with (18.17) we can conclude that A and B are electron and pos- 
itron annihilation operators, while A+ and B* are electron and positron 
creation operators. In other words, yw is an electron annihilation opera- 
tor and a positron creation operator, while w is an electron creation 
operator and a positron annihilation operator. 

We return to the expansion (18.7) and examine in greater detail 
the very important case when the external field is absent. In this case 
we can start with the expansion of py into plane waves, describing states 
of definite momentum p and polarization r: 


1 ; 
v5 d, aru) e?= + b+(p)u"(—p)e"**}, 


(18.19) 
_ it _ _ 
P= D, {at (pa (pe ™*+b,(p)5(—p)e™}, 
} pir=1,2 
where the spinor amplitudes u(p) and v(—p) satisfy the equations 
(ip+m)u(p) = 0, 
(—ipt+m)v(—p) = 0 
and the orthogonality and normalization conditions 
4 


» us(p) ur (p)* = Orr's 
e=1 


; (18.19’) 
Dy Ui(—p) us (—p)* = One ‘ 
e=1 


We note that without loss of generality we can assume that 
the solution v’(—p)exp(—ipx) is charge-conjugate with respect to 
u'(p) exp(ipx), 1.e., 

v(—p) = Cu(p), v(—p) = Ctu(p). 


The energy and the momentum of the free quantized electron-pos- 
itron field with respect to vacuum can be represented as 


E= 2 epee Mp)» 

pee (18.20) 
P= 2» pogptnp), 

pr=1,2 
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where nf}? and nf are the numbers of electrons and positrons of 
momentum p and polarization r. 

We note in concluding this section that the quantization of the 
electron-positron field in accordance with the rules (18.8) is in accord 
with the quantum mechanical description of a system of electrons by 
means of a wave function which is antisymmetric with respect to the 
coordinates and spins of each pair of electrons. 


§ 19. Anticommutators of the Electron-Positron Field. Chronological 
and Normal Products of Field Components. Current Density 


19.1. Commutation Relations for Field Components 

We now establish the commutation relations satisfied by the field 
operators yw and wy. In order to do this we use the quantization rules 
(18.8) for the operators a,, a7, b,, by. 

From (18.8) it follows, first of all, that 

{ya(X)s Ye) = 0,  {Pal%), Pa(%')} = 0, (19.1) 

i.e., the operators y, and y, anticommute, and so do the operators », 
and ,. 

Further, we determine the anticommutator {yp,(x), y,(')}. On 
making use of the expansion of y into plane waves, we obtain 


(Pal), Pg (X)} = 5 » ul p)us(p) (2-2) 


piT=1,2 


1 _ , , 
+o Dupe —pe PO. (19.1) 
pir=1,2 
We evaluate the following sums which appear in the preceding expressions: 


1 
° \ YT 3at (z—2’) 
ISB —*') = 6 >» wal Pyup pe” ; 
I (19.2) 
iS —x’) = __ r(__ aT ( —tp(z—z") 
— 154 (x x’) a 2, oak P)v5( pe 


On noting that in accordance with (10.28) and (10.33) 
_ 1 a 
Dy usp) ij (P) = — 5, Pap» 
r=1,2 


Y apap) = +). 


r=l,2 
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we can write the functions S#,(x) in the form 


. 1 TY 1 7A ipr 
—iShO) = — 7 2 sp PM ape? 


7) 1 1 ine 
a cd 
; 1 1 A ; 
—iSza(x) = O S5-( ip —m),,e~'?7 
P 


1, 
=| d m| | y' e7tP, 
“ 


Yu Bx pis ke 


On making the transition from summation to integration over p and 
on utilizing the definition of the functions 4,(x) we obtain finally 


a La, 

S#(x) = ~(,g2-—m)4.09 = +im)A.~@), (19.3) 
a 

where p == —iy,,{0/0x,]. In accordance with (17.47) the functions S+(x) 

can also be written in the form 


(x) = —4(P—m), A (0) £IA1@))- (19.3’) 
On utilizing these formulas, and also relation (19.1’), we obtain the 
following relation for the anticommutator {y,(x), p,(x')}: 


{p, (x), Ve (x'‘)} = —iS yg (x— x’), (19.4) 
where 


Sap (X) = Sh)+SG(0) = (, < m| Aw) (19.5) 
“ ap 


and A(x) is defined by formula (17.37). 
We note that from (19.4) the following relation is immediately obtained: 
(yr, 9), FO, O} = O59 0-8’), (19.6) 
in which both operators y, and wy; refer to the same instant of time. 
The functions S3,(x) have a simple physical meaning: they are 
vacuum expectation values of the products of the field components 
Pax) pax’) and p(x’) p,(x). Indeed, by utilizing the expansions (18.19) 
and formulas (18.14), we can easily show that 
Pa) 7p (%')o = —iSea(X—>'), 
Vp X)V.A)0 = —iISag(x—x’). 
From these expressions and from (17.47) it follows that 
Cty), Ys Wo = Sapx—x’), (19.8) 


(19.7) 
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where 3 
SG(x) = — bv. go-—m| 10). (19.9) 
17] q, 
19.2. Chronological and Normal Products of Operators of the Elec- 
tron-Positron Field 


We now define the chronological and the normal products of the 
operators of the electron-positron field, analogous to the corresponding 
products of the operators of the electromagnetic field, which are need- 
ed for our subsequent development. 

If y,(x,) and g(x) are any two eomponents of the field operators 
y and y, then their chronological product denoted by T(q,(x,)p2(x2)), 


is defined as follows: 

Pil%1)P2(%2), > he, 
Tria) (x2) ~ (posdetey h<k. 
We note that in contrast to the chronological produet of operators 
of the electromagnetic field the chronological produet of operators 
of the electron-positron field changes sign when the operators y, and 
Q are commuted. This is in accordance with the difference in the com- 
mutation rules for the electromagnetic and the electron-positron fields. 
The chronological product of an arbitrary number of field compo- 

nents @1(X1), Po(Xe), ---» P,(%,) is defined by the formula 


T (7,(21) p22) ) = Op, (1) M1, %4,) 1 Di, (x,,)> (19.11) 


where the operators 9, (x,), 9;,(%),) .-. are arranged in chronological 
order, ie., so that 4, >t, >... and dp is equal to +1 or —1l 
depending on whether the permutation (1, 2, ...) > (4, %,...,%,) is 
even or odd. 

The chronological product of field operators defined in this manner 
is relativistically invariant. Indeed, if the interval between the points 
is time-like then this assertion is obvious, since in this case the inequality 
t, > tg in the K system leads to the inequality 4, > f, in the other 
system K’. We therefore consider the case when the interval between 
x, and x, is space-like, with the inequality t, > f, holding in the K coor- 
dinate system, and the inequality 4 < 4, holding in the K’ coordinate 
system. Then in the K system the 7-product of the operators g,(x;) 
and g(x.) can be written in the form 


T(p,(24) P2(X2)) = 9 (X1) p(X), th > te. 


(19.10) 
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It would appear that on the basis of this definition we should write 
the 7-product in the K’ system in the following form: 

Toda) = ONC) f§ <h, 
where g; and gy, are the values of the field operators in the K’ system. 
At first sight this expression contradicts the definition of the T-product, 


since if in the K’ system t; < #3, then in accordance with (19.10) the 

T-product in the K’ system should be written in the form 
Tiered) = —ioadeD, 4 <G. 

However, actually the two expressions are identical, since for a space-like 

interval the operators gy; and gy, anticommute. 

We consider also the normal product of field operators in which 
the particle annihilation operators are placed to the right of the particle 
creation operators. If y= A+B+t, y= A*+B, where A and B are 
respectively the electron and positron annihilation operators, while 
A+ and Bt are the creation operators for these particles, then the nor- 
mal product of the operators y,, y.,..., denoted by N(y, po...) IS 
defined by the distributive law N(pyp2(A+B+) ys --.) = N(y,y2Ays.--) 
+N(p yy. Btys ...) and by the rule, according to which 


N(Z, Z, ... Z,) = OpZ, Z,, Ly 
where each of the operators Z,, Z,,... is either a particle creation 
operator (A+, B+) or a particle annihilation operator (A, B), with 
these operators arranged in the right hand side of (19.12) in such a way 
that the creation operators are placed to the left of the annihilation 
operators and 6, is equal to +1 or —1 depending on whether the per- 
mutation (1, 2, ...,”) > (i, i, ...,%,) is even or odd. 

We give examples of N-products: 
N(v%)~0)) = N[(AG)+B+ (0) (A+O)+B0))] 
= —A*(y)AQ)+AQ) BG) 
+Bt(x) At(y)+Bt(x) By), 
N(9O)¥O)) = AtO)AG)+BO) AC) (19.13) 
+-A+(y) Bt(x)—Bt (x) By), 


N(v(x) v0)) = vu), 
Nv) YO) = ¥ODVO). 


(19.12) 


n? 
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From this and from the field quantization rules (18.8) it follows that 


N(p)¥O)) +N (PO) yd) = 0. 


We shall show that, just as in the case of the electromagnetic field, 
the difference between the chronological and the normal products 
of the operators of the electron-positron field, which we shall call the 
pairing of these operators, does not contain any particle annihilation 
or creation operators and represents a c-number. 

We consider the pairing of the operators y,(x) and y,(x’). By utiliz- 
ing the expansions (18.19) and the quantization rules (18.8), we obtain 


—iSig(x—-x'), ff <8, 


19.14 
iSaa(x—x’), ft >t, ( ) 


Ty) %y)} Nv) = | 


where the functions S3,(x) are defined by formulas (19.2). In accord- 
ance with (19.3) and (17.39) this expression can be written in the form 


Ty, (x) G5 (x'))—N (v2) _(%")) = S8(x—x'), 19.14’) 
where 


S909 = —(r,e-—m) 4°00, (19.15) 


and A*(x) is defined by formulas (17.36) and (17.39). 

By proceeding in a similar manner we can show that the pairing 
of the operators p, and y,, and also of the operators y, and y, vanishes. 
Thus, the following relations hold: 

pa(x) pg(y) = Sige), 
pa (y) pax) = —Sige—y), 
pa(x) pay) = 9, 
ya(x)¥s) = 9, 
where yy% denotes the pairing of the operators 9, and g, (in place 
of the superscript a we shall also use other letters of the Latin alphabet). 

Since the expectation value of the normal product of any field opera- 
tors py, and gy, is obviously equal to zero in the vacuum state (N(~, 2) 
— 0, then the expectation valuc in this state of their chronological prod- 
uct coincides with the pairing of the operators g, and 9, 


(Ti G2) 0 = PIF: 


(19.16) 


210 QUANTUM ELECTRODYNAMICS 


In particular, we have 
<T(yq(X)P_))0 = Skg(x—Y). (19.17) 


We expand the function S°(x) into the Fourier integral 


Sé,(x) = 1/Qn)! f Se_(p)e'* dtp. 
By utilizing the expression (19.15) for the function S{,(x) and (17.36), 
we obtain 


Saa(P) =F oat (19.18) 


This formula will play a particularly important role in subsequent 
developments. 

Since —(ip—m)(ip-+-m) = p?+m?, the function S%,(p) can be rep- 
resented in the following symbolic form: 


S(p) = — », moam— id. (19.18) 
ip+m 
In this expression we do not explicitly write in the denominator the 
imaginary quantity —i\y|, |n| + 0, but we regard the mass m as complex 
with an infinitesimal negative imaginary part. 
From formulas (19.15) and (17.36’) it follows that S°(x) satisfies 


the following equation: 


oA, . A . o 

(ip+m) S*(x) =— id(x), p= —iy, Syn (19.19) 

fe 

Thus, iS‘(x) is the Green’s function for the Dirac equation. 
We also note that the function S*(x) can be expressed in terms of 


S +(x) and S~(x) or in terms of S(x) and S(x) in analogy wtih A°(x): 
Sx) = —i(6(x) St(x)—0(— x) S~(0)) = HSM O)—iE(x) S(X)).- (19.20) 


In evaluating the pairings of operators we have expanded p and 
y in terms of plane waves. However, we could have started with the 
general expansion (18.7) of the operator py in terms of the complete 
system of functions y‘t+) and w‘-), which represent the electron eigen- 
functions in some stationary external field. Such an expansion has 
to be used if the external field cannot be regarded as a perturbation, 
but must be taken into account exactly in the electron wave functions. 
On repeating the calculations leading to (19.14’) it can be easily shown 
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that in this case the pairing of the operators w,(x) and y,(x') is defined 
by the following general formula: 


DSVOOPP), t <t, 
p(x) yR(x’) == SER (x, x) = (19.21) 
—SyPWMep i), >t. 


We note that the function iS‘°(x, x’) is the Green’s function for 
the Dirac equation for an electron in an external field. 


19.3. Electric Current Density 

In § 9 we have introduced the electron current density vector s AX). 
On multiplying this vector by the electron charge e we obtain the four- 
dimensional! electric current density vector for a single electron: 


dy = YY Y- (19.22) 

If in this expression we interpret y and yp as the operators of the elec- 

tron-positron field, then the vector j, can be interpreted as the electric 
current density associated with the electron-positron field. 

We note that the electric current density vector is related by a simple 
expression to the Lagrangian of the electron-positron field: 


. OL _- OL 

j= nie asec Wa ad, [ox] . (19.23) 

Indeed, on substituting into this expression the expressions for the 

derivatives 6L/0(dy,/6x,) and dL/0(6p,/0x,) from (18.2), we obtain 
(19.22). 

Formula (19.22) shows that the charge density e = —i/, and the three- 

dimensional current density j are defined by the following expressions: 


o=epyyp=epty, j= iepyy=epray. (19.24) 
As may be easily seen with the aid of the Dirac equations (18.3) they 
satisfy the equation of continuity 


a 


(0) t 
7 =—0 12.22 
Ox, Ju ( ) 


The total charge Q associated with the field is given by 


Q =fedr= ef ptpdr. (19.25) 
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On substituting into this expression in place of y and » the expansions 
(18.7) and on utilizing the quantization rules (18.8) and also the orthonor- 
O properties of the functions y!*) and wy‘) we can easily show that 

= = ed ata +d b, b+) = e(d) n+ 2D) (l—n‘-)), where n‘+) and 
n\—) are ‘the numbers of electrons and of positrons in the corresponding 
states. On setting n'+) = n‘—) = 0 we obtain the charge in the vacuum 
state Q, =e) 1, where the summation is taken over states of nega- 


tive frequencies. 

This quantity is, evidently, infinite. Therefore, just as in the case 
of our discussion of the energy of the electron-positron field only the 
charge of the field with respect to vacuum has a meaning. This quantity, 
equal to 


q=0-0,=e Sint)—e Sn, (19.26) 


represents the sum of the charges of the individual particles—the elec- 
trons and the positrons. 

The foregoing expressions for the energy and for the charge of the 
vacuum can be interpreted in the following manner: The vacuum repre- 
sents a state in which all the negative energy levels of an individual 
electron are filled. This infinite ‘“‘negative sea’’ of electron is not directly 
observable in itself, but under the action of various external fields an elec- 
tron can make a transition from a state of negative energy to a state of 
positive energy (this will obviously require an energy not less than 2mm), 
giving rise to a “‘hole” in the infinite negative sea of electrons, which 
will behave as a particle of positive energy, with its charge opposite 
in sign, but equal in absolute value, to the electron charge. Such a “‘hole”’ 
in the infinite negative electron distribution can be interpreted as a pos- 
itron, while the creation of the “‘hole,”’ i.e., the transition of an elec- 
tron from a state of negative energy to a state of positive energy, can 
be interpreted as the creation of an electron-positron pair. 

In the theory of the quantized electron-positron field there exists 
a possibility of defining the current density in a somewhat different 
manner, viz., in such a way that the charge in the vacuum state is equal 
to zero. Indeed, with the aid of the operators ,(x)y,(x’) and —y,(x’) 
y(x) which differ only by a c-number, we can construct the four-vector 


I) = SG daal BDV —VpCDBAC), (19.27) 
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which, like the vector (19.22), satisfies the equation of continuity (19.22’). 
Therefore, this vector can be regarded, with as much justification as 
the vector (19.22), as the electric current density associated with the 
electron-positron field. As can be easily shown, the total charge of 
the field will in this case be given by 


q= =i [ igdr = 5S at. al-> Y bbt, bd =e Vath —e Val, 


T Tr 


This expression does not contain the infinite charge of the vacuum, 
and coincides with expression (19.26). 
Formula (19.27) may be written in the following abbreviated form: 


1,0) = 590), 7,0) =F (BO), 0@—¥O)F 009), 19.27) 


where }, is the matrix transposed with respect to y,. On introducing 
the charge-conjugate field operators 


p(x) = Cox), px) = C1) 
and on noting that in accordance with (10.8) we have 
p(x), PO) = PX) rv) 


we can put formula (19.27’) in the form 
1) = 5 6)? 0O—-PO), VR). (19.28) 


This expression will remain unaltered if we replace the operators yx) 
and 7(x) by the charge-conjugate operators and at the same time reverse 
the sign of the charge e. 

We now show that the current density can be written in the form 
of a normal product: 


j,A2) = ieN (p(x) 7, pO). (19.29) 
In order to do this we substitute into (19.27) the expressions 


yx) = A,()+BHx) and (x) = AFQ)+B,0), 
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where A(x) and B(x) stand for the terms in the expansion (18.19) con- 
taining positive and negative frequencies, respectively: 


jul) = 5 aa Ba 2)¥p) HF.) 


= Ey dapl AEC) 4p @)+At@) BE O)+B 0) Ag) 


+B, (x) Bs (x) Ag (0) AZ (2) —Ag(2) B, (2) BF (x) Ad (@) BS (x) B,@)). 
On utilizing the quantization rules (18.8) and formulas (10.28), (10.33), 
we can easily show that 

{At(x), B}(x)} = {A,@), B,(x)} = 0, 
1 _ lol ua 
{AZQ) AG} =_ Dd’ MOBO) =~ 5,@—™Map, 
P 


p:r=1,2 


(B,C), BHO} = YD spy) = Yo tap. 
P 


pr=l1,2 


Therefore we have 


ju) = fey ,)ag(Ad (x) Ap (x) +B, (x) Ag (x) + AZ (x) BF (x) — BF (x) B, (x) 


. 1 1 a vy las 
+ Yaa 70 (> a, (iP +M),.3-—- a 3 Pm) . 
The first term in this expression represents, in accordance with (19.13), 
the normal product of the operators p,(x) and y,(x), while the second 


vanishes, since (y,),q = 0. 


§ 20. General Properties of Wave Fields 


20.1. Wave Functions of a Field and the Lorentz Group 


In the preceding sections we have studied in detail the properties 
of the electromagnetic and the electron-positron fields. The theory 
of these fields can be generalized to the case of wave fields describing 
particles of arbitrary spin. Such a general theory of wave fields may 
be of importance in connection with the existence of mesons and of 
other particles. On the other hand, a general theory of wave fields will 
enable us to understand more clearly the uniqueness of the structure 
of the theory of the electromagnetic and the electron-positron fields 
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within the framework of present physical ideas. Therefore, in this and 
in the following sections we shall discuss certain general properties 
of wave fields. 

The field is defined at the point x(x,, x2, x3, X,) by one or by several 
functions (x), which are called the wave functions of the field. In 
principle, the number of such functions may be infinitely great. The 
wave functions of the field satisfy certain differential equations— the 
field equations—which must be invariant under Lorentz transforma- 
tions. 

Since arguments associated with relativistic invariance play an 
important role in the theory of wave fields, we shall recall here the 
main properties of Lorentz transformations. 

We shall give the name of the Lorentz group to the set of transforma- 


tions 
x, = 1x (u,v = 1, 2, 3, 4) (20.1) 


or, in abbreviated form, x’ = lx, which leave invariant the quadratic 
form s? = —x2 = —x)?, which have a determinant equal to unity, and 
which do not reverse the direction of the time. 

The Lorentz group is sometimes referred to as the proper Lorentz 
group in contrast to the fu/] Lorentz group which, in addition to the 
elements contained in the proper Lorentz group, also contains elements 
associated with the inversion of spatial coordinates. We can say that 
the full Lorentz group represents the set of all the transformations 
(20.1) which preserve the magnitude of the interval, which have a de- 
terminant equal to +1 and which do not reverse the direction of the time. 

The wave functions of the field y,(x) are defined in each coordi- 
nate system, with the functions y,(x’) in the system K’ being expressed 
linearly in terms of the functions y,(x) in the system K: yj (x’) 
= Sip; (x), x= lx, or, in abbreviated form, 


p(x’) = SvQ). (20.2) 


The linearity of this transformation is associated with the equivalence 
of inertial coordinate systems. We note that the arguments of the func- 
tions y/ and y, are related by the Lorentz transformation. 

The matrix S is defined by the Lorentz transformation which trans- 
forms the coordinate system K into the coordinate system K’: 


S= S(l). (20.2’) 
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Since the transformation from the system K to the system K’, fol- 
lowed by a subsequent transformation from K’ to a new system K”, 
is equivalent to a direct transformation from K to K” the following 
relation holds: 


S(I’) S(1) = S(1'1), (20.3) 


where |’ is the Lorentz transformation which transforms the coordinate 
system K’ into the coordinate system K”. This equation shows that 
the set of transformations S of the wave functions w gives a representation 
of the proper Lorentz group! in wave function space. We denote 
this space by R and the representation by D, (the number of dimensions 
of the space R is equal to the number of the functions y and may be 
elther finite or infinite). 

If for the wave functions of the field we choose some linear com- 
binations of the y, y, = A,¥, or, in abbreviated form, g = Ay, then 
the new wave functions will transform like 9,’ = Ayy,;’ = Aj Sx, 
= A,,S;, Az y, or, in abbreviated form, gy’ = ASA @. Thus, by mak- 
ing a new choice of the wave functions we go over from the represen- 
tation of the Lorentz group |S to the representation /— ASA~1. 
Since both these representations are associated with the same field 
they are equivalent from a physical point of view; therefore such rep- 
resentations are said to be equivalent. 

If the wave functions y, can be divided into two classes: y,, Po, -.-; 
YW, And Priis Vero. +» Y, In Such a way that under Lorentz transforma- 
tions the functions of each class go over into linear combinations of 
functions of the same class, i.e., 


k 
wy; = » Si; G= 1, 2, 5k), 
j=l 


y= » SyY;, (= k+1,k4+2,...,n). 


J=k+1 


? We recall that if G is any group. and if we set in correspondence with each 
element g; of the group an operator Tg, in such a way that To, To, = To,0, then 
the correspondence g -> Ty is said to be a representation of the group G. The number 
of dimensions of the space in which the operators T, operate is said to be the 
dimension of the representation. 


ELECTROMAGNETIC AND ELECTRON-POSITRON FIELDS 217 


then the representation D, is said to be reducible. It is clear that every 
reducible representation can be made up of representations of lower 
dimensions. If the latter are in turn reducible, they can be further broken 
up into representations of still lower dimensions. By repeating this 
process we finally arrive at the irreducible representations into which 
the representation Dz can be decomposed. Thus, in order to characterize 
the representation Dp, it is sufficient to specify the irreducible repre- 
sentations of which it is composed, and to specify the number of times 
that any such representation occurs in Dp. 


20.2. Irreducible Finite-Dimensional Representations of the Lorentz Group 


In order to obtain all the irreducible representations of the Lorentz 
group it is sufficient to discuss the infinitesimal Lorentz transformations, 
i.e., the transformations which are “infinitely close’ to the identity 


transformation: 
xi, = XE Xy> lEnw | <i, (20.4) 


Since the interval x2 is an invariant, then in the first approximation 
the matrix ¢,, must be e,, = —e,,, which is antisymmetric. Therefore, 
the number of independent parameters defining an infinitesimal Lorentz 
transformation is equal to six. 
We denote by S(¢,,) the matrix S which in some representation 
of the Lorentz group D, corresponds to the transformation (20.4). 
On expanding S(e,,) into a series in powers of €,,, and on restricting 
ourselves to the linear terms we obtain 
S(e,,)= 14+ Dewl,=I+4e.b.. Iw=-l (04) 
h>y 

where | is the unit matrix. The matrices [,, are called the infinitesimal 
operators. They completely determine the representation of the group. 

The derivation of the infinitesimal operators is based on the follow- 
ing theorem: The commutator of two infinitesimal operators 


[,. > 1] = Li lig— Li Ly 


is equal to the sum of infinitesimal operators multiplied by certain 
coefficients c, which are the same for all the representations of the 
group (185): 

a> Lael = 2 Gyre: bar 


218 QUANTUM ELECTRODYNAMICS 


The coefficients c can be obtained if at least one representation of 
the group is known. By choosing the Lorentz group itself as a repre- 
sentation of the Lorentz group we can show that the infinitesimal 
operators of the Lorentz group satisfy the relations 


Lay» Lgl = 9.0L a- by1u,—9 wade + Oya Lio (20.5) 
Or 
irs Land = S:mlim —inlim— Stem lin + 91m Lien» 
(ans Tan) = Seman — Sn lain» (20.5’) 


la» 1 P| = —ITkn> 


where k, /, m,n = 1, 2, 3. 

We note that I,,,(/, m = 1, 2, 3) represent the infinitesimal operators 
of the rotation group. For the wave field defined by the Dirac equation 
the infinitesimal operators can be expressed in terms of the matrices 
y (cf. § 9): 

Lav = BYP) 


Relations (20.5) enable us to determine the form of the operators 
I,,- Indeed, we introduce the operators 


L, — —+ Cima Linn (, m,n= 1, 2, 3), (20.6) 


where e,,,, 1s the antisymmetric unit tensor of the third rank. Then 
we have 
Lin = ie I 


mnp~p 


and the relations (20.5) assume the form 
(I, IJ= ~~ lepys I,, 
[lap L,J= —_ — ly I,, 


(lp, I] = Ions Ty; 
From this it follows that the operators 


X, = 30,+iL,), Y,= $0,—i1,,) (20.7) 
satisfy the following commutation relations: 
[X,, X,] = ie nse Xe, 

[Y,, Y¥.] = le, Yes (20.7) 


[X,, Y,]=0. 
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We see that the operators X, commute with the operators Y,, 
and that both the former and the latter satisfy the same commutation 
relations. These relations coincide with the commutation relations 
for the operators of the components of angular momentum. From 
this it follows that in their properties the operators X, and Y, do not 
differ from the operators of the components of angular momentum. 
In particular, it is possible to choose a representation in which the 
operators X, and X* = X}+ X2+ X3, and also Y, and Y? = Y?+ Y2+ Y2 
will be diagonal. We denote the eigenvalues of the operators X, and 
Y, by m, and m,; as is well known, they can assume the values 


m;= —j,—j+ js m= —k, —k+1,..k 208) 


where j and k are positive integers or half-integers. The numbers ; 
and k determine the eigenvalues of the squares of the “angular mo- 
menta’ X? and Y’, which are equal to j(j+1) and k(k+1). 

Thus, the infinitesimal operators of the Lorentz group are completely 
determined by the two numbers, j and k, which can independently 
take on integral or half-integral values. 

As is well known, rotations of coordinates in ordinary three-dimen- 
sional space correspond to certain linear transformations of the eigenfunc- 
tions of the operators representing the square of the angular momentum 
and one ofits components. These transformations form a representation 
of the rotation group. We can now say that the transformations of 
the Lorentz group correspond to certain linear transformations of 
eigenfunctions of the operators X;, X*, Y,, Y*, which form a representa- 
tion of the Lorentz group. This representation, which turns out to 
be irreducible, is denoted by t ~ (/, k). The dimension of the representa- 
tion t ~ (j,k) is equal to the number of eigenfunctions of the opera- 
tors X3, X?, Y3, Y¥%,; ie., (2/+1) (2k+1). 

We note that if we go over from the wave functions y to the complex- 
conjugate functions y*, then the operators I, are replaced by the 
operators I*%, if wu,» = 1,2, 3, and by —I*,, if one of the subscripts 
u,v= 4, while the operators X,, Y, are replaced by the operators 
X, =—Y*, Y, =—X*. These operators differ from Y, and X, only by 
a unitary transformation. Therefore, if the functions y transform 
according to the representation t ~~ (j,k), then the functions y* will 


transform according to the representation t*~ (k, /). 
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Let the functions y® and y{” transform according to the representa- 
tions t) ~ (j,, k,) and +? ~(j,, k2); then the functions y{? y® will 
also transform according to some representation of the Lorentz group 
which, however, will not be irreducible. It is called a direct product of 
the representations t and +) and is denoted by 1x1. The 
direct product of representations can be decomposed into irreducible 
representations in accordance with 


Cas ka) X Cas) = DC 8) (20.9) 
where j and k assume the values 
J=lh—hel, lAr—Jel+1, --.5fitJe, 
k= |ky—ke|, | ki—ke|-+1, ..., tke. 
In particular, we have 


(j, 9)x (0, k) = (j,k). (20.9°) 


An irreducible representation of the Lorentz group t ~(j, k) can 
be regarded, generally speaking, as a reducible representation of 
the rotation group. In order to decompose: the representation t ~ (j, k) 
into irreducible representations of the rotation group, we consider the 
operators I, representing the infinitesimal operators of spatial rotations. 
According to (20.7) they are related to the operators X, and Y, by 
I, = X,+Y,. Since the operators X, and Y, commute, the eigenvalues 
m of the operator I, are equal to the sum of the eigenvalues m, and 
m, Of the operators X, and Y,, while the eigenfunctions y,, of the 
operator I, are equal to the product of the eigenfunctions P3,m; ANd Py, my 
of the operators X, and Y, 


Am = Pim Primes M= m+m,. (20.10) 
From this by utilizing (20.8) it can be easily shown that m may assume 
the values 
m= —l, —!1+1,...,1, 
where 
l= |j—k|, |j—K|+1, ..., +k. 
Spatial rotations correspond to linear transformations of the 2j+1 


functions 9,,,,,. These transformations give an irreducible representation 
of the rotation group of dimension 2j+1, which we denote by D,. 
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In a similar manner the functions Px,m, transform under rotations 
in accordance with the representation D,. 

If one of the numbers k or j is equal to zero the representation 
t ~ (j, k) regarded as a representation of the rotation group reduces to 
the representation D, or D,: 


(j,0)=D, and (0,4) =D,. 


It follows from (20.10) that the representation t~(j, k) regarded as 
a representation of the rotation group is equal to the direct product 
of the representations D, and D, which decomposes into representa- 
tions D, with /= |j—k|, |j—k|+1,..., +k, 


G,k)=D,;XD,= 3) D, where [= |j—k|,...,j-+k. (20.11) 


The number of these representations is equal to 2j+-1, if ;<k, and 
to 2k+-1, if k<j. 

We can say that the representation t~(j, k) regarded as a rep- 
resentation of the rotation group is equivalent to representations 
according to which the eigenfunctions of one of the components of 
the angular momentum of a system consisting of two particles with 
angular momenta j and & transform under rotations. 

We must differentiate between single-valued and double-valued 
representations of the Lorentz group. In the case of the single-valued 
representations a spatial rotation through the angle 27 corresponds 
to the identity operator 1, while in the case of the double-valued rep- 
resentations it corresponds to the operator —1. It can be shown that 
the representation t~ (j,k) will be single-valued if the numbers 2] 
and 2k have the same parity, and double-valued if the numbers 2] 
and 2k are of opposite parity. The single-valued representations are 
also called tensor representations, while the double-valued representa- 
tions are called spinor representations. Quantities which transform 
according to tensor representations are called tensors, while quantities 
transforming according to spinor representations are called spinors. 

We give several examples. The representation + ~ (0, 0) corresponds 
to a scalar. A vector transforms in accordance with the representation 
t ~ (4, 4). A symmetric tensor of the second rank with a trace equal 
to zero transforms according to the representation t~(l, 1) (the 
vanishing of the sum of the diagonal elements of the tensor is necessary 
because this sum is itself an invariant, and if it differs from zero then the 
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tensor does not transform according to an irreducible transformation). 
The antisymmetric tensor of the second rank transforms according 
to the representations t ~~ (1,0) and t~ (0, 1). The Dirac bispinor 


(*) which was investigated in subsection 9.3 transforms according 


to the representations t~(4,0) and t~ (0, $). 

Quantities that transform according to the irreducible representa- 
tions of the Lorentz group t ~ (j, k) can be divided into four classes: 
(1) the class +1 with integral j and k, (2) the class —1 with half-integral 
j and k, (3) the class +e with integral j and half-integral k, and (4) 
the class — ¢ with half-integral 7 and integral k. 

If a quantity w which transforms according to the irreducible rep- 
resentation D, can be represented in the form of a sum of quantities 
belonging to the same class, then we say that the quantity p also belongs 
to this class. 

It can be easily shown that tensors with an even number of indices 
belong to the class + 1, while those with an odd number of indices belong 
to the class —1; in particular, a vector belongs to the class —1. 

Multiplication of quantities belonging to different classes is carried 
out in accordance with Table 8. 


TABLE 8 
+] -1 +e —eE 
+1 +1 —1 +e —€ 
es ee (20.12) 
+e TE —é +1 1 


—€ —é Te —1 +l 


If a quantity y that transforms according to the representation 
t ~ (j, k) belongs to the class +1 or to the class —1, then the complex- 
conjugate quantity that transforms according to the representation 
t* ~(k,7j) belongs to the same class as y. However, if y belongs to 
the class +e (or —e), then y* belongs to the class —e (or +e). 


20.3. Energy-Momentum Tensor and Angular Momentum Tensor 


Just as in the case of the electromagnetic and the electron-positron 
fields we assume that the wave field, regarded as a generalized dynamical 
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system (176), can be made to correspond to a Lagrangian represented 
by the volume integral of a Lagrangian density L(y, dy/0x,). The 
latter depends on the wave functions of the field y and on their first 
derivatives with respect to the coordinates and the time, but does not 
explicitly depend on x. 

The integral of the Lagrangian with respect to time is called action. 
It can be represented in the form of an integral of ZL over the four- 
dimensional volume Q: 


J= | Ly, ya, (20.13) 
2 


where yp , = dy/0x,,. 

We assume that the principle of least action holds, according to 
which the action must be an extremum for actual motion, 1.e., for those y 
which satisfy the field equations. Since these equations must be relativis- 
tically invariant, the function Z must also be relativistically invariant. 

The total variation of the action resulting from varying both the 
wave functions of the field and the boundaries of the region of inte- 
gration is given by 


bJ = J (Geer ae sates f tix ds, 


where the second integral is taken over the hypersurface x’ bounding 2, 
while 6x, represent the variation of the boundary coordinates. On 
integrating by parts the second term in the volume integral we can 
rewrite OJ in the form 


iT = i (2 8 OF 5 dey f (24 oys-tax,)d, (20.14) 
ay Ve, “ 
2 


Ox, oy a 


We consider first of all the variation of the action in the case of 
fixed boundaries and assume that the variation of the wave functions 
at the boundary is equal to zero. In this case the second integral vanishes, 
and by equating to zero the variation of the action we obtain the 
Lagrangian equations for the wave functions of the field y,: 


7) OL OL 
Ax, O(Oy,/Ox,) Oy, 


The actual “motion” of the field must satisfy these equations. 


=0. (20.15) 
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We now consider the variation of the action in the case of actual 
motion, by assuming that the region of integration 2 together with 
the wave field is subjected as a whole to an infinitesimal translation 
or to an infinitesimal rotation. The action will obviously be unaltered 
in this case, i.e., the variation of the action dJ will be equal to zero. 

In the case of an infinitesimal translation, i.e., of the infinitesimal 
transformation of coordinates 


f 
x, 7X, = Xen 
where €, is an infinitesimal four-vector, the wave functions are subjected 
to the infinitesimal transformation 


vx,) > V'%,) = P%,—ey) = YO) — EY a 
whence it follows that 
by = yp-y = TEP a 


On substituting this value for the variation of the wave function 
together with 6x, =e, into the surface integral (20.14) we obtain 


bJ = $e,T,, do, = 0, (20.16) 
where 
aL dy, aL 
T =16 —-y “= er 6 ee ; 
wy we Pan Gy D6, dx, 5(dy,/dx,) (20.17) 


This quantity is a four-dimensional tensor of the second rank to which 
we Shall give the name of the energy-momentum tensor. 
It follows from (20.16) that 


f T,, do, = 0. (20.16’) 


On assuming that the volume 22 is bounded by two hypersurfaces oriented 
orthogonal to the time axis, i.e., do, = do, = do, = 0, and do, = —idr, 
where dr is an element of three-dimensional volume, we obtain from 
(20.16’) the conservation laws 


—i| T,,dr = P,, = const, (20.18) 


where the integration is carried out over the total volume of the field, 
and the contributions from the surfaces at infinity are assumed to 
vanish. 
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Formula (20.18) shows that P, is a four-vector. It is called the energy- 
momentum four-vector of the field. The spatial components of P, 
define the momentum of the field P, while the time component divided 
by i is equal to the energy of the field H. 

The energy density of the field is evidently equal to w= —Ty,. 
This expression can be obtained by analogy with classical mechanics 
if we use the well-known expression for the energy of the system 


A= > PG —L, 


. . OL. 
where L is the Lagrangian and p, = oa is the momentum canon- 
i 


ically conjugate to the coordinate q,. In field theory we must replace 
q, by y, and p, by 6L/dp,, and in this way we obtain the following 
expression for the energy density: 


w= p(dL/dy,) -—L = —-Ty,. 


We note that the energy density, as a rule, is not positive definite, 
and that the condition —T,, >0 holds only for certain special fields. 
By applying Gauss’ theorem to the surface integral (20.16’) we 

obtain 
OT ,,/0x, = 0. (20.19) 


wy 
Thus, the four-dimensional! divergence of the energy-momentum tensor 
vanishes. By utilizing this relation it is possible to prove the conser- 
vation of the vector P,, as was shown in § 16. 

We note that if we add to T,, a quantity of the form dy,,,/0x, where 
Py, is any third rank tensor antisymmetric in the indices » and A, then 
the four-dimensional divergence of the tensor 


T= Fy t(6/0X4) Prova 
will vanish just as in the case of the tensor 7,,,, where 
(0T,, /ox,) = 9. 
Therefore the replacement of the tensor 7, by the tensor Ti, will not 


lead to any change in the total energy or the total momentum of the 
field. In particular, y,,, can be chosen in such a way that the tensor 


T, will be symmetric. 
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We now consider the variation of the action resulting from an 
infinitesimal rotation which corresponds to the infinitesimal Lorentz 


transformation given by 


X;, 1 XT EyyX » 


where ¢€,, is an infinitesimal antisymmetric tensor. The wave functions 
in this case transform in accordance with (20.4), 
y'(x,) = WX, Ey, x,)+ BE ny luv PX)» 
where I, are the infinitesimal operators of the Lorentz group; from 
this it follows that 
Sy = PO) —PO) = Ep Pp BE Lav 

On substituting this expression for the variation of the wave function 
together with the expression 6x, = €,,x, into the surface integral (20.14) 


we obtain 


f (2 op+tex,) de, = stot M,,,40,=0, — (20.20) 
OW 
where 
OL 
M wo = Xp Ty, Te Gy Tw? (20.21) 
»Q 
Thus, we have 
f M,,,.4a, = 0, 
whence it follows that 
) 
ay M 4,9 = 9- (20.22) 


u 
The third rank tensor M,,,, 18 called the angular momentum tensor. 


On assuming that the hypersurface in (20.20) is oriented orthogonal 
to the time axis we obtain the conservation laws 


—if M,,,,dr = M_, = const. (20.23) 


From (20.23) it follows that the quantities M,, form a second rank 
tensor. This tensor is the angular momentum rene for the whole 
field. We shall show later that the term X,,T,.—X,T 9 in (20.21) for 
M can be interpreted as an “orbital” angular momentum, while 


VQ 
the term —(0L/dy,)I1,,p can be interpreted as a spin angular momentum. 
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We note that if we symmetrize the energy-momentum tensor of 


the field, i.e., if we find such a tensor Xwor = —Xuig for which the 
tensor 
Ox 
ww = Ty ax, (20.24) 


will be symmetric, then 6,, = 6,,, then with the aid of the tensor by 
we can define the angular momentum tensor as 


M iyo = Xp np —%y Dug: (20.25) 


HY,Q fe" ¥@ 
In virtue of the equality 6,,= 6,, the divergence of this tensor van- 


ishes and 
OM jy, of OX, = 0, 


and therefore the tensor M,,, defined by formula (20.25) leads to 
the correct value for the angular momentum of the whole field. 

We shall refer to the tensor 6,, as the symmetric energy-momentum 
tensor in contrast to the tensor T,,, to which we shall refer as the canonical 
energy-momentum tensor. 

We now show how ,,, can be obtained. On substituting (20.24) 
into (20.25) and on utilizing the definition of M,,,,, we obtain 


OL 
xX, Oh y9,/0X,—X, O% upal OXa = oy, 1,,p+(6/0x,) (x, Oy a Xyor) 
(to the right-hand side of this equation we have added the nonessential 
term (0/0X,) (%%roa—Xy%nor)» Whose divergence with respect to the 
subscript @ vanishes). From this it follows that 


OL I 
Avon Auer = oy wY¥ 
“2 
and, consequently, that 
1 OL 
Xvoun — - —L,,yt+a, w? 
eu 2 OY. f a 


where a,,,, is for the time being an arbitrary tensor satisfying a,,,, = Qgy- 
We choose this tensor in such a way that the tensor z,,,, will be antisym- 
metric with respect to the subscripts e and yu. It can be easily seen that 
1{ oL éL OL 
‘*A | I Ty . 


Kure — 9 oy, en? Oy, ue Oy 
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20.4. Current Density Vector 

The wave functions of the field may be real or complex. In the 
latter case the Lagrangian contains both the functions y, and the 
complex-conjugate functions y* which must be treated as independent 
of y,. Therefore, in the case of complex fields the energy-momentum 
tensor and the angular momentum tensor should be written 


OL OL 
Ty = Lb, oy pa. aye” (20.26) 
and 
OL OL 
M v.9 = Xu lag % Tjo— “OY. LY _ Sue Tey” . (20.27) 


We assume that in the case of complex fields the Lagrangian density 

is invariant under the transformation (149) 
popper, pro ph = pres, (20.28) 
where a is an arbitrary real constant. 

We consider the variation of the action for actual motion by assuming 
that the infinitesimal transformation (20.28) dy = iday, dy* = —iday* 
has been performed. Obviously the variation of the action in this case 
vanishes, and in accordance with (20.14) we obtain 


éL ob, ; f oL éL 
jy. = iba ¢ | y— 2S -y*| do. 
f(s Sot syn bv") do, = 18a (3 Gye? }¢s, 


From this it follows that 


In other words, if we define the vector 


J, = ale (s-v--S-v, (20.29) 
where e is a constant, then its divergence will vanish. 

Just as in the case of the electron-positron field we interpret JAF, #0) 
as the electric current density four-vector associated with the field; 
its spatial components j define the spatial current density, while its 
time component @ is the charge density. Later we shall show that e 
represents the charge of the particles associated with the field. 
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In the case of real fields the current density vector vanishes. There- 
fore, real fields which do not admit the transformation (20.28) describe 


neutral particles. Charged particles are always described by complex 
fields. 


20.5. Relativistically Invariant Field Equations 


Free fields obey the superposition principle and, therefore, satisfy 
linear differential equations which in virtue of the homogeneity of space 
and time must have constant coefficients. 

Without loss of generality we can assume that the differential equa- 
tions of the free field are homogeneous equations of the first order, 
since equations of higher order can be reduced to equations of the first 
order if we include the derivatives of y among the wave functions of 
the field. Equations of this type can be obtained from a variational 
principle with a Lagrangian density quadratic in y: 


1 é 0 

L= —=—|y*A ——y——— y* —xy*B 20.30 
2 (v An Gx, Gx, Aw} eee”) 
where A, and B are certain matrices and x is a real constant different 
from zero.! Since L is a real quantity, the matrices A, and B must 


obviously satisfy the following conditions: 
A,= —A?t (k=1,2,3), A,y=AzZ, B=B?. 
On assuming that B has an inverse matrix (singularity of the matrix 
B corresponds to a zero rest mass of the particle) we can introduce 
the matrices [’., = B~1 A, and write L in the following form 


1j_,, op dy — 
— —.|pr - —- —x 20.30 
L 2 (wi ie Ox, OX, I, »} KYY, ( ) 
where y = y*B. By varying y and y’ independently we obtain the Lagran- 


gian equations 


ny Oy ow _ 
a tbey = -—=— xy = 0, 20.31 
Pe ag, FRO at eee) 
or 
OY, A __ OY, 7 — _— 0 
L ik ox, =v, 3 x, d wie FHV, ’ 


where the subscripts i and k label the wave functions. These equations 
are obviously generalizations of the Dirac equations (73). 


1 The case x = 0 corresponds to particles of zero mass. 
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We now investigate the conditions for the relativistic invariance 
of the Lagrangian density (20.30). Under the Lorentz transformation 
x’ = Ix (i.e., x, = 1,,x,) the wave functions undergo the transforma- 
tion y’(x’) = Sy(x) and the Lagrangian density assumes the following 


form: 


= —4(vasea S (sy) = (y*S*) Aso] —xy*S+BSy, 
where A(6/dx) = A,,(0/6x,).In order that this expression should coincide 
with expression (20.30) it is obviously necessary that certain conditions 
should be satisfied: StAlS = A, S*BS = B. On substituting A = BI’ 
into the first condition we obtain /’= ISI’S~1 or I", = 1,,SI°,S—}. Thus, 
in order that L should be relativistically invariant the following condi- 
tions must be satisfied: 
l,=1,,SL,8S-+ and S*BS= B. (20.32) 


It is obviously sufficient that these conditions should be satisfied 
in the case of the infinitesimal Lorentz transformation /,,, = 6,,+-€ 


ur? 
E,, = —&,,- In such a case in accordance with (20.4) S = 1+3¢,,L,, 
and the conditions (20.32) assume the form 
WW, L= Ont Oy" a5 where Le, yA= 1, 2, 3, 4, (20.33) 
IiB+BI,,=0, If,,B—BI,,=—0, where k,/=1,2,3. 
In particular, from this it follows that 
I k— [J 4> Leal, (20.34) 


IfB—BI,=0, k=1,2,3. 


The following expressions for the energy-momentum tensor, the 
angular momentum tensor and the current density vector correspond 
to the Lagrangian density (20.30'): 


1l({_,, op oy 
T,=- ee i 
ue 2 (wr "Ox, OX, | , 


1/. —— (20.35) 
M iv. 0 = xX, T,.—*, Tyg ty yh Lye, of > 


j,=iewly, 
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where 
I, = BUISB. 
The components M,,,. for “,y=1,2,3 can also be written in 
the form 


I _ 
M:,. = Xx T.—%, T+ Cv PL dt Ind 9) Ys k, l, m= 1, 2, 3. 


(20.35’) 

We now proceed to determine some general properties of equations 
(20.31). We note, first of all, that the same equation (20.31) can be 
satisfied by wave functions describing different fields, for example, 
a scalar and a pseudoscalar field. Therefore the field is charaeterized 
not only by the matrices [’,, but also by the representation D,, aecord- 
ing to which the wave functions y transform. 

The derivatives dp/0x, evidently transform according to the repre- 
sentation which is the direct product of the representation D, and 
the representation (4, 4) according to which the four-vector x transforms. 
On the other hand, in accordance with equation (20.31) the quantities 
I’,,6y/éx, transform according to the same representation as yp, i.e., 
in accordance with the representation D,. In other words, the repre- 
sentation D, is contained in the representation D, xX ($,4). From 
this it follows that if an irreducible representation (j, &) of the Lorentz 
group is contained in the representation Dz, then D, also contains 
at least one of the four irreducible representations 


Thus, D, cannot be an irreducible representation, except in the case 
x = 0. For example, in the case of the Dirac equation (with x # 0) 
D, is decomposed into two irreducible representations (4, 0) and (0, $). 

If we decompose the representation D, into irreducible representa- 
tions t~ (j, k), we can assert that the sum j+-- will be either integral 
or half-integral in all the representations. 

We now determine the masses of the particles described by equation 
(20.31). In order to do this we consider the solutions in the form of 
plane waves in the rest system of the particle p(x) = pe‘, where 
€) is the rest energy of the particle and py is a constant; the substitution 
of yx) into (20.31) yields 


ely —xy = 0, (20.36) 
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whence it follows that e) = (%/A,), where 4, is a nonvanishing eigenvalue 
of the matrix ,. This formula shows that the possible values for the 
mass of the particles described by equation (20.31) are given by 

b= (20.37) 
where A, can be taken equal to any one of the nonvanishing eigenvalues 
of the matrix I°,. 

Thus, in principle equation (20.31) describes particles of different 
masses. In order that it should describe particles of only one value of 
the mass it is necessary that the matrix J’, should have only one non- 
vanishing eigenvalue. 

The matrix J, commutes with the infinitesimal operators I,,(7, k = 
1,2,3). Therefore one of these operators, for example, I,, = iI, and 
I’, have common eigenfunctions. We denote them by 9, ,,, where m 
is an eigenvalue of I,. As we already know, this quantity may assume 
the values m,= —l/,,—1,+1,...,1,, where /; determines the square 
of the “total angular momentum” J? = 1?+13+]}. Thus, the eigen- 
values A, are, generally speaking, degenerate with respect to the “‘mag- 
netic” quantum numbers m,, with the degree of degeneracy of the 
eigenvalue A, being equal to 2/,+1. 

As has been pointed out previously, spatial rotations correspond 
to linear transformations of the eigenfunctions of the operator Is, 1.e., 
of the 2/,+1 functions 9,,,,, (with different values of m, and the 
same value of A,). These transformations form irreducible representa- 
tions of the rotation group D,,. We can therefore assert that particles 
of mass 4, = x/A, have spin /,. Thus, the spin is determined by the degree 
of degeneracy of the nonvanishing eigenvalues of the matrix °,, with 
each value of the mass in principle corresponding to its own value of 
the spin. We can also say this differently, viz., that the spin is deter- 
mined by the number of independent solutions of the system of equa- 
tions (20.36) corresponding to a definite value of €, i.e., to the definite 
eigenvalue A,. The number of these solutions is evidently equal to 2/,-++ 1. 
(For example, in the case of the Dirac equation the number of inde- 
pendent solutions is equal to two in accordance with the fact that the 
electron spin is equal to 4.) 

Since the representation t~ (j,k), regarded as a representation 
of the rotation group, decomposes into representations D, with / lying 
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between |j—k| and |j+k|, the spin will be integral or half-integral 
depending on whether the number j+< is integral or half-integral. 

We now show that the particle spin is determined by the term 
—(0L/6y,,)1,,y in the expression (20.21) for the angular momentum 
tensor or by the term 


47,1, ¥—L,, 1 ,¥) 
in the expression (20.35). In order to do this we determine the energy 
and the angular momentum of the field in the case when the field con- 


tains only one particle at rest. 
In accordance with (20.35) the energy of the field is given by 


H= —| Ty, dr = —3{ dr GI (Op/0x,) —CplOx,) Py). 
On substituting into this expression y = y exp(—ie, t), and on assum- 
ing that the volume of the field is equal to unity, we obtain 
= eof Way dr = egpOl yp. 


Since the field contains only one particle the function y must be nor- 
malized in accordance with the condition 


[por py] = 1. 
We note that under this condition we obtain for the charge of the field 


the value Q = +e. Indeed, the charge of the field Q is given in accord- 
ance with (20.35) by 


o= | inde=el wipdr= xe 


Thus, as has been stated earlier, the constant e in the expression (20.29) 
for the current density vector can be interpreted as the charge of the 
particles. 

We now obtain the component of the angular momentum of the 
field along the x-axis. In accordance with (20.35’) it can be written 


Mi, = —if Myp,4 dt = 4{POLALL YY dr, 


since the first term in (20.35’) vanishes for a particle at rest. But the matri- 
ces I’, and I, commute, and therefore 


My, = foladsy dr. 
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Since y is a common eigenfunction of J’, and I;, we have 
My, = m | pl yp dr = m, 


where m is an eigenvalue of I;, or the component of the spin along 
the x-axis. 

We note that in addition to fields transforming according to the 
finite-dimensional representations of the Lorentz group we cannot, 
in principle, exclude the possibility of the existence of fields transform- 
ing according to infinite-dimensional representations of the Lorentz 
group. Particles described by such fields can exist in states with different 
values of the mass, and, as a rule (73), the masses tend to zero if the 
spin | > co, 


20.6. Wave Equations for Particles of Spin Zero and Unity 


The simplest example of relativistically invariant field equations 
is given by 


e 2 (4 e 2 38 
oem) ae 7m y= 0, (20.38) 


where ¢ is a scalar function of the coordinates and the time. Such an 
equation in virtue of the scalar nature of m describes particles of spin 
zero; the mass of the particles is evidently equal to m. 

We now show how this equation may be brought into the general 
form (20.31). In order to do this we introduce in addition to @ the four- 
vector yp, = (1/m) (dy/0x,,). Then equation (20.38) is replaced by 


Oy 
Ox, 


Oy, 
Ox 


in 


+myy = 0, —~ 


+my,=0, (20.39) 


where py) = mg. This system can be written in the general form (20.31) 


(5, 2-+m)y =0, (20.40) 


Ox, 


where p is a five-component wave function consisting of yp and y,, 
while B,(u = 1,2,3,4) are four five-rowed matrices which, as can 
be easily seen, satisfy relations (51), (104): 


BB, Bot BoB,B, = Sw Bo> OB, (20.41) 
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In this case the representation D, consists of the representation (0,0) 
according to which transforms the scalar y 9, and the representation 
%,%) according to which transforms the vector YP, 

The wave equation (20.38) can be obtained from a variational prin- 
ciple if for the Lagrangian density we take 


p* ay 
L= _ 2o*m |. 
( ax, ax, + mp °} (20.42) 
On taking 
aye ; OY 
= — (Sey evs ax, PPA MYS Vo (20.43) 


and on assuming that in carrying out the variation the functions 
Wor V0 Yo» Ye» are independent, we obtain equations (20.39). 
The Lagrangian (20.42) corresponds to the energy-momentum tensor 


_ dg* dp | agy* op 
= ae Ox, t Oxy Ox, tom aie 


and to the current density vector 


eC * 
i,= e( te ror E). (20.45) 


We note that a pseudoscalar field can be treated in a manner similar 
to the scalar field. In such a case we simply replace the scalar » by the 
pseudoscalar @,,,, antisymmetric in any pair of subscripts. 

We now consider the wave field describing particles of spin unity 
(158). Such a field is characterized by the four-vector y, whose compo- 
nents satisfy the equations 


2 
0 - n°}, 0 and 2% 9, (20.46) 


Because of the subsidiary condition dg,/dx,— 0 imposed on q, this 
field describes only particles of spin 1. Indeed, we consider the free 
field in the form of the plane wave y, = yp exp(ipx). It follows from 
(20.46) that p?--m? = 0 and p,p? = 0. If we go over to the coordinate 
system in which the particle is at rest, i.e., if we set p = 0, we obtain 
go = 0. Thus, in this system the wave field is described by a three- 
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vector. Under spatial rotations it transforms like a vector (according 
to the representation D,) and consequently describes particles of spin I. 
If we introduce the antisymmetric tensor 
—~ | ep oy 
= (1/)/ wate 
then the equations (20.46) are replaced _ the system 


OW, as 
— = ase = 0 20.47 
ox, +my, 0, Ox, 4 Oe éx, +m MY, = 9 ( ) 
where yp, = ymQ,,. This system can, in turn, be written in the general 
form (20.31) if we interpret y as a ten-component wave function con- 
sisting of the veetor and the antisymmetric tensor y,,: 


(6.22 a +m) —0 (20.48) 


Here 8, are four ten-rowed matrices which, as may be easily shown, 
satisfy the same relations (20.41) as the five-rowed matrices 8, appearing 
in the equations for a particle of spin zero. 

Equations (20.47) can be obtained from a variational principle if 
for the Lagrangian density we take 

1 0 0 1 {opt dy m 
Lm — ote — He) 3 (ee emi, 
(20.49) 

and in carrying out the variation regard the quantities p,, Wi, Puy» Pus 
as independent. 


The Lagrangian density (20.49) corresponds to the energy-momentum 
tensor 


oy Oye 
T., = Lo, Ox, Vt Gx, ox : Vow (20.50) 


and to the current density vector 
Ju = ie CO ee > Dou) . (20.51) 


Equations (20.40) for particles of spin zero and equations (20.48) 
for particles of spin unity can be obtained with the aid of the following 
Lagrangian density which is of the same form for both kinds of particles: 


1/_, dy a _ 
L=-— — —mipy. 
5 (v8, ix, — ox, A.v| mpy (20.52) 
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This Lagrangian density corresponds to the energy-momentum tensor 


_l(-, Y  & 
T.,, + (pe, ix, Gx, pv] (20.53) 


and to the current density vector 


j, = lepBy, (20.54) 
where 

B= v*Q6I-1) 
and the matrices f, are defined by relations (20.41). 


§ 21. Quantization of Fields. Connection between Spin and Statistics 


21.1. Nondefiniteness of the Charge in the Case of Integral Spin and 
of the Energy in the Case of Half-Integral Spin 

We now show that in the case of a wave field describing particles 
of integral spin it is impossible to introduce a positive definite charge 
density, while in the case of a wave field describing particles of half- 
integral spin it is impossible to introduce a positive definite energy 
density (149). 

We first of all consider fields describing particles of integral spin. 
In this case y transforms according to the representation D, which 
decomposes into representations t ~~ (/, k) with integral j+k. Therefore 
wy contains functions only of classes +1 and —1 which we respectively 
denote by y‘t? and wy‘-). The basic field equation satisfied by y can 
be written in terms of the Fourier components of y in the form 


(iI',k, +x) y = 0, 


where k, is the propagation vector (we assume that wy ~exp(ikx). 
This equation can be decomposed into two equations: 


iD, )41, +1 kyo + IDs, -1 ky + nyt) = 0, 
iD )-1, 1k, ye + iD )-1,41k, yo + xy) = 0, 


where (/",)s3,+1 are the elements of the matrix J’, operating on the 
functions y'*), It can be easily shown that 


DQ 41, +1 — (D1, = 0. 
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Indeed, since the propagation vector belongs to the class —1, then in 
the case of nonvanishing (J’,).1,;1 and (/’,)-1,-1 the first and the 
third terms in each equation would belong to different classes, but this 
is impossible. 

Thus, in the case of integral spin the equations have the form 


i(,)41, -1k,y aylth = 0, 


21.1 
iD ,)-1,41k,~™ + “yr == 0. 


We see that the role of the matrices J’, consists of relating functions 
of different classes. 
Equations (21.1) are invariant under the transformation 


kK, — —k,, yith > apt) and yu as —ay, (21.2) 


where a is an arbitrary constant. It can be easily shown that a may 
be taken real. Indeed, the functions p't)* and yp‘—)* transform in 
the same way as the functions yt) and y‘—; therefore from the point 
of view of relativistic invariance conditions of reality for y+) and 
wy'—-) can have the form 


1) __ 1 ¢ —1)* — -1 
yrh* = yD and yl-D* = yl-9, 


In order that these relations should remain valid under the transforma- 
tion (21.2) it is clear that a must be real. Without loss of generality 
we can take a = 1 and rewrite the transformation (21.2) in the form 


ky ky pM yO, Py, 213) 


We can construct different tensor quantities with the aid of the 
functions y't+)), w'—-») and their derivatives. For subsequent development 
we shall be interested in the structure of such tensors quadratic in y. 
If we go over to the Fourier representation, then the problem reduces 
to the construction of tensors with the aid of yt and k,, with these 
tensors being required to be quadratic or bilinear forms in yp. 

We start by constructing the even rank tensor T,,,,. Since such 
a tensor belongs to the class +1, it can have only the structure 


Ton) ~ SRV YED yD 4 VV Vy Dp Vevrlyevy(-v, (21.4) 


where N are integers (we do not include terms containing y‘+))* and 
w‘-)* since they also belong to the classes --1 and —1). 
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The odd rank tensor T,y,,,) belongs to the class —1 and, conse- 
quently, has the following structure: 


Tiont3y) ~ SRV yD yD 4 Vent y(Vyl—D 4 SEAN yl FD yl, 
(21.5) 

We now investigate the behavior of these tensors under the transfor- 
mation (21.3). It is clear that this transformation does not alter T,.,), 
but reverses the sign of Tyon41)- 

In particular, the transformation (21.3) reverses the sign of the 
current density vector j,,. In other words, to each solution of the field 
equation there corresponds another solution with the opposite sign 
of the current density components. Therefore, in the case of particles 
of integral spin we cannot introduce a positive definite particle density 
which transforms like the fourth component of a four-vector. 

Thus, we have proved the nondefinite nature of the charge density, 
and consequently of the total charge, in the case of particles of integral 
spin. 

We now consider fields deseribing particles of half-integral spin. 
In this case j+k is a half-integer and the functions wy belong to the 
classes +e and —e. We denote them respectively by y't® and y'-®. 

In place of equations (21.1) we now obtain the following equations 
(in terms of their Fourier components): 

ID Dae, —eK pO +p? =0 and iL), 4k, pto+xy'? = 0, 

(21.6) 
where (I",).,<, are the elements of the matrix J’, operating on the 
functions y+"), These equations, like equations (21.1), are invariant 
under transformations of the form 


k, > —k,, pit) => ap!t®), yi) > —ay'—9) (21.3’) 
but in contrast to the case of integral spin, when a was real, we must 
now regard a as a purely imaginary quantity. Indeed, from the point 
of view of relativistic invariance the conditions of reality in the case 
of half-integral spin can have the following form: 

pitt = yl, yl-o* = yl+e (21.7) 
while the following conditions are impossible: 
prot a ylte),  yl-o* = yl-9), 


since p‘+#)* belongs to the class —e, while p‘~*)* belongs to the class +¢. 
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On substituting into (21.7) the transformation (21.3’) we obtain 
a= —a*, 

Without loss of generality we can assume that a= i, and rewrite 
(21.3’) in the form 


k, > — Kus pits) > iy't®, yl) a —iy'-9), (21.8) 


We now investigate the structure of the tensors that can be con- 
structed with the aid of y‘*® and k,, if they are either quadratic or 
bilinear in y. By utilizing the multiplication table (20.12) we can easily 
show that these tensors must have the structure 


T (on) ~ » Kany te ylte) AN yy) + Set y (+2) ple) , 
Tan-+1) ~w >» FeNtly(+ey(te) 1 Sav Lyle) yl) + VN y+) yi) 


(we have not included terms with y't*)" and y*", which belong to 
the classes —e and -+é). 

We now investigate the behavior of these tensors under the transform- 
ation (21.8). It is clear that this transformation does not alter J),., 
and reverses the sign of 7,,, in contrast to the transformation (21.3) 
which does not alter the even rank tensors, and reverses the sign of 
the odd rank tensors. We, therefore, conclude that in the case of particles 
of half-integral spin it is impossible to introduce a positive definite 
energy density, and consequently a positive definite total energy. 

From the assertions which we have just proved it does not neces- 
sarily follow that in the case of integral spin there always exists a pos- 
itive definite energy density, and that in the case of half-integral spin 
there always exists a positive definite charge density. On the contrary, 
it can be shown that only in the case of spin $ is it possible to introduce 
a positive definite charge density, and only in the case of spin 0 and 
1 is it possible to introduce a positive definite energy density (it is 
assumed here that the matrix J’) is brought into diagonal form). 


(21.9) 


21.2. Quantization of Fields for Integral and Half-Integral Spin. Pauli’s 
Theorem 


From the impossibility of introducing a positive definite particle 
density in the case of integral spin, and a positive definite energy density 
in the case of half-integral spin, there follows a very important physical 
conclusion, which is that within the framework of the one body problem 
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it is impossible to formulate a theory based on relativistically invariant 
field equations. In other words, a wave field must be associated not 
with a single particle, but with a whole set of particles. Moreover, 
the wave functions must be regarded not only as functions of the coordi- 
nates and the time, but also as operators operating in particle number 
space. We shall refer to them as the operators of the quantized field. 

If we start by considering single particle states then, as is well known, 
we must distinguish two possible cases, viz., when each such state may 
contain an arbitrary number of particles, and when the number of 
particles may not exceed unity. In the former case we say that the parti- 
cles obey Bose-Einstein statistics, and in the latter case that they obey 
Fermi-Dirac statistics, and we call the particles respectively bosons and 
fermions. 

In order that the field equations should describe either bosons 
or fermions the operators of the quantized field must satisfy definite 
commutation relations. By generalizing the results of §§ 16 and 18 
we can say that the commutators of the quantized wave field leading 
to bosons, and the anticommutators of the quantized wave field leading 
to fermions, must be c-numbers. 

We shall now prove the following fundamental theorem due to 
Pauli: wave fields describing particles of integral spin must be quantized 
in accordance with Bose-Einstein statistics, while wave fields describing 
particles of half-integral spin must be quantized according to Fermi- 
Dirac statistics. 

We consider some physical quantity f(x) (for example, current 
density or energy density) at the two points x,(r,, it;) and x2(rz, ity) 
separated by a space-like interval st, = (t,—t2)?—(ry—Fe)? <0. Since 
during the time |¢,—1/,|a disturbance propagated with the speed of light 
from the first point will have travelled a distance |t;—?,| which is smaller 
than (r,;—r.)?, the second point cannot experience an effect due to 
the first point. Therefore measurements at two points separated by 
a space-like interval cannot influence each other, while the operators 
corresponding to the quantities f(x,) and /(x,) must commute. 

In the case of fermions the wave functions y do not themselves 
have a direct physical meaning, since spinors, in general, in view of 
their transformation properties under rotations can be defined only 
up to their sign (they change sign as a result of a rotation through 
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an angle 2 x, cf. § 9). Therefore, in the case of fermions, only quantities 
quadratic in y have physical meaning, and it is these quantities that 
must commute at points separated by space-like intervals. This commu- 
tativity will exist if the corresponding commutators or anticommu- 
tators of the field operators vanish. 

A similar conclusion can also be drawn in the case of fields describing 
bosons. However, in the case of bosons, in contrast to fermions, the 
wave functions can have a direct physical meaning. In this case the 
commutators of the boson field operators must vanish if the points 
to which these operators refer are separated by a space-like interval. 

We assume that the commutators or the anticommutators of the 
fields y,(x,) and y+ (x,) are c-cnumbers which vanish when (x,;—x,)? > 0. 

From the homogeneity of space-time it follows that the commuta- 
tors [p,,y¢]_ and the anticommutators [y,, yt]. can be functions 
only of the difference of the coordinates x,—X,, i.e., 


ly, (x1), pt (x2). = G,,(%1— 2), (21.10) 


where G,,(x) is a c-function. Our problem consists of showing that 
in the case of integral spin this relation contains a commutator, while 
in the case of half-integral spin it contains an anticommutator. 

We assume that each operator y, contains quantities belonging 
to only one of the classes +1, —1, +e, —e. In the case of integral 
spin these will be quantities belonging to the classes +1 and —1, while 
in the case of half-integral spin they will be quantities belonging to 
the classes +e and —e. Since complex conjugation leaves quantities 
belonging to the classes +1 and —1 in the original class, and transforms 
quantities of the class +e into those of the class —e, and vice versa, 
then by using the multiplication table (20.12) we can conclude that in 
the case of integral spin the quantities y,y*+ must belong to the class +1, 
while in the case of half-integral spin they must belong in the class —1. 

From this we can conclude that independently of how the fields 
must be quantized, 1.e., independently of whether the commutator 
or the anticommutator appears in (21.10), the quantities G,,(x) must 
be tensors of even rank in the case of integral spin, and tensors of odd 
rank in the case of half-integral spin. 

The structure of these tensors can be easily determined. Indeed, 
we assume that the field wy describes particles of a single value of the 
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mass m. Then we have available only the one scalar function 4 (x) (cf. 
§ 17), which vanishes for x? > 0: 


A(x) = anf / elpr 


If we differentiate A(x) once with respect to the coordinates x we obtain 
a vector, if we differentiate it twice we obtain a second rank tensor, 
etc. Therefore, in the general case the tensor G,,(x) has the structure 
G,,(x) = Fi) (a/dx) A(x), where F'™)(0/dx) is a differential operator 
containing derivatives with respect to x, multiplied by constant coef- 
ficients; m is the order of the highest derivative which coincides with 
the rank of the tensor G,,(x). 

We can, thus, rewrite expressions (21.10) for the case s =r in the 
following form: 


sinet 


dp, e=ym+p’. 


| ° } 4eu—m, 2(j+k) = 2N, 
mn Ox, 
[p,(%), pF Ia = ; a: 
| Fa (2) A(x x), 2-+K) = 2N41, 
1 

(21.11) 
where the upper line refers to the case of integral, and the lower line 
to the case of half-integral spin (N is an integer), and where, as can 
be easily shown, F@” (A/€x) and F@"'» (G/dx) respectively contain 
derivatives of only even or odd orders. 

We now consider the expression 
K(x,—x,) == [y,(), vf 2) +1, Oo), oF Cali» 
symmetric in x, and x,. Since A(x) is an even function of the spatial 
coordinates and an odd functions of the time 
A(r, t) = A(-r, j= —A(r,—d), 

the symmetric quantity K(x,—x,) must contain an even number of 
derivatives of A(x,—x,) with respect to spatial coordinates and an 
odd number of derivatives with respect to the time, i.e., an odd total 
number of derivatives. This is possible, as can be seen from (21.11) 
in the case of half-integral spin, and is impossible in the case of integral 
spin if only F,,(@/dx) differs from zero. We therefore conclude that 
in the case of integral spin K(x,—x,) must vanish and 


[y, (4), vt x) + ly, Oo), ve (x))4 = 0, 2(j+k) = 2N. (21.12) 
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But this equality evidently cannot be satisfied if it contains anticommu- 
tators, since in this case the left hand side of the equaiton is essentially 
positive for x, = X,. 

Thus, we have proved that in the case of integral spin the commu- 
tation relations for the operators of the quantized field must contain 
commutators, i.e., they must be of the form 


[y, (1), yr (x2))-. = F,, ( < 


fax and = 2(j+k) = 2N. (21.13) 
1 

By utilizing the results of quantizing the electromagnetic field we can 
conclude from this that the number of particles associated with the 
field under consideration and existing in a definite state can be arbi- 
trary. This means that particles of integral spin obey Bose-Einstein 
statistics. 

From the arguments just presented we cannot conclude that in 
the case of half-integral spin the anticommutator of the operators 
of the quantized field must be a c-number, i.e., we cannot conclude 
that particles of half-integral spin must obey Fermi-Dirac statistics. 
Formally the commutator can be a c-number also in this case, L.e., 
formally we can carry out the quantization of the field in the case of 
half-integral spin in accordance with Bose-Einstein statistics. However, 
we must keep in mind that the energy of the field in the case of half- 
integral spin is not positive definite, and since the energy of free particles 
must be positive, it follows from this that quantization in the case of 
half-integral spin must be carried out in accordance with Fermi-Dirac 
statistics together with the requirement that all, or practically all, the 
states of negative energy (we have in mind the single particle states) 
must be occupied, or, in other words, we must from the outset introduce 
the concept of the field vacuum in which all the single particle states 
of negative energy are occupied. 

Thus, in the case of half-integral spin the commutation relations 
for the operators of the quantized field must contain anticommuta- 
tors, i.e., they must be of the form 


(renewed), = Fa 2) AGi—a9 and 2(j+k) = 2N+1. 


Ox, 
(21.14) 
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21.3. Inversion of Coordinates and Time Reversal 


The transformation of the propagation vector k, > —k,, which 
we utilized in a purely formal manner in proving the nondefinite nature 
of the energy in the case of half-integral spin and of the charge in the 
case of integral spin, acquires an easily visualizable meaning if we go 
over from the momentum to the coordinate representation, viz., such 
a transformation corresponds to an inversion of the coordinates and 
time reversal 

Xp — Xp (21.15) 

This transformation, together with the corresponding transformation 
of the components of the wave function, is permissible in the case 
of the equations for the free fields, but the theory as a whole (including 
the commutation relations and the interaction between the fields) 
turns out to be noninvariant under the transformation (21.15) alone. 
Such invariance can be achieved, as will be shown later, if the transfor- 
mation of the field operators associated with the inversion transforma- 
tion x, + — x, is supplemented by a transition to the transposed 
operators. This may .be clearly seen on the example of the electromag- 
netic field with which we begin our discussion. 

We assume that the transformation (21.15) corresponds to the 
transformation of the operators for the potentials of the electromag- 
netic field 


A, (x) 7 A,@’) = —A,(), where x’ = —x. (21.16) 
The equations for the free electromagnetic field 
C2 


are invariant under the transformation 

akg 
-—75 A(x’) = 9, 
Ox, a 


while the commutation relations 


[A.(%1), A, %2)] = — 16, D Qa) (21.17') 
are altered. Indeed, on replacing in expression (21.17’) x by —x, and 
on substituting into it A,(—x) = — Aj) we obtain 


[Aj.Q41), Ay %2)] = — 8,2 (— 11%), 
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and since we have D(—x)= — D(x), then 
[Aj.(%1), A, (%)] = id, D (X,—X.). 


However, it can be easily shown that if we go over from A/,(x) to the 
transposed operators A®(x)== A/7(x) (the index T denotes the trans- 
posed operator), then the latter will satisfy not only equation (21.17), 
but also the commutation relations (21.17’). Indeed, since (AB)? 
= BTAT, then 

[AP (x), A? (x2)] = —16,,D (x1 —Xp)- 


We thus see that the operators A,(x) and A7(x) satisfy the same 
equations of motion and the same commutation relations. From this 
we can conclude that they are connected by a unitary transformation 


Ai (x) = VA,@)V™, 


where V is a unitary operator V+ = V7, operating in particle number 
space. This relation can also be rewritten in the following form: 


A(x) = UATQ)U2, U=V™, (21.18) 


where A/(x) = —A,,(—x). 

The form of the operator U can be easily obtained. On utilizing 
the expansion of A,,(x) into plane waves (16.13), and on noting that 
in accordance with (16.18) cf,=cg,, we obtain A7(x) = A,(—x), 
ie., —A,(x) = UA,(x)U. Therefore the operator U satisfies the 


relations 
Uc,,U 1 = —c,. (21.19) 


Since the operator U obviously commutes with the operators N,, 
= Cj,C,, we can regard it as diagonal in the representation in which 
the N,, are diagonal. Therefore it follows from (21.19) that the values 
of U corresponding to two consecutive values of N,, are related by the 
expression (U)y,.41= —(U)y 43 and from this we can conclude that 
U = (—1)*%sa, (We note that this operator coincides with the operator 
of charge conjugation for the electromagnetic field, cf. § 23, formula 
(23.29).) 

We now investigate the manner in which the operators of the free 
electron-positron field transform under an inversion of coordinates 
and a reflection of the time. 
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On writing this transformation in the form 


p(x) = Ov(—x), (21.20) 


where O is a matrix which we call the inversion operator, and on using 
the Dirac equation 


b.2 = — tm} y(a) = =0, 


we obtain 
d 1 
ax +m]O7ty'(x) = 0. 


In order that this equation reduce to 


<< 
the operator O must satisfy 
y,O+0y,=9, w=1,2,3,4. 
Since the operation of inversion applied twice in succession must not 
alter the spinor, i.e., must reproduce it up to its sign, we must have 
O? = +1. Finally, the matrix O must commute with all the transforma- 
tions S of the wave function w associated with the proper Lorentz 
transformations, or, in other words, with all the infinitesimal operators 
of the Lorentz group I,, = EP e—VoP pd) 
(O, L,,] = 9. 
From these conditions it follows that O has the form 
O= éy¥; 
where ¥, = Vy Yoav, and & = +1, +1. 
The inversion operator O can be represented in the form of the 
product of the operator of spatial inversion and the operator of time 
reversal which we respectively denote by O, and O,: 


O = O,0,. (21.21) 
We saw in § 9 that O,=I= éy,. Therefore we can say that 
O, = V2? (21.22) 


We note that w(x) = yt(x)y, transforms under the inversion of 
the coordinates (21.20) like 


y) = y¥@ = p(—4) O, (21.20’) 
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where 
O= y,0ty, = —é*y5. 


We can easily show that 


OO=-—1; Oy,O=y,, (21.23) 
and, therefore, 
p(x) y') = —9(—x)y(—), 
PX) 7.) = (—») 7p (—»)- 
Thus, under the transformation x, > —x,, py changes sign, i.e., behaves 
not as a scalar, but as a pseudoscalar, while py,,p does not reverse sign, 
i.e., behaves as a pseudovector. 
It can be easily shown that the operators p’(x) and y’(x) satisfy 
the same commutation relations as the operators y(x) and (x). Indeed, 
on replacing x by —x, in the expression 


(21.23’) 


{p(%), P(%e) } = il. 52 m)d (X%1— Xe) 


and on substituting into it 


y(—x)= OFy'@),  P(—x) = ¥'(*)O7, 
we obtain 
_. =: fa) 
(O>y'(xy), WO%) OF} = i ( Wa —m)A(—x,+x9, 


Lye 


whence we have 


{y"(1), B'(%) } = 10(—7,.98 


lu 


=n] OA(—x, +2). 


On utilizing (21.23) and the fact that the function A(x) is odd, we obtain 


{vx 8'@2)} = >, ae m| AG—Xy), 


which is what we set out to prove. 

Thus, in contrast to the free electromagnetic field for which the 
transformation of inversion leaves the field equations invariant, but 
does not leave the commutation relations invariant, in the case of the 
free electron-positron field the transformation of inversion leaves both 
the field equations and the commutation relations invariant. 
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On the other hand, for the free electron-positron field the transposed 
operators w7(x) satisfy the same equations of motion and the same 
commutation relations as the operators y(x). From this we can con- 
clude that the following relations hold between the operators w'(x), 
p(x) and w(x) of the free electron-positron field: 


yx) = Ury@)Uyt and p(x) = Upp") Uz", (21.24) 


where U,, U, are unitary operators. However, these relations are not 
equivalent, since the equations for interacting fields are not invariant 
under the inversion transformation x, > — x, alone. We shall show 
later (cf. subsection 22.4) that all the equations connecting the electro- 
magnetic and the electron-positron fields remain invariant under the 
transformation of inversion aecompanied by a transition to the trans- 
posed operators, i.e., under the transformation 


A(x) > ARx) = Ait(x) and p(x) > pROx) = p(x). (21.25) 


This combined transformation we shall refer to as the transformation 
of total inversion or of strong inversion. We emphasize that the trans- 
formation of total inversion corresponds not only to a reversal of 
the sign of the argument of the field operators, but is also associated 
with an interchange of the initial and final states in the matrix elements 
of the field operators. This interchange is brought about by the trans- 
ition to the transposed operators. 

Thus, of the two expressions (21.24) only the second expression 
has a physical meaning. It can be written simultaneously for the opera- 
tors A,,(x) and w(x) in the form 


A'(x) = UAT(x)U-! and yp'(x) = Upt(x) U4, (21.26) 


where U is a unitary operator operating in particle number space. 

We now make an assumption which generalizes expressions (21.26), 
viz., we assume that in the case of arbitrary wave fields w(x) the follow- 
ing relation holds: 

p'(x) = Oy (—x) = Uy") U, (21.27) 


where O is the transformation matrix for y(x) associated with the inver- 
sion of coordinates, while U is a unitary operator. Without loss of 
generality we assume in accordance with (21.3) and (21.8) that the 
effect of the matrix O reduces to multiplication by +1, —1I, +i, —i 
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depending on which of the four classes: +1, —1, +¢, —e is the one 
to which belongs the component of the field y: 
Oylth) = yn, Oyl-) = —yl-9, 


21.28 
Oy'+) —_— iy!+), Oy'-® = —iy'-), ( ) 


We now show that assumption (21.27) is equivalent to the theorem 
on the connection between spin and statistics; in other words we show 
that if (21.27) holds, then the commutation relations for the field opera- 
tors must contain commutators in the case of integral spin and anti- 
commutators in the case of half-integral spin (176). 

We start from the relations 


[v,(%1), ytO2)]. = F,, (2) A(x —%2), (21.29) 


where each of the operators y,, y, belongs to one of the classes +1, 
—1, +6, —e and F,, is a differential operator containing derivatives 
multiplied by constant coefficients. Since [y,(x,), pt (x,)]. is a c-num- 
ber, we can write 


re] 
F,, (2. A(x, —x,) = Uly,C), vt Oy)JZU 


= + [Uy?(x)U-}, Up; t(x,)U-]. 
= a [(Ow(—x,)],, (Oy (—x2)}¢]. 
= +) O,,,0%8-[p,(—»4), Ye(—Xe)}.. 


The bracket [y,(—x,), yt (—x,)]. appearing in this expression 


. . 0 
is evidently equal to Feo{ 2 Jamies, and since A(— x) 
“y 
= —A(x), we have 
0 
ly, (—x), pe (—x)). = -F,,(—, : | Ae-x9. 
OX, 
Therefore 
0 (7 0 
Fal -}4er—m) = #2, O,,,O%. Fe — | A(xy—X,_). (21.29) 


In the case of integral spin the quantity wy, yt belongs to the class +1, 
if y, and y, belong to the same class (+1 or —1), and to the class —1, 
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if yp, and y, belong to different classes. In the former case the operator 


Ox 
case it must contain derivatives of only odd order. From this and from 
(21.28) we can conclude that in the case of integral spin 


a) . or 
F,, fa) must contain derivatives of only even order, while in the latter 


¥'0,,,0%.F,.(——2-|= F,,(—2 Lk) = 
<= rr’ ss’ * 7's’ Ox, Fy; ax, ’ 2(j+k) = 2N. 

In a similar manner we can show that in the case of half-integral 
spin 


a) a) 
O,,,O*%, FL, = j = . 
2) Onn Ot | 2 | FZ} 2(j+k) = 2N+1 


Therefore, formula (21.29’) can be rewritten as 


, |+ Fg | 4en—x9 2(j+k) = 2N, 
F.(2] A (X;—2) = ‘ 


|. Fa) Aero, 2(j+k) => 2N+1. 
OX, 


From this we see that in the case of integral spin the lower sign must 
be taken, which corresponds to the commutator in the commutation 
relations (21.29), while in the case of half-integral spin we must take 
the upper sign, which corresponds to the anticommutator in the commu- 
tation relations (21.29). 

Thus, we have shown that the theorem on the connection between 
spin and statistics is a consequence of 


p(x) = Upt@)u™. 


The inverse theorem can also be proved, which consists of the 
fact that the invariance of the theory of wave fields under the transfor- 
mation of total inversion follows from Pauli’s theorem on the connec- 
tion between spin and statistics (151), (129). 


CHAPTER IV 
Fundamental Equations of Quantum Electrodynamics 


§ 22. Interacting Electromagnetic and Electron-Positron Fields 


22.1. System of Equations for Interacting Fields 

In the preceding sections we began by assuming the independent 
existence of the electromagnetic and the electron-positron fields, and 
we studied their properties separately, making use of two inde- 
pendent systems of equations—Maxwell’s and Dirac’s equations. In 
actual fact, however, as a result of the interaction between them, the 
electromagnetic and the electron-positron fields form a single dynamical 
system, which must be described by a coupled system of equations. 

In order to set up this system of equations we can utilize, firstly, 
the Dirac equations for the electron wave function p(x) in the presence 
of the electromagnetic field A,(x) (cf. § 12) 


é ) 
ij — wy —-+ieA,J}—m|=0 (22.1 
b>, | ax, ia,)-+m)y 0, afr.( ax, ie | n| (22.1) 
and, secondly, the classical equations for the potentials of the electro- 
magnetic field in the presence of currents 


[14,= —j (22.2) 


ue? 
where j,, is the current density four-vector associated with the motion 
of the electron. In this expression we must take for the electron current 
density in the state y the expression 


Ju = lewyY> (22.3) 
which formally coincides with the expression for the current density 
in the case of the free motion of the electron. As can be easily shown, 
this vector in virtue of the Dirac equations satisfies the equation of 


continuity 3 
=0 (22.3’) 
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and can be used for determining the electromagnetic field to which 
the electron in the state w gives rise. 

The Dirac equation for a single electron situated in a given electro- 
magnetic field, and the wave equation for the potential of the electro- 
magnetic field produced by a given electron current enable us to solve 
a number of problems, for example, scattering problems, electron energy 
eigenvalue problems, etc. However, within the framework of the one- 
body problem it is impossible to formulate a general theory of the inter- 
action between electrons and the electromagnetic field. In order to 
formulate such a theory, we must, as in the preceding chapter, utilize 
the concept of quantized fields, and treat the potential of the electro- 
magnetic field and the electron wave function not as ordinary quantities 
(c-numbers), but as certain operators (q-numbers) operating in particle- 
number space and satisfying, as functions of the coordinates and the 
time, certain differential equations. We denote these operators by the 
bold-face letters A, and W, and we adopt equations (22.1) and (22.2), 
in which ¢p, tp and A, are regarded as field operators, as the fundamental 
system of equations for the interacting fields. In doing this, as has been 
already explained in § 19, it is convenient to alter somewhat the defini- 
tion of the current density vector and to assume that it is given by 


=F by, 0-97.89 = 2B, wd, (22.4) 


where tp° = Cup, be = Cw are the charge-conjugate operators of the 
electron-positron field. This vector, like the vector (22.3), satisfies the 
equation of continuity, and can, therefore, be interpreted as the current- 
density vector. We shall use this definition of the current density because 
it does not lead to an infinite vacuum charge. 

In addition to the system of differential equations for the field opera- 
tors we must also formulate the commutation relations between these 
operators. Since the time-dependence of the operators is determined 
by the field equations, the commutation relations can be specified only 
at some initial instant of time. 

The introduction of definite initial commutation relations is equiv- 
alent to prescribing them at identical instants of time f = t’. For such 
commutation relations we adopt the expressions 


[A,,(), A,(x')},-. = 0, 


FUNDAMENTAL EQUATIONS 255 


Exo ar Aw = 16,,0(r—r’), 
Ee w(x) OA, | _9 


at ot’ 
{p, (x), pe (free = bp o(r—r’), (22.5) 
{p,@), p(X’) bane = 0, 
[po (x), ALO) = 0, 


|v. dA, Pa) | _o. 


Jia 

In the case of free fields these relations are equivalent to the general 
relations (17.1), (19.4) for arbitrary instants of time ¢ and ¢’. However, 
in the case of interacting fields the general commutation relations for 
arbitrary values of 1+ t’' cannot be formulated in advance, since in 
order to do this we would have to obtain the general solution of the 
equations of motion of the coupled fields. 

The state of the system of interacting fields is specified by a unit 
vector in Hilbert space—the state vector ®°. In our method of descrip- 
tion this vector does not vary with time, since the variation in the state 
of the system is taken into account by the variation with time of the 
field operators (such a method of describing the state of the system is 
called in quantum mechanics the Heisenberg picture — cf. subsection 23.1). 

However, not all state vectors are admissible: just as in the case 
of the free electromagnetic field, the allowable states are restricted 
by the subsidiary condition (16.26). 

Thus, we adopt the following system of fundamental equations 
of quantum electrodynamics for the field operators : 


b. (<2 -ieA,] tml = 0, 


_ a. \_ 0 
wy r(22 +ieA,] ami , 


—0 (22.6) 
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lo, 42a) 
x 


ore ord — A,(x’ )} _ i6,,,0¢—r'), 

{b.(X), bE (X) ree = F906), 

[A,(x), A,r = 9, 

{b,(2) Pe) }-v = 9, (22.6, cont.) 
[p(x), A, )]-0 = 9, 

ee 2A) _0, 


dt Or’ 


=t’ 


dA, 24s) _o. 


[¥.09, 


We note that from the third and the fifth equations of this system 
we can easily obtain the second pair of Maxwell’s equations, which 


my 


in the state ©° is equal to zero: 


é 
°|— j, | 2°} = 0 22.7 
(0 (Z Ft > ( ) 
where F.,, is the operator for the field tensor: 
F= (0/dx,,) A,—(0/6x,) A,- 


22.2. Lagrangian. Energy-Momentum Tensor 


The equations of motion of quantum electrodynamics can be obtained 
from the variational principle 6 f Ld‘x = 0, where L is the Lagrangian 
density. 

We first treat the quantities p, y, A, as c-numbers. In this case the 
Dirac equation (22.1) for an electron in the electromagnetic field, and 
the wave equation for the electromagnetic potential (22.2) can be obtained 
from the variational principle if for the Lagrangian density we take 


1 GA, GA, 1_ 0 
L=L,+L,, = — —_ 4 
ote =~ 9 Gx Ox. rly, ax, +m)y 
1 [. 8 
+ tols, Ox, —m) +6794, (22.8) 
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where L, is the sum of the corresponding functions for the free ficlds 
Lo=L,+L,: 

L= 1 GA, 0A, 

, 2 Ox, Ox, 


(22.9) 


and 


1 _ a 1 7) 
Le=—s _ ¢ _ 
,) al, Ox, pony 7 ols, ix, m)@, (22.10) 


while L,, is the part of the Lagrangian density which describes the 
interaction between the fields: 


L,, = iepy,pA,. (22.11) 

Indeed, according to (16.4) the field equations have the following 
form (y, y, A, are treated as independent variables): 

0 OL OL 

dx, 0(0A,/dx,) AA, 

6 OL OL 7) OL OL 


Ox, OGplax,) dp °° Ox, BGwlaxy op 


= 0, 


On substituting into these expressions 


“boo, ob _ _ aA, 
oA, 8% AGA, /ax,) Ox,” 
aL 


OL is. 4 41 7,( a Lied \_ _ Ob —_ 1_ 
Oy 2 pfiey, v m 2 yy Ox, 7 Y; a(Gp/ax,) 4 PY 


OL 1 ex Am) —! (2 eA limp. 0k — Lvs 
ap DMCA KM — a \ lag A] ayjax,) — 22?” 
we obtain equations (22.1) and (22.2). 

We note that the part of the Lagrangian density describing the inter- 


action between the fields is equal to the scalar product of the potential 
of the electromagnetic field A, and the current density vector j,: 


L,, = A,iy- (22.11’) 


This vector can be defined with the aid of L in accordance with the 
general formula (20.29) 


._ _.f{ aL _ OL |= iep 
Ju ~"\ 8 Gylox,) » ? deplax,) PYaP 
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We note that the function L,, is the only invariant in which the 
electromagnetic field potentials appear linearly, and the electron func- 
tions appear in bilinear form, and which does not contain any deriv- 
atives of y and A,. 

In accordance with the general formula (20.17) the Lagran- 
gian density (22.8) corresponds to the following energy-momentum 
tensor: 

T = — OL 0A, OL oy OL ow 
aa *  O(0A,/0x,) Ox,  A(Op/dx,) Ox,  O(p/dx,) Ox, 


0A, 0A, 1, OA; a4, op 1 oy 
~ Ox, Ox, yon Fe, b+5 VY ay Dox, Y  2-12) 


It represents a sum of expressions for the energy-momentum tensors 
of the electromagnetic and the electron-positron fields. 

In order to obtain with the aid of the variational principle the equa- 
tions for the quantized fields we must take for the Lagrangian density 
the operator 


1 0A, dA, 1+ 0 . 
L 2 Bx, Ox, 2 oy (fe ~ies,] | * 


hc d ° abe 
->5 TF b, x +ieA,] +m wp 


1 0A, 0A, 1-[ 2 
"2 Gx, Ox, 2 vr, ox, | m) 
1 
540.2 stm) bt a? (22.13) 


and in varying the action treat A, be (or A, »°,b*) as the independent 
variables. On noting that 


Hse ea.) +m)oe = of ates) mp 


on carrying out the variation, and on neglecting the inessential terms 
having the form of divergences, we obtain the expression 
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m7 . 1 . 
0A, (CA, +I,) +5 (OA,+5,) 64, 


from which the first three equations (22.6) follow. If in carrying out 
the variation of L we treat * and w* as the independent variables 
in place of w and w we obtain in place of the first two equations (22.6) 
the equations for the charge-conjugate operators * and W*. 

We note that in the expression (22.13) for Z the order of arrange- 
ment of the field operators is important; if we treat these quantities 
as c-onumbers, expression (22.13) does not go over into (22.8). 

In the theory of quantized fields, just as in c-number theory, the 
energy-momentum tensor can be defined by 


wy 


7 =! & dA, _ GA, GA, dA, OA 


og 
wo 2 \ 6x, 6x, Ox, Gx, 


1/— ap ap 1[-—, apo aye 

- as —|{° —.~*-y ,° 14 

+5 (bn54 ax 1) +4 (9 YoGye Fy Pe ], (22.14) 
rm Hu ue # 

which is equal to the sum of the energy-momentum tensors for the 

free fields. It can be easily shown that this tensor is a Hermitian operator 

and satisfies the continuity equation 


From this follows the conservation of the energy-momentum four-vector 
for the field 


P,= —i[T «dr = const. (22.15) 
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22.3. Field Equations in Poisson Bracket Form 
We now show that the operators A,,(x) and tp, (x) satisfy the follow- 
ing relations: 


é é 

a —j a —j; ; 22. 

je C= A,@), PL Zh.) = Op,0), Pi] 22.16) 
Since P, = const., we can assume that in the integral defining P, all 


the operators are taken at the same instant of time as A,,(x). We there- 
fore obtain on utilizing (22.14) and (22.5) the following result: 


itA,,(3), p= -ifae(2, menla (x), £a.)| 
+|4, (),3 —— A, (x ms A,(x’) 
iby ool 0). 2 Aste) 
_ il (2 A, (x) 6,,5(°—F) 


—16,,0(r—r') 6 A,(x’) 


0 
v4 Or" 


— 6,45 gO (4K 


0 
(0), x, Ae): 


We now prove the second of relations (22.16). It can be easily shown 
that 


1h09.Pd = 5 far |y.c9. (v4 090-2, bee) 
sere) ve) 


1 
— 5{«(to.00.40 ei) 


Hi |¥.09, 240091 fo, rer hye) 


a 
+ apr MOHD, H9)) 
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From the commutation relations and the equations of motion it follows 
that 


2.09, eden} =o, 


and therefore 
i{P,0), P,J= | ae’ ((.0). 0409) 2 -b,00) 


7) 
— Be (w.c.9en ¥40°)] 


Ut 


The integral of the second term vanishes: for u = 1, 2, 3 this is evident, 
while for w= 4 it follows from the law of conservation of charge: 


4 [ere@ov@d = [drapar=o. 


Therefore we finally obtain 
HH), P= f de" P.C.4F0)} o-bs@) =. 


We note that by utilizing (22.16) we can prove the validity of the 
general relation 


Fe FO = i[F(), P,], (22.17) 


where F (x) is an arbitrary function of the field variables at the point x. 
This relation enables us to determine the dependence of the matrix 
elements of the operator F(x) on the coordinates. Indeed, on going 
over to the representation in which the operators P,, are diagonal, we 
obtain, from (22.17), 

(Fh = iF ha(P PO, 


Lu 


where (F (re is the matrix element of the operator F (x) between the 
states 1 and 2 of the system for which the energy-momentum vector 
of the field is equal to P{ and P{”. From this it follows that 


—1(P)—P®) a, 


(F )r2 = Fre ’ (22.18) 
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where F,, no longer depends on the coordinates. This formula is a natu- 
ral relativistic generalization of the well-known quantum mechanical 
formula which determines the dependence of the matrix elements on 
the time. 


22.4. Invariance Properties of the Equations of Quantum Electrodynamics 


We now show that the fundamental equations of quantum electro- 
dynamics are invariant under Lorentz and gauge transformations, and 
under the transformations of space inversion, charge conjugation and 
strong inversion. 

Invariance under Lorentz transformations is immediately evident 
from the fact that the Lagrangian density is a scalar. 

By a gauge transformation we mean a transformation of the follow- 
ing form: 


A, > A,— = 
pro eienp, (22.19) 
p> onp, 
where 7 is a scalar function satisfying 
[]y = 0, (22.20) 


but otherwise arbitrary. 

The invariance of the equations of quantum electrodynamics under 
these transformations follows from the fact that as a result of transfor- 
mation (22.19) the Lagrangian density acquires an inessential addi- 
tional term which can be written in the form 
2 | or) a ay “(2 “| 


» ~~ AAy -2 Ay 
Ox, Ox, 0X, Ox, Ox% © Ox, 


Ox, dx, dx, 

_ oy A On . On 
Ox, Ox, Ox,,0X, 

Here the first and third terms are of the form of four-dimensional 

divergences and therefore may be neglected, while the second and 


fourth terms vanish in virtue of equation (22.20). Finally, the last term, 
which is equal to 


(0/0x,) (nj,)— (0j,/0x,,), 
may be omitted, since j,/0x,, = 0. 
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We note that equation (22.20) must hold in order that the potentials 
A, and A, = A,,—(6n/0x,) should satisfy LA, = —j,, while the Dirac 
equations retain their form for any function 7 not even necessarily 
satisfying equation (22.20). 

We now consider the transformation of charge conjugation 


W(x) > h(x) = Chix), 
w(x) > h(x) = CAH), (22.21) 
A,(x) > Af(x) = —A, (x). 


Under this transformation the sign of the current reverses in accordance 
with (22.4): j,, > jf, = —j,, and therefore the Lagrangian density remains 
unchanged. 

We note that the reversal of the sign of j, agrees with the simple 
obvious interpretation of charge conjugation as the reversal of the sign 
of the charge. 

The invariance of the field equations under the transformation of 
charge conjugation is a mathematical formulation of the symmetry 
of the theory with respect to both signs of the charge, i.e., with respect 
to the electron and the positron. 

Finally, we prove the invariance of the equations of quantum elec- 
trodynamics under the transformation of strong inversion. 

In the expression (22.13) for L we substitute x > —x: 


—x) 6A (— 
La) = LA, (—9),b(-9} = — 5 CA 


aA 


_ priven) Be = ~iea,(—»] +m|y—a 


i“ 
A 


] c 6 
-Socafel-y 


5 
x, 


+ieA,(—2)] =m (—». 
Further, on substituting into this expression 


(p(—x) = O7*p'(x), 
w(—x) =’) O07," (22.22) 
A,(—x) = —A,(@), 


264 QUANTUM ELECTRODYNAMICS 


where O is the inversion operator introduced in subsection 21.3, and 
on utilizing expressions (21.23) 


oo= -1, Oy,0=y,5 
OoTorT=-—1, OTyTOT= yi, 
we obtain 
L(x) = 1 GA;(%) 3A,.@x) 


2 Ox, Ox, 
54) E (-< +ek,09] —m| yoo (22.23) 
— 5) E ( ae — ieA,00) +m] oo. 


We now go over from L to the transposed operator L?: 


il OAR(x) GAP(x) 
2 6x. x, 


v 


L7(—x) = 


<_ 


0 
Ox, 


_ 5700 E (— + eas] —m| *(x) 


<5 FQ) Bers —ieAr 9] +m| P(x), 
where in accordance with (21.25) we have 
Ali(x) = ALT); p70) = 7X) (22.24) 


and the arrow over 6/éx, denotes that the derivative is taken of the 
expression standing to the left, and not to the right of d/dx,,. Since 
the Lagrangian density appears under the integral sign we may change 
the “direction” of differentiation in LT if we simultaneously reverse 


the sign of 6/0x.,, i.€., 
1 GAP(x) GAR (x 
L*{A,(—x),p(—»)} = — 5 oon one (x) 


7 
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A comparison of this expression with (22.13) shows that L™—.x) can 
be obtained from L{A(x),~p(x)} if the following substitution is made 
in L(x): 

bx) =F (x) =p"), 


P(x) HF (x) ='7(x), (22.25) 
A(x) > AR(x) = AT(x), 
1.€., 
(L{A,(—x),b(—»})]? = L{AZ (x), p20}. 


From this it follows that the operators p*(x),«p® (x) and A? (x) satisfy 
the same equations as the operators (x), p(x), A_,(x). In other words, 
the equations of quantum electrodynamics are invariant under the 
transformation of total inversion. 

It can be easily shown that the commutation relations (22.5) are 
also invariant under the transformation of strong inversion. 

The necessity of supplementing the transformation of inversion by 
the transition to transposed operators is clearly seen using as an 
example the equation 


CA, @) = —i,00. 


The left-hand side of this equation reverses its sign under the trans- 
formation of inversion, while in accordance with (21.3) the current 
density does not change its sign: 
LIAI@) = j,.00). 
On the other hand, 
(p.,p,]” =~ (pe, 5] . 


Therefore, we have 

LIAZ@) = —ji@), 
where 

iF) = —ii(—). 
Thus, in order to preserve the invariance of the equation connecting 
A, with j,, simultaneously with carrying out the transformation of 
inversion we must also go over to the transposed operators. 

Thus, the equations of quantum electrodynamics are invariant not 

only under Lorentz transformations (which also include the trans- 
formation of inversion in ordinary space), but also under transfor- 
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mations of total inversion R and of charge conjugation C. They are 
therefore also invariant under the product of these fundamental trans- 
formations. In particular, the equations of quantum electrodynamics 
are invariant under the transformation J== RC, which is called weak 
inversion. In accordance with formulas (22.21) and (22.25) this trans- 
formation has the following form: 


A(x) > AZ.(x) = AT(—x), 
W(x) > h(x) = (Q-*p(—x)}*, (22.26) 
(x) > b'(x) = (h(—x) 2)", 


where Q-! = OC = &y,C. In virtue of (10.2) this matrix satisfies the 


conditions 
Qy Qr=yi (w= 1,2,3,4,5,); 


QQ*=1, QF =—Q, (ysy,)™= —Qysy, 2, Vow = 27 yy" 
where 
Yew) = BV vo ad 


It can be easily shown that in contrast to the transformation of 
total inversion which reverses the sign of the current density 


ji) = —ji(—») 
the transformation of weak inversion does not reverse the sign of the 
current density 
iL) = i2(—x). 
This is associated with the that fact that the current density reverses 
sign both under the transformation R and under the transformation C. 
From this we can conclude that the transformation of weak inversion 
is analogous to the space-time inversion in classical electrodynamics. 
Indeed, since under the transformation x, —X, the velocity of 
the particles is not changed, the current density also does not change 
sign, and from this it follows in turn that under the transformation 


x, > —x, the potential of the field A, should also remain unchanged, 
since the Lagrangian for the particle must be invariant 


oor e 


L= —mc* /1—(2?/c?) + Av—eg 


(p is the scalar potential, m is the particle mass). 
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From the form of the energy-momentum tensor (22.14) it follows 
that both the transformation of total inversion and the transformation 
of weak inversion leave T,, invariant 


Ti.) = Ti(-x) and T,(4) = T2(—2). 


Thus, the principal physical difference between the transformations 
R and J consists of the fact that the former changes the current density 
while the latter leaves it unchanged. 

The operator J, as well as the operator O, can be represented in 
the form of a product of the operators of space and time inversion which 
we denote by P and T: 


J= PT= RC. (22.27) 


In this case the operator P is defined in the same way as in (21.21), 


1.€., 
Py(r, t) = O,y(—-r, 2). 


As regards the operator T, it is defined by formula (22.27). We note 
that T ~ O,. 

Since the square of each of these operators differs from the identity 
operator at most by a phase factor, it follows from (22.27) that R = CPT, 
T = RCP. 

The product of the operators of space inversion and charge conju- 
gation is called the operator of combined inversion (114), 


K = PC. 


The equations of quantum electrodynamics are invariant not only 
under proper Lorentz transformations, but also under the transfor- 
mation of space inversion P and charge conjugation C, and therefore 
they are also invariant under the transformations T and K. However, 
in the general case of arbitrary interacting fields we may require only 
the invariance of the theory under the proper Lorentz group (without 
the transformation of space inversion), and also under the transforma- 
tion R. 

In particular, it is well known that in the case of f-decay parity is 
not conserved, i.e., the theory is not invariant under the transformation 
P (123). However, it may be assumed that in this case the invariance 
under the operation of combined inversion is preserved - (114). 
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§ 23. Equations of Quantum Electrodynamics in the Interaction Picture. 
Invariant Perturbation Theory 


23.1. Heisenberg and Schrédinger Pictures. Interaction Picture 


It is well known that in quantum mechanics the state of a system 
is described by a unit vector in Hilbert space—the state vector. In 
this description the variation of a state with time consists of the 
variation of the components of the state vector along the coordinate 
axes. This variation can be described in two different ways (49). In 
the first method of description the state vector is stationary while the 
coordinate system rotates. Such a description is referred to as the 
Heisenberg picture. In the second method of description the coordinate 
system in Hilbert space is fixed, while the state vector rotates. Such 
a description is referred to as the Schrédinger picture. 

In the Heisenberg picture the operators corresponding to different 
physical quantities vary with time, while in the Schrédinger picture 
the operators do not depend on the time, but the state vector or the 
wave function ¥ (rf) varies with time. This variation is determined by 
the Schrédinger equation: 


E40) 


= HP), (23.1) 


where H is the energy operator for the system. 


The transition from the Heisenberg to the Schrédinger picture 
is given by the canonical transformation 


v 


P(t) = eilitgo, BF — e-Hiypettie (23.2) 


where ©° is the constant wave function in the Heisenberg picture, while 
F and F are operators corresponding to some physical quantity in 
the Schrédinger and in the Heisenberg pictures. The determination 
of the explicit form of this canonical transformation is equivalent 
to a complete solution of the corresponding quantum mechanical 
problem. 


It follows from (23.2) that 


F= elthem ARH, (23.2’) 
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On differentiating this relation with respect to time we obtain the 
following equation: 


@ 
—i.-F = [H, Fl, (23.3) 


which determines the variation with time of the Heisenberg operators. 
We denote by ©? the wave function of the stationary state of energy 
E,, in the Heisenberg picture. 
It satisfies the equation 


H®? = FO. 


The wave function Y,(#) in the Schrédinger picture which corre- 
sponds to ©? has in accordance with (23.2) the form 


W(t) = eno, 


The matrix elements corresponding to some physical quantity 
F are the same in both pictures: 


(G2, FO?) = (W,, FY,). (23.4) 


On substituting into this expression Y(t) = e'"'@°, we obtain 
the dependence of the matrix elements on the time 


(Bo, FD) = (D2, FD en Fa, (23.4’) 


In addition to the Heisenberg and the Schrédinger pictures another 
intermediate picture is possible, viz., a description of the system in 
which both the coordinate axes of Hilbert space and the state vector 
rotate, with the coordinate axes rotating in a prescribed manner. Such 
a picture is frequently used in quantum mechanics for the approximate 
solution of problems by means of perturbation theory. It was intro- 
duced into quantum electrodynamics in a relativistically invariant 
manner by Tomonaga (197) and by Schwinger (172) and has received 
the name of the interaction picture. 

In order to explain the introduction of this picture we consider 
a quantum mechanical system with the Hamiltonian Hi and decompose 
it into the two terms Hy and Hy, which we call the free Hamiltonian 
and the interaction Hamiltonian 
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We carry out the canonical transformation 
O(t) = etry, and F = efttetfreitht, (23.5) 


which, in contrast to the transformation (23.2’), involves not the whole 
Hamiltonian of the system H but only a part of it, i. We now determine 
the variation with time of the function @(4). On differentiating O(2) 
with respect to time and on utilizing (23.1) we obtain 


iL = —H,O+e%(H, +H )eM'd = ef] e-Hug, 
1.€., 
gp P= HP, (23.6) 


where 


”. Ww Ww 
H, = eft H, etHet, 


We see that the function (2) satisfies the Schrédinger equation 
with the Hamiltonian H,. We refer to this function as the wave function 
‘of the system in the interaction picture, and we regard the canonical 
transformation (23.5) as the transition from the Schrédinger picture 
to the new interaction picture. 

We now investigate the way in which the operators vary with time 
in the interaction picture. By differentiating the second relation (23.5) 
with respect to time we obtain 


8 v v 
is F = H, F—FH,, 
and since in accordance with (23.5) 
Hy = Hi. 


we have 


i= F = [H,, Fl. (23.7) 


In contrast to (23.3) these relations involve not the whole Hamiltonian 
H, but only a part of it, Hp. 
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Thus the fundamental equations of quantum mechanics in the 
three pictures—the Heisenberg, the Schrddinger and the interaction 
picture—have the form 


0p? _ OF . . 
is = 0, Tin = [H, F]—Heisenberg picture, 
Op y _OF 4: 
iz HY, are = 0—Schrdédinger picture, (23.8) 
a OF 
iz = H,9, ise = [H), F]—interaction picture. 


The functions ®°, ¥(t),®(r) and the operators F, F, F in the three 
pictures are related among themselves by the following canonical 
transformations: 

V(t) e HD, Dit) = et Wn), 
(23.8’) 


v 


F — e-int Feilit, F = gibt Preitict, 


23.2. Transition to the Interaction Picture in Quantum Electrodynamics 


Quantum electrodynamics is concerned with the investigation 
of the dynamical system involving both the electromagnetic and the 
electron-positron fields. This system, like any other quantum mechani- 
cal system, is characterized by a Hamiltonian function H which can be 
written in the form H = H,+V, where H, = H,-+-H, is the sum of 
the Hamiltonians of the free fields, while V is the Hamiltonian of the 
interaction between the fields. Such a decomposition of the Hamiltonian 
can be utilized for introducing tlie interaction picture into quantum 
electrodynamics. In this picture the field operators satisfy equatidns 
of the form (23.7), i.e., the equations for the Heisenberg operators 
of the free field (16.3) and (18.3). Because of this the explicit form 
of the field operators is known in the interaction picture, and the com- 
mutation relations between them at any time are also known. This 
makes the use of the interaction picture particularly convenient for 
the solution of specific problems. 
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We write the fundamental system of equations of quantum electro- 
dynamics in the interaction picture 


7) _ 0 
bras, pe’ 1 a ~° 
0 
(IA, =0, i7,©0=VOSO, (23.9) 


[A,@)A,@)] = —i6,, D(x-~’), {y.(X) Yg(X)} = —iS,g(%—x’). 
For the investigation of this system we must know the explicit 
form of the operator V(t). We now show that 


VQ = — [i,@)A,09 ar, (23.10) 
where j,, is the current density vector written in terms of the operators 
of the electron-positron field y and y in the interaction picture in accord- 
ance with the general formula (22.4), and A, is the operator for the 
potential of the electromagnetic field also in the interaction picture. 
To achieve this we go over to the interaction picture by starting from 
the fundamental equations of quantum electrodynamics in the Heisen- 
berg picture, i.e., from equations (22.6) for the time-dependent field 
operators. As has been pointed out already, this transition can be 
regarded as a canonical transformation. If F and F are operators corre- 
sponding to some physical quantity in the Heisenberg picture and in 
the interaction picture, then such a transformation is of the form 


F = S(t) FS+(9, (23.11) 
where S(t) is a unitary operator 
S*( SMO = SOS*() = 1, 


which we shall refer to as the transformation operator. The transfor- 
mation operator also relates the state vector ®(f) in the interaction 
picture to the state vector ®° in the Heisenberg picture 


P(t) = S(N®*. (23.12) 
If we assume that at time t= — oo there is no interaction between 
the fields, then we can impose the following condition on the operator 
S(t): S(—cc) = 1. It follows from (23.12) that 
o® 
p22 SO go iO 
C 


= 4- 
ot ot t Ste. 
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By comparing this expression with the fourth equation (23.9), we see 
that the operator V(r) is related to S(t) by 


VOj= iSO 


S+(t). (23.13) 


It can be easily shown that V(t) is a Hermitian operator. Indeed, 
from the unitary nature of S(Z) it follows that 


F[sos+(9) = SO sr +8@ 5 = o, 
and therefore 
ven = 1 SO sry = 189 59, 
nes V(t) = Vi(2). (23.14) 


In order to obtain the form of the operator V(t) we determine 
the derivatives with respect to time of the field operators in the interaction 
picture and compare them with the corresponding derivatives in the 
Heisenberg picture. By differentiating (23.11) with respect to time 


we obtain 
OF OF os ost 


no to + + +§ 2 =: S(f). 
ay Sa St + G-S*tSESt+SFStS =, (t) 


By utilizing (23.13) we can put this expression in the form 
oF 
Ot 


In a similar manner we can derive the following relationship: 


= si) < S*+()-+i[F, VO]. (23.15) 


a r = = sot St(O)+i soe S*+(0), vo| +i [F, VO]. (23.15’) 


It follows from (23.15) and (23.15’) that 


& = sc? sry+ily, VOI, vas 


ou sco a7 “A, St(+i so # St+(f), veo] +i [A,, VOI. 
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With the aid of these formulas we evaluate the expressions 
(y,(8/ax,) +m) p and (]A,, which must vanish in virtue of (23.9). 
We first of all obtain (y,(0/ax,)-+m) y 


(rae Ax -+m) 9 = = song +m) pS") in sai 


= SO (1, 2-+m) ¥sO-+ nv V(s)] = 0, k=1,2,3. 
Since (y,(@/dx,)+m)p = ieAw, we have 


S(t) (ae +m) ps*() = ieS(t)AWS*(1) = ieAy, 


and we finally obtain 
[V(t), yp] = iey,Ay. (23.16) 
The operators A, and y commute, and therefore it follows from 
(23.16) that the operator V(r) must be linear in A,. On the other hand, 
the commutator of the operators A, and A, taken at the same instant 
of time vanishes. Therefore, we have 


[A,(x), VW] = 0. (23.17) 
We now evaluate [j/A, by utilizing the. second formula (23.15’’): 


AA, oot S()OA, so-ifso SH), vio| 


0 
—j— V(p)] = 0. 
i—{A,, VO] =0 
Here the last term vanishes in accordance with (23.17), while the first 
term is equal to —j,,, since 
SQL A,StO) = —S(Oj,StO = —j,; 
further, on noting that in accordance with (23.15) and (23.17) 


0A 


5 = () Bu S+(t), (23.17’) 


we obtain finally 


Ke A =j,. (23.18) 
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We can conclude on the basis of this relation that the operator V(t) 
must be linear in j,,. Thus, V(¢) involves both operators A, and j, linearly. 

We now show that both relations (23.16) and (23. 18) are Satisfied 
if we assume that 


VQ) = —fi,QA, ar. 


In order to do this we use the commutation relations for the field 
operators in the interaction picture at the same instant of time, which 
can be easily obtained from the corresponding commutation relations 
in the Heisenberg picture with the aid of formulas (23.11) and (23.17'): 


[A,, ” A,X eat = 9, 


lA, 0), 5 ay (x | = 16,,6(r—r’), (23.19) 


Wyse, Vs OX )}rat= 9p r—r’). 
By utilizing the third of these equations we obtain 
ity, VQ) = if Ale, Nty(r, 55,0, Older’ 
= ef ACD OCPD. VO. D} vp", Ndr’ = ey, Ay, 


as is required by relation (23.16). Further, by utilizing the second rela- 
tion (23.19) we obtain 


| «veo = if. n[ 22, ace, o] ar = 3,00, 


1.e., the relation (23.18). 

We must still prove the equivalence of the commutation relations 
(23.19) in the interaction picture involving different instants of time, 
and the commutation relations in the Heisenberg picture for the same 
time. In order to do this we note that the solution of the equation 
(A, = 0 is uniquely determined by specifying A,(x) and OA ,(x)/ at 
over a Certain hypersurface ¢ = fy: 


° aA aD 
A= | [Dix xO we) —A_ (x!) (x ada (23.20) 
tt, 
We can easily show this, if we recall that 
D(x) | aD(x) 
—_ ©F | _9 -) — A(r). (23.21 
Dvr, 0) B® neo at eee (r) (23.21) 
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In a similar manner the solution of the equation (y,(0/dx,)+m)yp = 0 
is uniquely determined by specifying y (x) over the hypersurface t = fy: 
pa(x) = i f Sop (®—X'Va)pg Pol’) ar", (23.22) 


i! =ty 
where 


0 
S 3X) = be -n| 4 (x). 
BL a, 
Formula (23.22) immediately follows from the fact that 
S(r, 0) = iy, o(r). (23.22') 
We now derive the commutation relations (23.9) from the commu- 
tation relations (22.5). We evaluate the bracket [A,,(x), A,(x’)]. By 
utilizing (23.20) we obtain 
i 0A x” it 
AC), AC I= [ Do v9) A, (a), 0 | ar 


tv=t 


— { A,0.4,0°9 PS? 


tv=t 

In accordance with (23.19) this expression is equal to 

0A, (x) 
or’ 


ar”. 


[A,,(x), A,@’)] = il De-x)|A,0, or —16,,, D(x—~x’), 
t’’=t 

which is what we set out to prove. 

Further, we evaluate the bracket {y,(x), yf (x’)}. On utilizing (23.19) 


and (23.22) we obtain 
{p,(2); ve C= AL, J Sag XX VI deride”, wp Oy} 


=! J Sag(¥— "(Valen (Yar )s Be DY} dr” = —iS,.(X—-X VY aop » 


“ap 
from which it follows that 


{Pa(%)» ve (~)} = —IS,(x—x'). 
Thus, we have obtained the commutation relations in the interaction 
picture from the commutation relations in the Heisenberg picture. 
In concluding this subsection we note that, as can be seen from 
a comparison of (23.10) with (22.11’), the operator V(t) can also be 
represented in the form 


Vi) = — [ L.,Qar, (23.23) 
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where L,, (x) is the part of the Lagrangian density which describes the 
interaction between the fields. This result can be obtained by means 
of a direct derivation of the Hamiltonian from the Lagrangian. Relation 
(23.23) holds in virtue of the fact that L,, contains only the “general- 
ized coordinates” A,, y, y, and does not contain their time derivatives. 

The transition to the interaction picture can also be carried out by 
starting with the fundamental equation of quantum electrodynamics 
in the Schrédinger picture 


i 2H) = HWM) 


where Wt) is the time dependent state vector of the system of fields 
and H is the time-independent Hamiltonian of the system. The latter 
coincides with the Hamiltonian of the system of fields in the Heisenberg 
picture H and is defined by the volume integral of the time component 
T,, of the energy-momentum tensor 


H=H = —f{ Tyar, 


1 6A, 0A, 1 0A, OA, [= Oh Oh 
Tu 2 Ge Gr 12 et ot +4 (br. ge 2 a? 


1[--, po ap ,, 
+4(% Va Ox, ax, Ya | 


where A, and w are the field operators in the Heisenberg picture. Since 
the field equations (22.6) contain the first derivative with respect to 
time of the operators w and the second derivative with respect to time 
of the operators A,, the independent variables in these expressions are yp, 
A, and 0A,/dt. Insofar as the quantities dW /dx, (and also dup /Ox4 and 
dw°/dx,) are concerned, they are not independent and must be eliminated 
with the aid of the first two equations (22.6): 


ap ap a 
— A ; 
Vaay 7 VG Ih eA 


ap ap + aha, 
2 Ya — or YA mp ieAtp 
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and analogous equations for the charge-conjugate operators ‘p° and pe. 
As a result we obtain the following expression for T,,: 
T= _ 1/eA, 0A, OA, OA, 
“a 2\ or Or at at 


Af ad onfsafd 
sabe beneerrd oy 
+A,Jy; 

where 


i,= & b7,9-97,0)) 


On going over from the field operators F in the Heisenberg picture to 
the operators in the Schrodinger picture F in accordance with the general 
formula 

F = e-ilt eit 


we obtain the following expression for the Hamiltonian of the fields 
in the Schrédinger picture 


H,= —[j,Q4, War. 


The operator Hy is evidently the Hamiltonian for the system of 
noninteracting fields, while H, is the operator for the energy of interac- 
tion between the fields in the Schrédinger picture. Moreover, the field 
operators in the Schrédinger picture satisfy the same commutation 
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relations as the field operators in the Heisenberg picture at the same 
instant of time 


{H(r), WO')} = 7,51), 
{p(r), pr’)} = 0, 
[A,,(7), A,(r')] = 16,,60°—r'), 
[A,,(r), A,(r’)] = 0, 
(A(7), A,r] = 


We now go over to the interaction picture in accordance with the 
general formulas (23.8’’). The state vector for the system of fields B(1) 
defined by 

B(1) = eP(a), 


will then satisfy the equation 
iL B(0 = V()@() 


where 
V(t) = eH, et — — fj, (x) A, (0) dr 


and the field operators A,,(x), y,(*), j,,(«) are defined in the interaction 
picture by the relation 
F — efilt Pe— thot . 

In virtue of the cannonical nature of this transformation, the commu- 
tation relations between the field operators at the same instant of time 
in the interaction picture coincide with the commutation relations in 
the Schrédinger picture. Therefore, the equations of motion for the 
fields in the interaction picture —i(@F/dt) = (Hy, F] are, as can be 
easily seen, of the same form as the equations of motion for the free 
fields (23.9). Indeed, we have 


ite (Hy, vy] = —etlie ir), HyJe— 


v rs v v 2 
= onlrartenime) e7 Ho! 


= V4YG, Sylar, my(x), 
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1.€., 
yo -y(x)-+m px) = 0 
L aL T ~~ . 
A Ox, 


Similarly we have 


QO - SoM aee a4 i 
5, A,() = del [H, A, (Je 


2 
— pilot _ OK (r) e—itlot 
— 6x? 


O* ; 
= Gap Su) where j= 1,2,3, 
i.€., 


LIA, (x) = 0. 


Since the field operators in the interaction picture satisfy the equa- 
tions for the free fields, and the commutation relations between them 
at the same instant of time have the same form as the commutation 
relations between the free fields, it follows that the commutation rela- 
tions between the field operators in the interaction picture coincide 
with the commutation relations for the free fields at different instants 
of time. 


23.3. Charge Conjugation Operator 


The charge conjugation transformation (22.21) corresponds to a trans- 
formation of the state vector ®° of the system of fields, i.e., of the 
system of electrons and photons. If we write this transformation in 


the form 
px — AP?, (23.24) 


where A is the transformation operator which we shall call the charge 
conjugation operator, then in accordance with the transformation law 
for the operators, corresponding to the transformation of the wave 
function, the following relations must hold: 


poy = ApA, 


; (23.25) 
A, > AS = —A,= AAA, 
or 


ApA-'= Cy, ApA-7=C-1y and = AA,A-1= —A 


ye 
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We now demonstrate the manner in which the explicit form of the 
charge conjugation operator A can be obtained (214). This can be done 
in the interaction picture, since in this picture the explicit form of the 
field operators is known. 

We write the operator A in the form of a product of operators acting 
respectively on the photon and the electron variables: 


A=A,A,, (23.26) 


and we use the expressions for the field operators in the form of expan- 
sions (16.13), (18.7). In this way we obtain the expressions 


A,c, = —¢,A,, A, cf = —ef A,, 
A,a,A;1 = b,, A,at Az! = bs, (23.27) 
A,b,Az* = a,, Ab; A," = a}, 


relating the operators A, and A, with the creation and annihilation 
operators for photons, electrons and positrons. 

We first of all determine the form of the operator A,,. It can be written 
in the form of the product 


4,= [14 


where the operator A,, acts only on the photon variables 2= (&, A) 
and satisfies the following relations: 
A,,c? = —cfA,,, 
me uy (23.28) 
Aye: = cyA,,, 


— ct ’ 
Ac = co A,,, where a’ #A. 


Since the operator A,, commutes with the operator N,= cjc,, it 
can be regarded as diagonal in the representation in which N, is diagonal. 
From (23.28) it follows that the values of A,, corresponding to two 
consecutive values of N,, are related by 


(A, Juju = — Avda: 


From this we can conclude that 
Ay, = (—1)". (23.29) 
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Therefore, the operator A, has the form 
A, = (-1)*, (23.30) 


where N = 2'N, is the total number of photons. 
We now obtain the form of the operator A,. Just as in the case of 
the operator A, we write it in the form of the product 


A,=[[A,,, 


where the operator A,, refers to the electron variables r and satisfies 
the relations 
A,,a,4A; = b 


er rT 


, A,,b, Ag? =a,. (23.31) 


In place of a,, b,, a, b# we introduce the operators a,, B,, a7, Bt: 


1 1 
a, = 7 (a,+b,), at = —=( 
y2 y2 
1 1 
ro = (a,—b, ’ ; = FS af —b? ’ 
P= eld B= Slat) 
which, as can be easily verified, satisfy the same commutation relations 
as the operators a,, b,. 
Expressions (23.31) defining the operator A,, can be rewritten in 
terms of a, and 8, in the form 


Agt,A;' =a, A,B, Az! = —B,. (23.31') 
We see that the relation between the operators A,, and B, is the same 
as between the operators 4,, and c,. Therefore, on assuming that the 


operator A,, is diagonal in the representation in which 8+, is diagonal 
we immediately obtain in analogy with (23.29) 


a; +b7), 


_ Br Br 
A., —_ (— 1) 
and, consequently, 
D8 Br 
A, = (-1)" (23.32) 


Since the eigenvalues of the operator f+8, are equal to unity or 


zero, we have (—1)°"" = 1—28*B, and the operator A, can be written 
in the form 


A= [] (—26+8,) = [] d—ata,—b+b,+atb,+bta,). (23.33) 
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This last expression shows that the result of operating with A, 
on the state vector @ for the system reduces to the following: it transforms 
each state occupied by an electron into a state occupied by a positron 
(of the same momentum), and vice versa, and does not change the 
unoccupied electron-positron states. 

It can be easily shown that the operator A commutes with the energy, 
momentum and angular momentum operators for the system, and 
anticommutes with its total charge operator Q. Therefore, the states 
of the system can be eigenstates of the operator A only in the case 
when Q = 0. 

Since two consecutive applications of A are equivalent to the identity 
transformation, i.e., A? = 1, the eigenvalues of A are equal to 


A=+#1. (23.34) 


Therefore, for given values of the energy and the momentum of a neutral 
system we can distinguish two states corresponding to different values 
of ‘“‘charge parity” A= +1. The state is said to be charge-even, if 
A= +1, and charge-odd if A= —1. 

For a neutral’system the law of conservation of charge parity holds. 

Relation (23.30) shows that a system consisting of an even number 
of photons is charge-even, while a system consisting of an odd number 
of photons is charge-odd. Therefore, an arbitrary neutral system, if 
it has a definite charge parity, can decay either only into an even or 
only into an odd number of photons. For example, a 2°-meson decays 
into two photons, and therefore the z°-meson is charge-even. 

We consider a system consisting of an electron and a positron. 
The state vector for such a system can be represented in momentum 
space in the form of a superposition of three states: 

= » A(p, %, o,)at (p)bi(—p)®o, 
Pi, G10 
where ®, is the vacuum state vector; p, o, and —p,o, are the momenta 
and the spin variables of the two particles, whose total momentum 
is assumed to be equal to zero. 
The result of operating with A, on @ is in accordance with (23.27) 
A,@= DS Ap, 1, 62)A,at (p) Az}-A, bt (—p) Az A, Po 


P.%1,04 


= » Ap, %, 4)bi (p)at(—p)®p, 


P.%1.04 
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and, since a+ and b+ anticommute, we have 


A,O=— DY Alp, o,, 62)ad(—p) bt (p) Dp 
P.%1,02 
=— SY A(—p, 62, 0,)at(p) bt (—p)®p. 
P9188 


Thus, the result of operating with A, reduces to the reversal of the 
sign of A and the exchange of the momenta and the spins of the two 


particles: 
A,A(Pp, O15 G2) = —A(—p, O25 0). 


This expression can be rewritten as 
A,w(1, 2) = —y, 1), (23.35) 


where yp is the wave function of the system, while 1 and 2 denote the 
complete sets of variables of the two particles in momentum or config- 
uration space. 

It follows from (23.35) that the symmetric states of the electron- 
positron system are charge-odd, while the antisymmetric states are 
charge-even. 

If / is the relative orbital angular momentum of the electron and 
the positron, while s is the total spin of the system (s= 0,1), then 


A= (—1)*5, (23.36) 
In particular, the electron-positron system in the state 1S(/ = 0, s = 0) 
can decay only into an even number of photons, while the same system 
in the state *S(/= 0, s—= 1) can decay only into an odd number of 
photons. 

We note that not every neutral system can be characterized by 
definite charge parity. For example, we consider the hydrogen atom. 
We denote its wave function by yy. Then Ay, = yy, where wz is the 
wave function for an atom of ‘“‘antihydrogen”’ consisting of an anti- 
proton and a positron. The functions yg and y, are not connected by 
any simple relation, and the eigenfunctions of the operator A are given 
not by y, and yg, but by the combinations y,+yz. 


23.4. Perturbation Theory 


In quantum electrodynamics the interaction operator in accordance 
with (23.10) is proportional to the electron charge e which can be treated 


FUNDAMENTAL EQUATIONS 285 


as a small parameter. Therefore, the solution of the fundamental equation 
of quantum electrodynamics in the interaction picture 
. OD(t 
jo = V(t) (1) (23.37) 
can be sought by using the method of successive approximations in 
the form of an expansion into a series in powers of the parameter e. 
We write ®(7) in the form 


P(t) = S(t, tp) P(t,), (23.37’) 


where @(f,) is the value of @(t) at some initial instant of time t = fy, 
while S(t, tg) is an unknown operator which obviously satisfies the 
equation 


jE to V(AS(t, t)) (23.38) 

and the initial condition 
S(to, to) = 1. (23.38’) 
We note that if at t= — co the wave function ®(f) coincides with 


@°, @(— oo) = ©, then the operator S(z, — co) goes over into the 
transformation operator S(r) introduced earlier (cf. (23.12)). 

We seek the solution of equation (23.38) in the form of a series 
in powers of the charge e: 


S(t, 4) = Y S,(t, 0), (23.39) 


where S,(t, to) is proportional to e*. On substituting this expansion 
into (23.38), and on equating terms of the same order, we obtain, 
on taking into account the initial condition (23.38’): 


t 
S, (t,t) = —i} Vt)S,-1(, to) at’, 
ue J o_, (23.40) 


So(t, to) = 1. 


On applying this formula k times we obtain 


t 


S(t, te) = (—ief dty f dty .. f at, VQ)V(h).. VQ). 23.41) 
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The k-fold integral appearing in this expression can be conveniently 
represented in a somewhat different form. For the sake of simplicity 
we first discuss the term S,(f, to): 


So(t, to) = — f dt, { dt.V(,)V (1). (23.41’) 


In the (t,, te) plane (¢, is the abscissa, f, is the ordinate of a point) the 
region of integration in (23.41’) will obviously be given by the triangle 
situated below the bisector of the angle between the coordinate axes 
(Fig. 11). 


We now interchange the variables ¢, and ¢,: 


t te 
S(t, to) = — f dt, { dt,V(t,) Vn). 
ty t, 


If in the (¢,, t.) plane we, as before, regard ¢, as the abscissa and f, 
as the ordinate, the region of integration will now be given by the triangle 
situated above the bisector of the angle between the coordinate axes. 
The integrand will now differ from the previous integrand of expression 
(23.41°) by a change in the order of the factors. If the operators V(t,) 
and V(t,) commuted, then both integrands would coincide and S,(t, f,) 
would be given by half of the integral over the whole square. We can 
do this also in the general case of noncommuting operators V(t,) and 
V(7,) if we introduce the chronological operator T(cf. subsection 17.2) 


V(t) V(ta), te < th, 


V(ts) Wh), ty <b. (23.42) 


T(V (ty) V(tz)) = | 
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Then we have 


t t 
Sy(t, to) = —4 fat, f dt, T(V (4) V4,)). 
to ty 
In a similar manner it can be shown that in the general case S,(f, to) 
has the form (52) 


(—i)* 


¢t t t 
Se (ts to) = SG | dt, | dt, ... { dt, T(V(t) V(t)... V(t,)), (23.43) 
ty ty ty 


where T is the chronological operator which arranges the factors in 
such a way that the time arguments of the operators V(r) decrease 
from left towards right. 

This solution can be interpreted as follows. We write the formal 
solution of equation (23.37) in the form 


D(t) = (exp(—i f Vi) ai)) ©). (23.44) 


This expression is a formally correct solution of the equation for ®(r) 
if the values of the operator V(r) at different times commute. However, 
if two operators A and B do not commute, then exp(A+B)+ exp 
A-exp B. Therefore formula (23.44) cannot be used directly in the case 
when the operators V(t,), V (t),.... do not commute. In order to 
find out how to proceed in this case, we note that’ the solution of 
equation (23.37) can always be written in the form 


O(t) = lim Hi(i-i [ var) oq), 


Tra Tad, W=9 Th4+1 


where T,, are times decreasing with increasing m and tending towards ¢): 
TH I>ty > Tt, > see > Te = lo. 


This expression shows that the function ®(¢) is first of all acted upon 
by the operator V(t) at the time ¢= 4%, and is only then acted upon 
by the values of the same operator at later times. Therefore, expression 
(23.44) can be used, but we must preserve the correct order of operating 
with the values of the operator V(f) at different times: the values of 
the operator referring to earlier times must be applied before those 


288 QUANTUM ELECTRODYNAMICS 


corresponding to later times. In order to express this we introduce 
at the beginning of the right hand side of formula (23.44) the chrono- 
logical operator 7: 


D(1) = 1 (exp (—i fre ar’) D(t,) (23.45) 


or 


P(t) = S(t, bo) P(t), 


where 
S(t, %) = T(exp(-i fv) ar’). (23.45’) 


If the exponential is expanded into a series, we obtain 


S(t, t) = sG mf dt, .. J dt, T (V(t) ... V(t,)). (23.46) 


Perturbation theory can also be used to obtain the solutions of the 
fundamental equations of quantum electrodynamics in the Heisenberg 
picture. On expanding the field operators A, and w into series in powers 
of the electron charge 

A, = AP)+eAM +A ..., 
b= POt ep er Pt, (23.47) 
b= PO+LepVLepO +... 
and on substituting these expansions into (22.6) we obtain, equating the 
coefhicients of like powers of the charge, 


0 
“ 
OA”) = 0, 
; (23.48) 
(> fo tm|pirne f xy {AG n’) y pi my h 
* OX, , 


n’=0 


I 


1 , , 
7 ») (pr, pir 1, where n=0O,1,2,.. 
n’=0 


— 


1 A(n4))  __ 
= Al = 
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These equations enable us to express bp"), A‘? in terms of ©, A(); 
pe, AM in terms of p™, A, etc., i.e., we can finally express all the 
p'”, A™ in terms of p©, A‘. Therefore, in order that the problem 
of obtaining the field operators should be completely unique, we must 
also specify the commutation relations which must be satisfied by 
the operatorsep and A‘). (Due to the existence of recurrence relations 
it is not possible to specify general commutation relations between 
the field operators, as we have seen earlier.) But p and A are the 
operators for the free fields, and the quantization rules satisfied by 
them are known. 

We now demonstrate the method of solving the recurrence equations 
(23.48). We note, first of all, that the particular solution of the inho- 
mogeneous Dirac equation 


(.¢- +n] p(x) = —o(x), (23.49) 


where g(x) is a spinor which vanishes at t= —oo, can be written in 
the form of the following integral over four-dimensional space: 


0) = | S&x—x)e rae’, (23.50) 


where the Green’s function, or more accurately the Green’s matrix S?, 
is defined by 


SF (x) = (>, gm) Ant. (23.50’) 


ie 
Indeed, on making use of (23.50’), we obtain 


~ 


fee +m)p = | (=m) 4g — x) pe) ae’, 
iz . 


but according to (17.49’) 
(L1—m®)4 p(x) = —6Q), 


and therefore 
? ° 4 my = -| b(x—x')p(x') dix’ = —@ (x). 
H Ox, 


Since the function 4,(x) vanishes for ¢ <0, the solution (23.50) vanishes 


at f= — ©. 
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In a similar manner the particular solution of the inhomogeneous 


equation 
[3A,(%) = —4,@), (23.51) 
which vanishes at t= — oo, can be written as 
A(x) = { Da(x—x') a, (x')d*’. (23.52) 
Formulas (23.50) and (23.52) enable us to obtain in tum solutions 
of equations (23.48) vanishing at t= — oo. It can be shown that these 


solutions are of the following form (171), (172): 


t t, 
p') (x) = i? f dx, [ d4x, vee 


fn 


_ f atx,[ UG), [... (U (x,), bp (x)] || 
m (23.53) 


AWM (x)= im [ dt, [ dx, - 
f ds, [ VOG,), |. [U), AOD] lj, 


where 
UO (0) = —j re) AY (x), 


1) = 5 HC), 7,0). 


§ 24. The Scattering Matrix 


24.1. The Scattering Problem and the Definition of the Scattering 
Matrix 

In quantum electrodynamics, as in quantum mechanics, there are two 
fundamental types of problems that have to be solved. Problems of 
the first type consist of determining the energy levels of a system, while 
problems of the second type are collision problems. We shall in future 
concern ourselves with problems of the second type. They can be formu- 
lated in the following way. Given the state of the electromagnetic and 
the electron-positron fields at the time t= — ox, it is required to 
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obtain the state of the fields at t = oo. In the interaction picture which 
we shall use these states are described by the wave functions (— oo) 
and @(co). In accordance with (23.45) they are related by 


@(0c0) = SO(—co), (24.1) 


where the operator S is of the form 


oo 
S = S(co, —co) = 7 (exp(—i f Va ai). (24.2) 
—co 
This operator which transforms the wave function of the initial state 
@®(— co) into the wave function of the final state G(oc) is called the 
scattering matrix or the S-matrix. 

In quantum mechanical collision theory it is usually assumed that 
the initial and the final states of the system are free, i.e., it is assumed 
that asymptotically at tf = = oo the interaction operator V(t) vanishes 
and V(= oo) = 0. Such an assumption is justified if the collision does 
not lead to the appearance or destruction of bound states, since, if 
we exclude such cases, then at f = oo the particles are far from each 
other, and therefore V(+= 00) = 0. Without taking into account the 
appearance and destruction of bound states we assume that in quantum 
electrodynamics we have in the initial and final states of the system 
only free electrons and photons. In doing this we use here the term 
‘free electron” only in the sense that there is no interaction between 
the electron and the quantized electromagnetic field; insofar as an 
external electromagnetic field is concerned, it may be present, and 
bound states due to the external field can be taken into account (cf. 
the expansion of the operator for the electron-positron field in terms of 
stationary states in the presence of an external field (18.7)). 

We note that, strictly speaking, the electron cannot be regarded 
as free even asymptotically at f= =. 00 since the interaction of the 
electron with its own electromagnetic field leads to a change in its mass, 
We shall discuss this problem in greater detail in Chapter VII. 

Since for V — 0 the state vector in the interaction picture coincides 
with the state vector in the Heisenberg picture, we can assume that 


D(— 00) = @", 
and rewrite (24.1) as 
@P(co) = SP, (24.1) 
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We characterize the different states of the free fields by the set 
of state vectors ®°, where r is the set of indices specifying the numbers 
of electrons and of photons having different values of energy, momentum 


and other physical quantities. If at the initial time f = —co the system 
was in the state ®°, then at f= co it will be in the state 
@(co) = SOP. 
Therefore, the probability amplitude for the transition of the system 
from the state @° at t= —o into the state BP at t = co will be equal 
to 
(9, B(co)) = (2, SH) =(f|S|i). (24.3) 


We see that the probabilities of the different processes are determined 
by the elements of the scattering matrix S connecting the corresponding 
initial and final states. 


24.2. Matrix Elements of Field Operators 


In accordance with (23.10) and (23.46) the scattering matrix can 
be represented in the form 


S= Tlexp (—ifu@ ax)] (24.4) 


OT 


S= Sim = Sei a { d*x, ... { d'x, T(U(x,) ... UC,)), (24.5) 


U@) = -L,, = —j, OA,O), (24.6) 


ey 
and the integration with respect to each variable is taken over the 
whole four-dimensional space. 

Since both the chronological operator T and the interaction opera- 
tor U(x) are invariant under Lorentz transformations, the scattering 
matrix is relativistically invariant. 

If the electron is acted upon by an external electromagnetic field 
then we must take for the operators y, w appearing in the expression 
for the current density j,, the expansions (18.7) in terms of the eigenfunc- 
tions of the Dirac equation for the electron in this field. 

In many cases the external field is sufficiently weak to be taken 
into account by means of perturbation theory. In order to do this 
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we must replace A,,(x) in the expression for U(x) by the sum A,(@) 
+ Aé(x) where A_,(x) is the potential of the quantized electromagnetic 
field, while A¢(x) is the potential of the external field which, in contrast 
to A(x), is a ccnumber. Insofar as the current density vector j, is con- 
cerned, it must be constructed with the aid of the expansions of p 
and w in terms of free particle eigenfunctions. 

An intermediate method of taking the external field into account 
is also possible when one of its parts has to be taken into account 
exactly by means of the Dirac equation, while its other part is taken 
into account approximately by adding it to the expression for the quan- 
tized potential. In this case the operators y and wp are defined with the 
aid of the expansions in terms of the eigenfunctions of the Dirac equation 
containing only the first part of thc external field. 

We shall say that a scattering process, i.e., the process of interaction 
between the fields, is an effect of the nth order if the element of the 
S-matrix corresponding to this process is proportional to e”. It is obvious 
that all the mth order processes are described by the matrix S‘ which 
is the mth term in the expansion of the S-matrix into a series in powers 
of the electron charge. 

Since the operators A,(x) and j,(x) commute, S has the structure 


Si) = {kK vee (Xt Xap) T(A, Cer) Ay Og) «4) dx, xe «5 


where K,,, ... (%1, Xa) «--) contains a chronological product of the current 
density operators. The latter satisfy the equation of continuity, and 
therefore 


ue 


(K,, .-/8%1,) = (OK, --./A%2,) = «.. = 0. 


From this we can easily conclude that the addition to T(A, (x1) A, (x»)) 
of the expression (2px, —X,)}/(Ox1, OX-,,)s containing an arbitrary 
function g(x) (cf. formula (17.14)) does not alter the value of S™, in 
accordance with the gauge invariance of the theory. 

We now proceed to establish the rules for evaluating the elements 
of the scattering matrix connecting any given states. 

The individual terms of the expansion (24.5) are integrals containing 
products of operators p(x), p(x), A,(x). As has been shown in §§ 16,18, 
yx) is an electron annihilation operator and a positron creation opera- 
tor, p(x) is an electron creation operator and a positron annihilation 
operator, and A,(x) is a photon creation and annihilation operator. 
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In order to obtain the matrix element of the operator p(x) we use 
the general expansion (18.7) of the operator y(x) in terms of the eigen- 
functions of the electron in an external field, and also formulas (18.17) 
defining the matrix elements of the electron and positron creation and 
annihilation operators. From these formulas it follows that the matrix 
elements of the operators y(x) and y(x), corresponding to the anni- 
hilation and creation of an electron in the state 7, are given by 


(Dp+ (co), vx) Biz(—co)) = (OF vOEIILZ) = vSPOd, 
(2,3(00), HO) Por(— 00)) = (11H O07) = HCD), 
where w(x) is the normalized wave function of positive frequency 
for an electron in the r-state, while Oy+(+ oo) and Dy*( + oo) are the 
wave functions for the system of fields at the time ¢ = -- oo (the subscript 
1 or 0* denotes the number of electrons in the corresponding state). 


The matrix elements for the creation or annihilation of a positron 
in the state r are given by 


Ce] y@)[0F) = vO), 
OF ly@)|1F) = vO), 
where y°~ is the normalized wave function of negative frequency for 
an electron in the r-state. 
If the states of the electron can be described by plane waves, then the 
matrix elements for the annihilation and creation of an electron of 
momentum p and polarization r will be given by 


(24.7) 


(24.8) 


1 . 
(0%, y@) 14) = Tq he” 
; (24.9) 
(15,1 9@)0j,) = —— w'(p)e*: 
P P V2 
where {2 is the normalization volume. 
Finally, the matrix elements for the creation and annihilation of 
a positron of momentum p and polarization r are given by 
1 
V2 


(15,1 y(%) |05,) = 


u'(—p) e7'Pt, 
(24,10) 


(05, |9@)| 15] = va o(—p)ei”? ; 
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These matrix elements have the form of normalized Dirac plane waves 
of momentum —p corresponding to negative frequency. 

In order to determine the matrix elements of the operator A,,(x) 
we use the expansion of A_,(x) in terms of plane waves and formulas 
(16.38) defining the photon annihilation and creation matrix elements 
c,, and cf. 

From these formulas it follows that the matrix elements of the 
operator A,(x) corresponding to the annihilation and creation of 
a photon of momentum & and polarization A are respectively given by 


u 


1 
0 A 1 =— —..-— (A) ter 
(0,,\ nh) | a) (202 eve 
(24.11) 


Cy] A (x)|0,,) = —___ et) eter 
. V 20Q * 
where e is the four-dimensional unit polarization vector 


(A) pA) — 9fA)2__ p(A2 — 
en =e ey? = 1 


(e is the spatial and e?°(= e@/i) is the trme component of the vector 
eo), 

If for the potentials of the electromagnetic field we utilize not plane 
but spherical waves, then in place of (24.11) we obtain 


Ojmal A,O)| Jiu) = (Aya 
Cl jneal A, (x) | Ojne2) = (Aime ’ 


where A,,,, are the normalized potentials of photon states of definite 
momentum and parity (cf. § 4). 


(24.12) 


24.3. Representation of the Scattering Matrix as a Sum of Normal 
Products 

We return to the general expansion (24.5) of the scattering matrix. 
Since the operators y, y, A, are expressed as a sum of creation and 
annihilation operators for the individual particles, each term in 
the expansion (24.5) may be written as a sum of products of creation 
and annihilation operators for electrons, positrons and photons in dif- 
ferent states. We wish to determine the conditions under which such 
products have nonvanishing matrix elements corresponding to some 
process i-+ f which is of interest to us. If, for example, in the state 
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i there exists a single electron and no positrons or photons, while 
in the state f there exists an electron and a photon, then, obviously, one 
of the annihilation operators must ‘annihilate’? an electron in the 
state i, two creation operators must “‘create”’ an electron and a photon 
in the state f, while all the other operators must break up into pairs 
with the operators belonging to each pair “creating” and “annihilating” 
the same particle. 

Such virtual processes of creation and subsequent annihilation of 
the same particle introduce considerable complications into the eval- 
uation of the elements of the scattering matrix. We shall therefore 
attempt to transform the scattering matrix in such a way that there 
should be no need at all to discuss such virtual processes. Evidently 
the problem is reduced to representing the scattering matrix in the 
form of a sum of normal or ordered products of particle creation and 
annihilation operators in which the creation operators appear to the 
left of the annihilation operators. In the evaluation of matrix elements 
of such products the annihilation operators will ‘‘annihilate’’ only 
those particles which are present in the initial state, while the creation 
operators will “‘create’’ only those particles which must occur in the 
final state. Insofar as the virtual processes of particle creation and 
annihilation are concerned they will clearly not appear in our discussion. 

In order to write the scattering matrix in such a form we note that 
in accordance with (19.29) 

j,(x) = te NYO), YO) 
and therefore 


U(X) = —j,@)A,0) = —ien GODAQDY (0), 
A(x) = 7, A,,(%). 


From this it follows that the nth term in the expansion of the S-matrix 
may be written in the following form: 


(24.13) 


sin) — “ fae. f dx, TIN(@(x,) AC) Cy) 


 NY&DAR YC). (24.14) 

The individual factors of the J-product appearing in this formula 
represent N-products of field operators relating to the same instant 
of time. We shall refer to a T-product of this type as a mixed 7-product. 
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Thus, our problem consists of writing a mixed T-product in the 
form of a sum of N-products. This may be accomplished with the aid 
of the following two theorems (210). 

I. A T-product of field operators is equal to the sum of their 
N-products in which the operators are paired in all possible ways. 

In other words, if 1, yo, .... %, Stand for the field operators y, 9, 
A,, then the following relation holds: 

Th he + X= Op hi, Li, + Xin 

= Nahe + tad ENGG EAs UD ANE 1Se > Sn) 

be PN INENGE Xn ee FN GGHB oe aad + ... (24.15) 
Here the operators y,,4%,,,.-- %;, in the right hand side of the first 
equation, which is a definition of the 7-product, are arranged in chrono- 
logical order, i.e., in such a way that the time increases from right 
to left, and 6, is the parity of the permutation of the electron-positron 
operators required to achieve this. 

The different letters serving as superscripts of operators in the 
right hand side of the equation denote different pairings defined for 
adjacent operators by means of 


Me = TH I—- NOG Xe) 

Pairings between non-neighboring operators are defined in the 
following manner: if the paired operators are photon operators, then 
they may simply be written next to each other; however, if they are 
electron-positron operators, then they may be placed next to each 
other provided we first multiply the N-product by the parity of the 
permutation of the electron-positron operators required to achieve 
this order. For example, if y,, 72, ... are electron-positron operators, then 

N(x xoh3Ka03h0) = —(xix3)(x3xa)N( Lore) 
(since y2y2 and x32 are c-numbers, they have been taken outside the 
N-product). 

II. A mixed product of field operators is equal to the sum of their 
N-products of the form (24.15), but this sum does not contain pairings 
between operators appearing in the same inner N-product. For example, 

T (xi Nakata) = NG Xa%a da) 

TN(xTxE Asta) +N LoKS +N HaXaxa)- — (24.15°) 
This sum does not contain the pairings y37$, 272. X3%4- 
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In order to prove theorem I we make the preliminary remark that 
by a simultaneous identical rearrangement of factors within 7- and 
N-products in (24.15) we do not violate this equation, so that without 
loss of generality we may assume that the operators in (24.15) are 
already arranged in chronological order. 

We now arrange the factors in (24.15) in such a way that all the 
creation operators stand to the left of the annihilation operators.1 
We shall refer to such an arrangement of the operators as an N-ordered 
one. In order to achieve this we take the N-unordered creation opera- 
tor standing at the left and interchange it in turn with all the 
annihilation operators standing to the left of this operator. In the 
course of this additional terms with pairings between the operators 
being interchanged appear in accordance with the following formula: 


tre = Tyr X2) = NOx) + xIKE = E Nor UIE: 


We perform the ordering operation also with respect to the other 
unordered creation operators. As a result we express the initial 7-product 
in terms of a sum of N-products. These N-products may appear both 
with positive and with negative signs, but if the factors within the N- 
products are rearranged in such a way that they again become 7-ordered, 
i.e., arranged in chronological order, then, obviously, all the N-prod- 
ucts will appear with positive signs and we shall obtain an expression 
for the 7-product in the form of a sum of N-products of the form (24.15). 
This sum will, obviously, not contain all possible pairings, but only 
pairings between all pairs of N-unordered operators; however, since 
pairings between N-ordered operators, which are at the same time 
T-ordered operators, vanish, we can assume that the sum contains all 
possible pairings. Thus we have proved the validity of theorem I. 

Theorem IJ can be proved in a similar manner. In the course of the 
proof it is only necessary to keep in mind that operators appearing 
within the same N-product need not be interchanged since such operators 
are already N-ordered; therefore there will be no pairings corresponding 
to them. 


1 For the sake of simplicity we assume that each of the operators y; is either 
a creation or an annihilation operator. 
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24.4. General Relation between T- and N-orderings 


We now show that not only the individual terms in the expansion of 
the scattering matrix, but also the matrix as a whole can be represented 
in the form of an N-ordered operator. 

First of all we consider the functional of the electromagnetic field 
operators 


F{A}= » J Keg Xs Kae ons MA, OA, (2) « 


Ay (dix dix, ... d’x,, (24.16) 


where Ky. v, are c-numbers, », = 1,2, 3,4, and the summation 
is over n and v,. We show that (89) 
TF{A\ = N(e4F{A}), (24.17) 


where 


6 6 4 ; 
i e(x—_x! _ -dtxdtx'’. (24.17 
A x] J emP (= *) 5K) 5A, (24.17') 


In this expression the functional derivative with respect to the op- 
erator A, (x) is defined as follows. If 6A,,(x) is the increment of the oper- 
ator A(x) then the variation of the functional given by 


OF {AC} = F{A,(0)+-6A,0)}-F{A,@)}, 
is related to the functional derivative [6F { A, Cd} [0A] by 


OF {A,(2)} hy! 
= |— ..-4>- 6A dix’, 24.18 
bF{A,(9)} AG) OAa( ax (24.18) 
In order to prove formula (24.17) we first show that AF{A} is obtained 
from F{A} if in each term of the expansion (24.16) we form in all possible 
ways Single pairings between the operators A,(x) and then sum the 
expressions so obtained. In order to accomplish this it is sufficient to 


verify 


AA (4) A, (%2)) = AZ Oa) AF Ot), 
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which follows immediately from (24.17’) and (17.10): 
A (A, (x1) A,(%)} 
_i a il De(x—x’) dx dix! > — — 9k (4) AC) 
2 6A so) dA (x')  * ow 
x] {2e- x’) dx dx’ 
tne) On nob. ” 


+6, 55, 0(x’— x1) 6(x— x») d‘x dx’ 
= AG(x,) AZ). 

In a similar manner it is possible to show that the functional 
(A*/k!)F{A} is obtained from the functional F{A} if in each term of 
expansion (24.16) we form in all possible ways & pairings between the 
operators A, and then sum the expressions so obtained. 

From this it follows that theorem I stated above on the expansion 
of a T-product in terms of N-products can be written in the following 
form applicable to the operators A, 


TF{A} = Me F(A} 


On noting that Y?_,(4A*/k!) = e4, we obtain formula (24.17). 

A formula of the same type also holds for electron-positron 
operators, viz., if F{y, p} is a functional of the operators y and p 
of the form 


Sagay (Aa) 86,8 ®) 


Fly, p} = 5 f Gl (oy, Xp, wey Xn Xp Non es Xp) V1) (%) .. 


Ny,N,g=0 
p(X, P(x1,) dix, ... dixi,, (24.19) 


where the summation is over n, and n, and also over the spinor indices 
on which G‘".") depends, then 


TFiy, p} = N(eF{y, p}), (24.20) 
where 


5 5 
Sa | il ~—" __ $5 (x— x") 2 dx dx’, 24,20’ 
Sy,(ay 08 —*) Sys (X) (24.20) 
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and the functional derivatives with respect to y and w are defined in 
the following manner. If dy(x) and 6y(x) are increments of the operators 
y(x) and p(x), then the variation of the functional F{y, p} given by 


OF (yp, py} = Fly+dy, p+op}—Ff{y, y}, 


is related to the functional derivatives by 


_ é é 
OF {y, p} = f uy dw, (x) d4x+ / Pl) Fe oy a (24.21) 


In order to take into account correctly the change of sign resulting 
from the interchange of electron-positron operators, the increments 
of the operators y and yp are subjected to the following conditions: 


{oy, vy} = (op, p} = {oy, vy} = {o, p} = 0 (24.22) 
or to the equivalent conditions 


) 7) 
_ ar a __ _ f =O 
exon! " Lamar] 
(24.22’) 


) ) _ 
TF , _ __ y+? TF ? _ 6 _ yy! . 
It follows from formulas (24.17) and (24.20) that if we have a general 
functional F{A,, y, p} of the operators A, y, y, then 
TF{A,, y, py = Ne FIA,, y, p}). (24.23) 


We now apply these formulas to the transformation of the S-matrix. 
Let the functional F{A,, p, p} be of the form 


F{A,,. , B} = exp (if j,@) A,@) atx). (24.24) 
In accordance with (24.4) the scattering matrix is related to F{A,, y, } 
by 

S= TF{A,, YP} = T, Ts F{A,, YP}; (24.24’) 
where the subscripts y and A on T denote respectively the 7-orderings 


of the operators y, and A.,. In accordance with the proofs just given, 


T,F{A,,¥ 9} = N,(e4-exp (i fi,09 A) ax), 
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where N, denotes the N-ordering of the operators A,. On noting that 


it can be easily shown that 
N, (4 exp (i fj,0 A,,@) ax)} 
= —N,(3 f dx! [ dx" Dex! — x"), ©) I,) exp(i f i,@) A,09 dx). 
Therefore we have 
T, F{A, y, p} = exp(—$f atx’ f d*x"j,(x) Dex! —x"), ("| 
XN, (exp (if J.) A,,(x) ax). 
From this it follows that 
S=T, (exp (—3 atx’ atx” j,Ax’) D(x’ —x") i,.(x")) 
x Nylexp i fi.) A, d'x]) . (24.25) 


In processes in which no photons participate the last factor in (24.25) 
is equal to unity, and the scattering matrix assumes the form 


S= 1, exp(—3fd*x' fdtx" j,(x') D(x’ —x")j,0°))- (24.26) 


If the motion of the electrons can be regarded as given, i.e., if we 
treat the current density Jn (x) as a given c-function J (x), then the scatter- 
ing matrix can be written as 


Ss = exp(—3fdtx’ [ d*x” F(x’) Dox’ — x") J, (x’)| 
xNexp(i [7,C)A,(x) dx), (24.27) 
where the only operators are the electromagnetic potentials A,,(x). 


24.5. Symmetry of the Scattering Matrix under Time Reversal 


In proving the invariance of the equations of quantum electrody- 
namics under the transformation of total inversion R we have shown 
(cf. subsection 22.4) that 


(L{A(—x), w(—x)}]? = L{AR(x), pd}. 
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From this it follows that 
(),(—x) A, (—»)]” = j2 @) AR(x). 


On the other hand, R is a transformation which does not alter the equa- 
tions or the commutation relations of quantum electrodynamics, and 
can be regarded as a unitary transformation; therefore 


p(X) AZO) = UTj,.09 A.) UP, 
where U is a unitary operator and, consequently, 
j,(—x) A, (—x) = U-j,0) A, Q9)7U. (24.28) 


We now use this relation to investigate the symmetry properties 
of the elements of the scattering matrix under time reversal. 
We write the elements of the scattering matrix in the form 


Sip = (¢,, r(exp| -i fvo ar|) 2 
where i 
V() = —fi,@) A,@) ar, 
and make the substitution t+ —r. Since in accordance with (24.28) 
V(—) = U-VT(@)U, 


we have 


(0, T (exp[—i fvo ai) » 


= (o, 7(exo|-i f v-oa))o 


= (2, UT exp[ —i { v«a])va) 


where 7 is an antichronological operator which arranges the field opera- 
tors from right to left in the order not of increasing, but of decreasing 
time. 
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The last expression can evidently be rewritten in the form 


(2, UT (exp[-i [ vecoai]} v9) 
— (v2,,7(exe[-if veal) uo) 


_ (vs, (7 exp|—i vo ai) v2) , 


Finally, on going over from the transposed scattering matrix to the 
ordinary one, and in the course of this interchanging the initial and the 
final states we obtain 


(2, r{exe|—i [vo ai) 


= (voy, T(exp|—i f vioar|}(ua,}- (24.29) 


This is the relation which expresses the symmetry property of the 
scattering matrix under time reversal. It can be formulated as follows: 
the element of the scattering matrix between certain states ®, and ®, 
is equal to the element of the scattering matrix between the time-reversed 
States 


© =(U®,)* and @ = (U®)*, 
1.€., 


(®,, SB) = (®', SO’). (24.30) 


We investigate the physical meaning of the time-reversed states. 
In order to do this we consider a Hermitian operator F{y(x)} con- 
structed from the components of the fields g(x) hand aving the form 


F{POD} = J 2 4e9,009,0) Pig Dar 


where each of the field operators gy, belongs to one of the classes +1, 
—I1, +e, —e, while the summation is taken over all the permutations 
1, 2,... 


Ty bas aes 


P= ( and, finally, the constants A, are chosen in such a way 
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that the summation appearing under the integral sign is symmetric 
in the boson, and antisymmetric in the fermion operators, i.e., it does 
not change sign on interchanging any pair of the former, and reverses 
its Sign on interchanging any pair of the latter operators. 

We now investigate how F{y(x)} behaves under the transformation 
of inversion x + —x. By utilizing the notation 


y (x) = Op(—4), 
where O is the matrix of the transformation of v(x) defined by formulas 
(21.28) for the field components belonging to the classes +1, -Le, we 
obtain 
F(P'C)} = JY Arg, 4,2) #1, ar. 
But in accordance with (21.27) 
p(x) = UT P*@)U, 


and therefore 


F{y'@)} = U7 ( [DO Aspen). hdr) U 


= U7 f (4-740) -- G42)M, C9 /ParU, 


but since 
DAG ig ®) + 1,0) 2:0) = + XAG, 0) PO) ++ Pgs 
where the-++ or the — sign is chosen in accordance with whether F con- 
tains an even or an odd number of pairs of fermion operators, we have 
F{p'(x)} = + UA(F{p@)}}7U. (24.31) 
We now consider a state ® in which F has the value A: 
F{y(x)} = A, 


and determine the result of operating with F{(x)} on the time-reversed 
state vector (U®)*. Since F has been assumed to be a Hennitian oper- 
ator we have 
F{p(x)} (U®)* = (F*{g(x)} UD }* = (F"{p@)} US)* 
= (UU“FT{9(x)} US)*. 
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On substituting (24.31) into this expression we obtain 


F{9(x)} (UD)* = + (UF{g'@)}O)*. 
We must distinguish two cases: when the integrand in F{gy(x)} is 
a tensor quantity belonging to the class —1, and when it is a tensor 
quantity belonging to the class +1. We begin by examining the former 
case. If, for the sake of simplicity, we assume that F{g(x)} contains 
the two operators gjt* and gy z*, we obtain, in accordance with (21.28), 


pi’ (x) pa (x) = v(x) g2°(), 


F{y'(x)} = F{e@)}, 


L.€., 


and therefore 
F {p(x} (U®)* = — (UF {y(x)}®)* = —A(U®)*. (24.32) 

Thus, if F{g(x)} belongs to the class —1, and the state vector @ is 
an eigenfunction of F{g(x)} belonging to the eigenvalue /, then the. 
time-reversed state vector (U®)* will also be an eigenfunction of the 
operator F{g(x)} belonging to the eigenvalue —A. 

In particular, if in a state ® the charge of the field is equal to q, 
and the component of the spin is equal to uw, then in the time-reversed 
state (U®)* the values of these two quantities will be —g and —y. 

In a similar manner it can be easily shown that if F{g(x)} is a tensor 
quantity belonging to the class +1, and the state vector @ is an eigen- 
function of the operator F{y(x)} belonging to the eigenvalue 4, then 
the time-reversed state vector (U®)* will also be an eigenfunction of 
the operator F{y(x)} belonging to the same eigenvalue /. 

In particular, if in state ® the energy-momentum vector is equal to 
P(p, ie), then this quantity will have the same value in the time-reversed 
state (U®)*. 

Thus, if 


F{p(x)}P = 19, 
then 


F{g(x)} (U®)* =| A(U®)*, (F belongs to the class +1), 


—A(U®@)*,  (F belongs to the class —1). 
By utilizing these expressions we can write formula (24.30) which 


expresses the symmetry property of the scattering matrix under time 
reversal in the form 


(Dis > Mil S| Py, €,, My) = (p,, —e;, —U,|S| Dis —e,, —b,), (24.33) 
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where p, and p, are the four-momenta of the particles, e, and e, are 
the charges of the particles and y,, 4, are the components of the particle 
spins in the initial and final states. 

Thus, if we interchange the momenta, the charges, and the spin 
components of the particles in the initial and the final states, and at 
the same time reverse the signs of all the charges and of all the spin 
components, then the element of the scattering matrix will remain un- 
changed. 

Since the whole theory is invariant under the transformation of 
charge conjugation, the elements of the scattering matrix are unaltered 
when the signs of all the charges are reversed: 


(Pi, &, Mi|S | Py Cr» Ly) = (D> —e,, f,| S|P,> —Ex, [y)- (24.34) 
By combining this relation with (24.33) we obtain 

(Dis Crs Mil S| Pps Crs By) = (Pps Cys —My|S1 Pi Gs ~My)» (24.35) 
Finally, we note that from the invariance of the equations of quantum 
electrodynamics under the transformations P and T the following rela- 
tions are obtained: 


(Dis Es Cs Hil S| Pps Eps Cp My) = (Pay. b> Cir Mi |S| —Pys Eps Cy, by)> 
(24,36) 


(A; Ei5 e;, 4,|S| P,, Eps Crs Ly) = (—P,> E> Cr, —p,|S| — Pi, Ey, €15 —[,) 


where p is the momentum and é¢ is the energy of the particle. 


§ 25. Graphical Representation of the Elements of the Scattering Matrix. 
The Scattering Matrix in Momentum Space 


25.1. Graphical Representation of Normal Products 
In the preceding section it was shown that the individual terms in 
the expansion of the scattering matrix in powers of the electron charge 
are given by integrals of mixed 7-products, and that these T-products 
can be expanded into a sum of normal products of the field operators. 
We shall represent each such normal product, and consequently 
every scattering process, graphically’, viz., we shall represent the four- 


1 The graphical representation of the elements of the scattering matrix was 
introduced by R. Feynman (62). 
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vectors, over which the integration in S™ is carried out, by points in 
a diagram, and we shall represent the operators by lines passing through 
these points—the vertices of the diagram. 

The representation of operators is carried out in the following manner. 
We shall call those operators free which remain unpaired in products 
of the type (24.15) and (24.15’); and we shall agree to represent a free 
operator A(x) by an (undirected) dotted line leading from the vertex 
x beyond the boundaries of the diagram (and to ‘“‘infinity”), to repre- 
sent a free operator w(x) by a solid line directed from the vertex x towards 
“infinity”, and, finally, to represent a free operator p(x) by a solid line 
directed from “infinity” towards the point x. 

Since (x) represents an electron annihilation or a positron creation 
operator, the solid line leading from “infinity” to the vertex x can be 
used to represent graphically either an electron which existed prior 
to the scattering process, or a positron created during the scattering 
process. 

Similarly, since (x) is a positron annihilation or an electron creation 
operator, the solid line leading from the vertex x towards “infinity” 
can be used to represent either an electron formed as a result of scatter- 
ing, or a positron which existed prior to scattering. 

Finally, since A, (x) is a photon annihilation or creation operator, 
a dotted line joining the vertex x to “infinity” can be used to represent 
a photon created or annihilated as a result of scattering. 

We shall also use a dotted line to represent an external electromag- 
netic field acting at the point x. 

Pairings between operators are represented by internal lines of the 
diagram connecting its vertices, viz., a pairing between the photon 
operators A,(x) and A,(y) is represented by an (undirected) dotted 
line connecting the vertices x and y, while a pairing between the electron 
operators p(x) and #(y) is represented by a solid line joining the vertices 
x and y and directed from y towards x. 

Since pairings represent products of creation and annihilation opera- 
tors averaged in a certain way, the internal lines of a diagram connecting 
its vertices can be made the counterparts of virtual “particles” created 
and annihilated in the scattering process. 

These “particles” are characterized, as we shall see later, by the 
fact that for them there exists no definite relation between the time 
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and the spatial components of the momentum: the momentum of a 
virtual electron, in contrast to that of a real electron, does not satisfy 
the condition p?-+-m? = 0, while the momentum of a virtual photon, 
in contrast to that of a real photon, does not satisfy the relation k? = 0. 

An internal electron line is directed from the point of creation of 
a virtual electron towards the point of its annihilation (or from the 
point of annihilation of a virtual positron towards the point of its crea- 
tion). 

Since in the expression for S‘) each point x appears as the argument 
of three operators—one photon and two electron operators— it fol- 
lows that one photon and two electron lines pass through eaeh vertex 
of the diagram. 

Diagrams representing individual normal products appearing in 
the matrix S‘ contain n vertices. We shall call them diagrams of the 
nth order. They can be used to represent the effects of the nth order 
approximation of perturbation theory. 

We shall give several examples. 


25.2. Various Interaction Processes between Fields 


We begin with first order effects. In this case, obviously, there exists 
only the one diagram shown in Fig. 12. It represents the scattering 
of an electron or a positron by an external field, the creation or annihi- 


—A 


pay 


Fig. 12. 


lation of a photon by an electron (positron), and also the creation or 
annihilation of an electron-positron pair. (On the right hand side of 
the diagram we have symbolically shown the integrand of the matrix 
element of S“ omitting the symbol for the normal product.) 

We now consider second order effects. In this case it is possible 
to have only the six topologically different diagrams shown in Fig. 13. 
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Beside the diagrams we have symbolically indicated the integrand of 
the matrix element of S® (omitting the normal product symbol). The 
lines connecting the different factors y, y, and A indicate the pairings be- 
tween the operators. 

Fig. 14 shows the 15 diagrams giving all possible third order effects. 
Beside each diagram we have symbolically indicated the integrand 
of the matrix element of S® and the pairings between the operators. 


“) 1 (DA BDA P) 


ee eat Ny 
(Appa) 
wo 
Fig. 13. 


We examine in greater detail diagram 8 of Fig. 14. If the external 
lines in this diagram represent an electron and an external electromag- 
netic field, then this diagram can be used to represent the following 
process: an electron emits a virtual photon (vertex x,), then the electron 
undergoes scattering by the external field A*(x,) (the vertex X,), and, 
finally, the electron absorbs the previously emitted virtual photon 
(vertex x,). 
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Fig. 14. 
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In the expansion of S') into normal products this process corresponds 
to the six terms 


= [atm [dtr farm YMCA ve) 


x B(x) AX(x,) p(X) P(x) A) y(x,)) ’ 
where the subscripts i, j, k, assume the values 1, 2, 3, withi Aj, i #k, 
k ~j, and the summation is taken over all the permutations of these 
subscripts. On omitting the integral sign, and on suppressing the argu- 
ments of the operators, we can rewrite these terms in the form 


0 NGAY GAY GAM, & Nadw Biv wan) 
(2) N@Ay) Av) @Av), (5) N@Av).@Av) Ay), 


_——_——s . 
~ 


@) N@Ay)@Av) PAY), (©) N@Ay) Av) WAY), 


—T~OU TD 


and, in order to be explicit we have indicated both in these expressions 
and in the diagram the pairings between electron operators by solid 
lines with arrows directed from wy toward y, and the pairings between 
photon operators by dotted lines. 

On noting that we can interchange the electron operators in an 
N-product, provided we multiply the N-product by the parity of the 
permutation performed, and on utilizing the formulas which define 
pairings between operators, we can easily show that all these six terms 
are equal to one another. 

We can say that the different normal products corresponding to 
a definite nth order scattering process, which are analogous to those 
just discussed, and which differ among themselves only by rearrange- 
ments of subscripts specifying the points, are equivalent, since they 
are equal to one another. The number of such equivalent normal prod- 
ucts is evidently equal to z = n!/g where gis the number of permutations 
of subscripts of points which leave the form of the N-product unaltered. 

If the free operators describe different particle states, then g= 1 
and z= n!. In this most important case we can in evaluating the 
matrix element consider only one of the equivalent N-products, and 
disregard in S™ the factorial term 1/n! which cancels against the number 
of equivalent N-products. 
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The diagrams shown in Figs. 13 and 14 represent normal products 
of field operators in general form, and describe a number of processes 
simultaneously. These operators are sums of creation and annihilation 
operators for particles in different states; therefore the normal product 
corresponding to some specific physical process can also be represented in 
the form of a sum of several terms which contain products of creation 
and annihilation operators for particles taking part in the process 
under consideration, and which differ from one another only by the 
order of the arrangement of the operators. These terms can be repre- 
sented by diagrams which are topologically equivalent, and which differ 
from one another only by the order of the arrangement of the elec- 
tron and photon lines. 

For example, we consider the emission of a photon by an electron 
in an external field. This is a second order process, and the normal 
product corresponding to it in the integrand of S‘ is 


_, lA ae A 
N (Pl) AC) V1) FO) A) vO). 
In place of A(x) we must substitute here 
A(x) = A) +A,@), 


where A® is the external field, and A, is the operator for the emission 
of the photon &. The normal product can be decomposed into two 
terms: 


N ple, A*(o7) Oe BOs) Ay (es) vx) 


A aé/ a 
+N (p(x) Avo) G41) PCa) 42s) v)), 


which correspond to the two diagrams shown in Fig. 15, and which 
differ from one another only by the order of arrangement of the photon 
lines representing A‘ and A,. 

If n photons take part in the process, then after the normal product 
is decomposed into terms containing annihilation and creation oper- 
ators for individual photons, we obtain m! terms which correspond 
to diagrams which differ from one another only by the order of 
arrangement of the photon lines. 
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Similarly, if several electrons and positrons take part in the process, 
then the normal product can be represented in the form of a sum of 
terms which contain the same electron and positron creation and anni- 
hilation operators, and which differ only by the order of arrangement 
of these operators, while the diagrams corresponding to these terms 
differ from one another only by the order of arrangement of the electron 
lines. 


ps P,P P, 
Ag yale) Ales Ly we wl 
| | | { 

| ! ( | { { 

| I { I k| K' 
Py 1 4 

(a) (b) 
Fig. 15. Fig. 16. 


For example, the process of electron-electron scattering corresponds 
to the two diagrams shown in Fig. 16; in these diagrams p,, p, and 
Pi, Pz denote the electron momenta before and after scattering, while k 
and k’ are the momenta of the virtual photons which are exchanged 
by the two electrons. 

In contrast to processes in which several photons take part and 
for which the individual diagrams correspond to matrix elements having 
the same sign, in the case of processes in which several electrons take 
part, the individual diagrams correspond to matrix elements which 
can have opposite signs. This is associated with the fact that the creation 
and annihilation operators for electrons and positrons in different states 
do not commute, in contrast to the commuting photon creation and 
annihilation operators. 

For example, the two diagrams of Fig. 16 correspond to matrix 
elements of opposite signs. Indeed, the integrand of that part of the 
S®) matrix which describes electron-electron scattering is equal to 


NPA CVO) BO) AC) ¥(X9)- 
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On substituting into this expression in place of yp and y, 

POX) = avy) tary, (x) » 

P(X) = ay Pp (+a, Pp (x), 


where a} and a, are the creation and annihilation operators for an 
electron of momentum p, and y,(x) is the wave function of an electron 
of momentum p, we obtain four nonvanishing terms 


N(aya, aya) By (4) P,, (%1)B,(X2)¥,, (%2) 
+N(ava, aya, ) py (X2)¥,, (%2)¥,’ On) P,, (%) 
Naya, aya, ) Py ()¥,, (1) Py (%2)¥,, (%2) 


+N (ay a, aya, ) Dy (1) Py, 4) Vy’ (2), (2). 


The first two terms are two equivalent normal products which are 
represented by diagram (a) of Fig. 16, while the second two terms 
are two equivalent normal products which correspond to Fig. 16(d). 

On interchanging in the third term the operators a and at it can 
be easily shown that 


ava ata =—ata ata , 
DP, Py, DP, Py PD, Py Py, Pe 


and, therefore, as was stated previously, the matrix elements correspond- 
ing to the two diagrams have opposite signs. 

This result can be generalized in the following manner. Suppose 
that 1 electrons take part in the process and that their momenta before 
and after scattering are respectively equal to p,, po, ... and pj, pg, ---3 
then the process will correspond to n! diagrams which differ by the 
designation of the electron lines after scattering. If in two such diagrams 
the electron lines after scattering (which are the continuation of the 
electron lines before scattering) are denoted respectively by pj, pp, ... 
and p,,p,,,.--, then the relative sign of the matrix elements corre- 
sponding to the two diagrams will be determined by the parity of the 


permutation 
1,2, ...,n 
6=1 0007 |. 
iy, Ig, 0-5 Ly 
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Thus, the matrix element corresponding to some physical process 
can always be represented aftcr the decomposition of the normal prod- 
uct in the form 


(//S™] 1) == S@,= UMM, (25.1) 
where the individual terms Mj”), differ from one another by the order 
of the arrangement of the annihilation and creation operators for the 
particles participating in the process; the diagrams representing these 
terms are topologically equivalent, and differ only in the order of the 
arrangement of the electron and photon lines. 


25.3. Transition to Momentum Space 


For the evaluation of the probabilities of different processes with 
the aid of the scattering matrix, and also for a general investigation 
of its singularities, it is convenient to go over to momentum Space. 

We now determine the form which the quantities M{”), have in mo- 
mentum space. In order to do this, we express the pairings between 
operators, and also the external poteniials A‘? (x) in the form of Fourier 
integrals, and we substitute them, together with the expressions for the 
matrix elements of the particle creation and annihilation operators, 
into the normal product (in the expansion of the integrand of S‘™) 
which corresponds to M{”),. 

The pairings between the operators are given in accordance with 
(17.21) and (19.18) by 


1 
_ ike Ja 
Dis) = Gai = Dé, (kel dk, 
l kk 
k wpoy 
Dil )= k2—i0 f put +(d,— J ke ) 
(25.2) 
1 7 
Soa) = (on)4 7 Sap (P) e'" d'p, 


ip—n 
sc, =i PA Dap ; 
p?-+ne?—id 


where d,(k*) is an arbitrary function of k?. 
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We write the Fourier expansion of the external potential A) (x) 
treated as a c-number in the form 


1 ; 
APO) = ax | APMerag, AP G)= [APEet*d'x. 25.3) 


Finally, the matrix elements of the field operators are defined by 
the following formulas. The matrix elements of the operators w(x) and 
w(x) corresponding to the annihilation and creation of an electron 
or a positron of momentum p and polarization r are respectively given 
by (cf. (24.9), (24.10)) 


(o- | p(x) | 1+) => yy (x) = u'(p) ei? | 
(If, 18OO105,) = BP) = Wve, 
D — (25.4) 
(0,,19)| 1) = PS) (x) = 0(—p)e”*, 
| l, | p(x) | 0-;] = yf? (x) = v'(—p) e-iPr 


where ut(p) and'v%(—p) are spinors satisfying the following normali- 
zation conditions u’u™* = v'v"* = |. 

The matrix elements of the operator A,(x) corresponding to the 
annihilation and the creation of a photon of momentum k and 
polarization A are respectively given by 


A 
(0, wi) | 1 ,,] = Vio e(?) efkz 
(25.5) 


ef) eaike 


1 
Vio" 


(Teal A,,(2)] Ox) = 


(in all these formulas for the sake of simplicity we take the normali- 
zation volume equal to unity). 

On substituting these expressions into the normal product corre- 
sponding to Mj”),(in the integrand of the expression for S™) we first 
of all carry out the integration over x, X2,...,X,- On collecting the 
factors exp (ipx,) with a definite x, (p denotes here the four-momenta 
of the free particles, and also the variables of integration in the Fourier 
expansions of the functions A (x), S*(x) and D*(x)), we obtain 
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exp (ix, Sp), where the number of vectors in the sum 5’p is obviously 
equal to three (the number of lines passing through the vertex x, of the 
diagram). The integral of exp(ix,>'p) is equal to (27*) 6(y‘p), where 
6(p) is a four-dimensional 6-function. Therefore, on carrying out the 
integration Over X,, X2, ..., X,, we obtain the product of n four-dimen- 
sional 6-functions. 

In momentum space, to each line of the diagram there will correspond 
a certain four-vector p. Since the functions D° and S° associated with 
the internal lines of the diagram depend on the difference in the coordi- 
nates of the ends of these lines, then in the two 6-functions referring to 
some internal line the vector p associated with this line will appear 
with opposite signs. This enables us to interpret the vectors p corre- 
sponding to the internal lines of the diagram as four-momenta of the 
virtual “‘particles,”’ ‘‘created’’ at one end and ‘‘annihilated” at the 
other end of the internal lines. In this case, obviously, there exists no 
relation between the time and the spatial components of the four- 
momentum of the virtual particle, as has been already mentioned. 

Insofar as the external lines of the diagram are concerned, Le., 
lines going outside the boundaries of the diagram, they obviously 
correspond to four-momenta of the real particles taking part in the 
process. 

In order to obtain the final expression for M{”), it is necessary to 
arrange the matrices operating on the spinor indices in a definite order, 
carry out the integration over the momenta of the virtual particles and 
the variable q (arising from the expansion of the external potentials 
into Fourier integrals), and sum the expression so obtained over the 
polarizations of the virtual photons. 

We first of all determine the order in which the spinor matrices must 
be arranged. In order to do this we consider an example—the scattering 
of an electron by an external field, shown in Fig. 17. The normal product 
corresponding to this process (in the integrand of the expression for 
5) is given by 


F = N54) (Dap Noa) W(X) V4(X2) any 
(xa)¥ Dig) Veo POXDD¥(D)) 
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On interchanging , and y,, and then #, and y,, which will leave the 
sign of F unaltered, and on utilizing (17.10) and (19.16), we rewrite 
F in the form 


F = (Pz %2) V)je SS (X2— Xa) AS(%5) (75) SSa(%y—¥1) (Yap Ys (%1)) 
X Dig (X12) = N (PCr) 7S". —¥a) AH) 
x S*(xs—x7) 7, ¥(%)) Dé, (%1—X2) 
(the interchange of y, and y, leads to additional multiplication by —1). 
This expression shows that the internal photon line corresponds to 


the function Dé, and to the two matrices y, and y, which must be taken 
to correspond to its ends (the vertices x, and x,). In this case the ma- 


trices operating on the spinor indices, i.e., the matrices y and S‘, must 
be arranged in the same order read from left to right as that in which 
they occur if we move in the direction opposite to the electron line 
(cf. Fig. 17). 

Having determined the order in which the spinor matrices must 
be arranged we can now write the following general expression for 
M{”, in the form of an integral in momentum space: 


MiP. = 5p(— I)" er(2nytr-”) f dtp, dip, vee d'p,, | dk, dk, vee 
.. ak, | aqid*q, ... a'q, 


e 


ST] (Sr) off T(ucove-r9 Ts) [] (i We —P) 7a] 


. k,k, 
«TI a@ If pom I %» ike (0+ (d.—1)—7 its), (25.6) 
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Here the integration is taken over the four-momenta of the virtual 
particles, i.e., over the 4F, variables pj, Po, ---, Pr, arising from factors 
of the type S°, and over the 4F, variables k,, ky, ..., kp, arising from 
factors of the type D°, and also over the 4s variables 41, 2, ..- 9s 
arising from the expansion of the external potentials into Fourier 
integrals (F, and F, are the numbers of the internal electron and photon 
lines, i.e., the numbers of virtual electrons and photons, F = F,+-F,, 5 is 
the number of vertices at which external potentials exist, / is the number 
of closed electron loops with an even number of electron lines, 6, is 
the parity of the permutation of the electron operators, cf. below). 

In addition to integration a summation is carried out in (25.6) 
over the four values of the subscripts » which denote the different po- 
larizations of the virtual photons, with each virtual photon correspond- 
ing to its own subscript », which assumes the values v= 1, 2, 3, 4. 


The individual factors in(25.6) have the following meaning. The prod- 
uct [Tucp) o(—p,) [é,//2o,)) is a product of the spinors u(p,), v(—p,) 
and the matrices @,/\/ 2m, describing electrons, positrons and photons 
in the initial state i(p, is the three-dimensional momentum of an 
electron or a positron, e, is the unit polarization vector of a photon 
of momentum k,, é= e,7,, €,e,= 1); [Te o—p)[é,/\/ 2m ,]) denotes 
a similar product for the final state 

The factors i(ip—m/p?+-m?) and y,(1/ik*) 6,+@—DIk,k,/k]) Yu 
arise from the pairings of electron and photon operators with the 
number of the former being equal to F,, and of the latter being equal 
to F,. 

Finally, the symbol O denotes a definite order in the arrangement 
of the spinor matrices in (25.6), viz., the matrices y and S° operating 
on the spinor indices must be arranged reading from right to left in 
the same sequence in which they occur if we move in the direction of 
an electron line of the diagram. 

A special feature is present in the case when the diagram contains 
closed electron loops with an even number of electron lines (in the 
case of an odd number of electron lines the matrix element vanishes 
in accordance with Furry’s theorem, cf. below). In this case to each 
electron loop there corresponds in the expression M{™, the negative 
trace of the product of the matrices y and S° associated with this loop. 
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In order to show this we consider the part of the diagram containing 
the closed electron loop shown in Fig. 18 (the squares A and B denote 
certain complex diagrams whose explicit form is not needed for this 
discussion). The factor associated with this loop in the general expression 
for the normal product corresponding to Fig. 18 has the form 


G = NPS) (Yop PR) Ore) (7, )5q¥3O%0)). 
On utilizing expressions (19.16) for pairings of operators we obtain 


G= —(V ap Shs (X1— X2) (Yy)50 soa(%2—%1) 
= —Sp{y, 5°, —x2) YyS*(X.—%)), 


which is what was asserted earlier. 


Fig. 18. 


If the diagram contains / closed electron loops with an even number 
of lines, then M{”, acquires the factor (—1)' which appears in (25.6) 
together with the factor (—1)"6,, where 6, determines the relative 
sign of M{”,in the case when several electrons participate in the process. 
As has been explained eartier, 6, represents the parity of the permu- 


tation of the electron indices 


; ( 1,2,... 

O=|.. ? 

” Tao dey ve 

where the numbers 1, 2,... enumerate in the diagram the momenta 


of the electrons before scattering, while the numbers /,, j, do the same 


after scattering. 
As an example of the application of the general formula (25.6) 


we give the expression for the matrix element which corresponds to 
the- diagram of Fig. 17: 
az (4, 1Pr—b—m AM@) i(Pr—k)—m | atk 
(3) __ 7393 _ oe _ 
mere ( ”* (p.— ky? +m Qa) (p,m ae | 


(25.7) 
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Here u, and wu, are the spinor amplitudes of electrons of momenta 
p, and p, before and after scattering, and g = p,—p,. We have elimi- 
nated the three four-dimensional 0-functions appearing in the general 
expression for Mf, by integrating over g and over the momenta of the 
virtual electrons, having replaced q by p.—p, and the momenta of 
the internal electron lines by p,—k and p,—k. For this reason the 
integration in (25.7) is carried out only over the four-momentum of 
the virtual photon k; moreover in (25.7) the summation is carried 
out over the four values of the indices v, and this corresponds to summing 
over the four polarization states of the virtual photon. The arbitrary 
quantity d,(k?) has been taken equal to d,= 1. 


25.4. Closed Electron Loops with an Odd Number of Vertices 


We now show that diagrams containing closed internal electron 
loops consisting of an odd number of lines correspond to a total matrix 
element which vanishes (Furry’s theorem). 

If a diagram G, contains an internal closed electron loop I (Fig. 19), 
then in addition to this diagram we must, obviously, also consider 


Fig. 19. 


another diagram G, which differs from the former only by the direction 
of circulation around the closed electron loop (loop I). The sum of 
the matrix elements corresponding to these diagrams, M,, and M,, 
determines the total matrix element for the process 


M = Mz,+Mg,. 


In accordance with (25.6) the loops I and If correspond to the 
following parts of the matrix elements M,, and M,: 
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M,= J d'pSply,, (p+ ky)y,,S( D+ +k) -.. S(D—ky)¥4, SD); 


M},= f{ @p'Sp(S*(p’) 

X Yn SCP ky) «.. Sp’ —kg—ky)y,, S*(p' —ky)7,,); 
which appear in M,, and M,, in the form of factors (N is the number 
of vertices in the loop). 

On noting that 
Sp A= Sp C“1AC, 
where A and C are arbitrary matrices, we write M,, in the form 
M1, = { dip’ Sp(C-1S*(p')C 
x CY COTS (p'+ky)C ... CtS*(p’—k)CCy, C). 
We now choose for C the charge conjugation matrix. Then, in accord- 
ance with (10.2) we have 
Cty C= — Var 
and, consequently, 
C™S*(p)C = S*(—p). 
On utilizing these relations we obtain 
M,, = (—1)"J dtp’ Sp(S*(—p') Puy S*(—p’ ky) -. S°(—p' +h) Fu). 
Further, on introducing the change of variable p ’= —p, and on noting 


that for an arbitrary matrix A the relation Sp A= SpA holds, we 
obtain finally 


M1, = (—1)" { dp Sp(y,, S(pt+ia) 
XV yg S°(P+ ky tke). S(p—ky)¥uy Sp) 


He 

Since the total matrix element M contains as a factor the sum of 
the expressions M, and M,,, it foliows from the last formula that in 
the case of odd N the matrix element M vanishes. 

Thus, diagrams containing closed loops consisting of an odd number 
of electron lines may be left out of consideration entirely. 

We note that Furry’s theorem is a consequence of the law of conser- 
vation of charge parity (cf. subsection 23,7). Indeed, a closed electron 
loop with N vertices, i.e., with N photon lines approaching it, corre- 
sponds to a neutral system of real and virtual photons whose total num- 
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ber is equal to N. Since for an individual photon A = —1, an odd value 
of N would mean that the initial and final states of the system would 
have opposite charge parity and this is impossible. 


25.5. Rules for Writing Down Matrix Elements 

In concluding this section we state the rules by means of which 
we may directly write down the matrix element corresponding to any 
diagram. These rules were formulated by Feynman (62) and consist 
of the following. 

1. To each external electron line there corresponds a spinor of 
one of the following types: u’(p), u’(p), v'(—p), v'(—p), where u'(p) 
and u'(p) correspond to the annihilation or creation of an electron 
of momentum p and polarization r, while v’(—p) and wv’(—p) corre- 
spond to the annihilation or creation of a positron of momentum p 
and polarization r (the four-momentum of the positron is equal to 
the negative of the four-momentum which defines the spinor v corre- 
sponding to negative frequency). 

2. To each external photon line representing a photon there corre- 
sponds the matrix e/y/ 2m, where w is the frequency and e, is the unit 
polarization vector (@=e,y,, €,€, = e?—e = 1). 

To each external photon line representing an external electromagnetic 
field there corresponds the matrix Ae) (q)/(22)*. 

3. To each internal electron line of momentum p there corresponds 
the matrix —i(1/ip+m). 

4. To each internal photon line of momentum & there corresponds 
kk, 

2 


i} and to its ends there correspond 


the factor sr (6,,+(4,—1) 


the matrices y, and y,. 

5. To each vertex of the diagram there corresponds a 6-function 
containing the momenta of all the lines converging at this vertex, with 
the momenta at the two ends of an internal line being taken of opposite 
sign. 

6. All the matrices operating on the spinor indices are arranged 
reading from right towards left in the sequence in which they occur 
if we move in the direction of the electron line. 

7. If the diagram contains a closed electron loop with an even 
number of electron lines, then in Mj”, there occurs as a factor the 
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negative trace of the product of the matrices —ifip+m and Vy 
which are associated with the individual lines of the loop and with 
its vertices. 

The matrix elements of diagrams containing closed electron loops 
with an odd number of electron lines vanish. 

8. The numerical factor which appears in Mi, in front of the 
product of the spinors u, v, u, v and the matrices y, (—i/ip +m) is equal 
to (—1)"t'd, (27)*-"), where F is the total number of internal lines, 
/ is the number of electron loops with an even number of electron lines, 
and 6, is the character of the permutation of the indices of the electron 


1,2, 
momenta = (, . 
Jistares- 


enumerate the final electron momenta). 

9. Integration is carried out over the four-momenta of the internal 
lines representing virtual particles, and over the variables g associated 
with the external potentials, and summation is carried out over the 
four-dimensional polarizations of the virtual photons. 


(1,2, ... enumerate the initial, and j,, jy, ... 


As an illustration of Feynman’s rules we shall give the matrix elements 
corresponding to the scattering of a photon by an electron (the Comp- 
ton effect), and to the conversion of an electron-positron pair into 
two photons (two-photon pair annihilation). 

As has been explained earlier, each of these matrix elements is made 
up of two terms which differ in the order of operation of the photon 
operators. The diagrams representing these terms are shown in Fig. 
20 (adjacent to the electron lines are shown the four-momenta and the 
spinor amplitudes for the electrons and the positrons, and adjacent 
to the photon lines are shown the photon four-momenta). 

We see that the two processes are represented by topologically iden- 
tical diagrams, and the difference consists only of the fact that the elec- 
tron line of momentum p, represents in the case of the Compton effect 
the emission of an electron of four-momentum p, = p,, and in the 
case of pair annihilation the annihilation of a positron of four-momentum 
Py = —P2 (the corresponding spinor amplitudes are designated in the 
diagrams by u.(p,) and v(—p,)). 

In accordance with Feynman’s rules and the general formula (25.6), 
the matrix elements corresponding to the scattering of a photon by an 
electron, and to pair annihilation, have the following form: 
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For the case of photon-electron scattering 
S@,= MQuit Miter 


i>f 


es ip +k)— m ey 
Vig (atk EM V2, 


é i m ey 
_ in ks) Tia) mor —py+k,—k,). 


= ie?(27)*u, 


T V2, ( k.)?+m V 2a 
(25.8) 
For the case of pair annihilation 
Se ,= MS1+ Mon 
; _{ eé i(p,—k,)—meé 
= ie(2n)4y|—_-- - ¥+_— -_-L_ 
yaa i Vn 
ey Mise k.)— es 
ud( +k, +k 
Toa, ( Ene 20» | Pe—Pi a)s 
(25.9) 


where e, and e, are the polarizations of the photons of momenta k, 
and k,; the subscripts I and II denote the two diagrams corresponding 

1K Ky (Ke 
Oa! 


ev Le Paths Py~ ky 


Fig. 20. 


to each process. We have eliminated one of the two 6-functions appear- 
ing in accordance with (25.6) in M®{® by integrating over the momentum 
of the internal electron line after replacing it by p,+-k, and p,—k, in 
the Compton effect diagrams, and by p,—k, and p,—k, in the diagrams 


for pair annihilation. 
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§ 26. Probabilities of Various Processes 


26.1 General Formula for the Probability 


Having defined in accordance with the rules of the preceding section 
the matrix elements corresponding to some process i > f we can obtain 
the probability of the process P= |S,,,|?. 

If only free electrons and photons participate in this process, then 
the matrix element obviously has the following form 


Sis = M,, 6(>) pi— D> Py) 


where 6( > p,— » P;) is the four-dimensional 6-function containing the 
difference between the initial and final four-momenta of the particles. 
Therefore P= | M,,|262( > p, — d'p,). We replace one of the 6-functions 
in this expression by the integral 


6(q) = Gaye | ettatx. 


We take the region of integration here to be finite. On assuming that 
the spatial volume, 1.e., the volume to which the particle wave functions 
are normalized, is equal to unity, and on denoting the interval of time 
variation by 7, we obtain the following expression for P: 


P= aye Mul?3( S2— S2,) T. 


Thus, the probability of the transition i > fis proportional to the time. 
Expressed per unit time it is given by 


W ape! Myl86( Se. S,)- (26.1) 


In the processes under consideration the. initial and the final states 
belong to the continuous spectrum, and therefore it is necessary to 
evaluate the probability that the three-dimensional particle momenta 
p, in the final state lie within the ranges dp,. In order to obtain this 
differential probability, which we denote by dw, we must multiply W 
by the product || ((2x)"8dp,), where dp,/(2z)° is the number of states 
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of a particle of definite polarization whose momentum p, lies within 
the interval dp, (the normalization volume is taken to be equal to unity). 
Thus we have 


d 
dw = oi |M,\25( >'p.—>'P,] I] Ome (26.2) 


On carrying out the integration over one of the momenta p, we 
eliminate from dw three spatial 6-functions: 


J ' ap; 

dw = arya | Misi? (Se-DLe} ] (22)3 ° (26.2') 

Here |] denotes the product [] from which one of the factors dp ,|(2n)° 
f f 


has been omitted (e, and ¢, are the energies of the particles in the initial 
and final states). 
In order to eliminate from (26.2’) the 6-function involving the energy, 
we represent any one of the factors appearing in [| | ‘in the form 
f 
dp ,|(2x)? = @,de,do, 


where do is the element of solid angle containing p,, and @, is the density 
of particle states per unit energy and per unit solid angle. On carrying 
out the integration over de, we eliminate the 6-function containing 
the energy and obtain 


wd 
dw= a “| Multerdo] | On (26.3) 
f 


where 
= = {0,6 (Se >, Dd &,) dey 
and []” denotes the product []’ in which one of the factors dp,/(27)3 
f 


f 
has been omitted. 


26.2. Effective Cross Section 


On dividing the differential probability dw by the fiux density of 
the colliding particles J we obtain the directly observed quantity—the 
differential effective cross section for the process 


do = —. (26.4) 
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The current density J is most naturally defined in the laboratory 
coordinate system in which one of the two particles is at rest before 
the collision: 

J) — pio) y(0 
where n, is the density, v, is the velocity of the moving particle, and 
the superscript zero refers to quantities in the laboratory coordinate 
system, v°) = 0. We note that this definition is inapplicable to the 
case of photon-photon scattering, when there exists no laboratory 
coordinate system. However, in this case we can repeat the following 
argument by using the center of mass system from the outset. 

In the case of an arbitrarily moving scatterer the definition of current 
density is, generally speaking, not unique. However, we can sensibly 
define it in such a way that do will be invariant. 

In order to do this we make use of the fact that the number of scat- 
tering events occurring in the volume 2 during the time T is invariant. 
In the laboratory system of coordinates this is given by don v{ nfo) 
QT while in the arbitrary system it is given by don,vn,22T, where 
do is the cross section in this system, while J = n,v is the flux density 
with @ being the quantity that must be suitably defined. Since QT is 


invariant, we have 
don nly = dan ngd . (26.5) 


On the other hand, the quantities (n,v,, in) and (Hgv2, ing) are four- 
vectors. Therefore 
Ny Ny (1—v, v2) = ni nf. 
We see that if we define w by 
v= U{"(1—v,v2) 
the cross section will be invariant 
do = do, 
We note that in the special case, when », and wv, are Colinear, v 
= (v,—v,)/(1—v,v2), and it follows from (26.5) that 
v= |v,—»v,|. 
In the case of a collision involving a photon (v, = 1), the expression 
for wv assumes the form 


(0) 
1 


v= 1—v, cos %, 


where # is the angle between v, and vp. 
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On utilizing the expression for v{) in terms of invariant quantities 


v0) = —((p, p2)—mim')""(p,p.) 


where p;, P, are the four-momenta and m,, m, are the masses of the 
colliding particles, we can eliminate from the expression for v any 
reference to the laboratory system 

6 = ((pip2)?—mimip” fee. (26.5') 
This formula is applicable to any case, including the case of two colliding 
photons. 

Formulas (26.2), (26.4) and (26.5) yield the following expression 
for the effective differential cross section: 

I > , £1 €y d’p 
do = “Ont |_M. i |? Pr +P2— 2P)) ((p,p.)*—mim}” I] On)?” (26.6) 
where the subscripts 1,2 refer to the particles in the initial state, and 
the subscript f refers to final states. 

Formula (26.6) can be rewritten in such a form that do is expressed 
only in terms of invariant quantities. In order to do this we explicitly 
pick out from the matrix element M,, those factors which are not invar- 
iant. The following factors are of this kind: to each photon in the 
initial and final states there corresponds the normalizing factor (2e)"1, 
where ¢€ is the photon energy. To each electron there also corresponds 
a noninvariant factor associated with the noninvariance of the ampli- 
tude normalization u*u == uy,u=1. It corresponds to the normali- 
zation uu = m/e. Therefore, we can pick out from M,, the factor (7/e)!/? 
or «4/2 corresponding to each electron state. Thus, we can write Mi, 
in the form 


M,= A i (L/\/ex), 


where the product is taken over all particles both in the initial and in 
the final states. The quantity A is called the invariant scattering ampli- 
tude. 

On substituting this expression into (26.6) and on utilizing the fact 
that 


fa ka 
/ 7 = 2 | ap, 6(p2+mio(e,) 


€ 
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I fore, >0 
where O(e,) = Ofore, <0’ and O(e,) is relativistically invariant, 
f 
we obtain 
[AP 2d! p, 6(p?-+m?) O(6,) 
do = —.. —~ ix O(Pit+P2— py) | | -—= TON ge 
(221)*((pyp2)@—mimjp I (2m) 
(26.6’) 


Formula (26.6’) gives the invariant form of the scattering cross section. 

We note that the invariant form of the statistical weights of particles 
utilized in (26.6’) may turn out to be practically useful for integration. 
As an example, we consider the case of two particles in the final state 
with momenta k, and k,. By introducing the new variables 


g=k—k,, p= PitPa2 O=k,+k,, 
we obtain 


dk, d'ky 6(ki-+ my) 6(ke-+m3) 6(Q—p) 
2 1, /k, 
= 1d4q 6(q?-+k?+2m?+2m>) 6(qk-+m?—m?) d!06(Q—p) =i) % do 


where W is the total energy and k, is the momentum of the particle 
in the center of mass system, while do is the element of solid angle in 
that system. 


26.3. Summation and Averaging over Polarization States of Electrons 
and Photons 

In those cases when we are not interested in a definite polarization 
state of the product particles (i.e., the orientation of electron spins 
and the direction of photon polarization), expression (26.2) must be 
summed over all possible particle polarizations in the final state. If 
in the initial state particles are not polarized, then (26.2) must also 
be averaged over the polarizations of the particles in the initial state. 

We start by carrying out the summation, and by averaging over 
the different orientations of the electron spin. 

For the sake of simplicity we discuss the case when we have only 
one electron in the initial and the final states. The quantity M,, appearing 
in the matrix element S@, has in this case the form 


inf 
M,, = u,Qu,, 
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where u, and uv, are the spinor amplitudes for the electron in the initial 
and the final states, and Q is a certain matrix. We are interested in the 
quantity 

mae ee 1 

al ' 

DMP = > YD! (ufysOu,) utO*r14,); 

uy Hy Bj 
where .»’ and >’ denote summations over two orientations of the 

HY ue 

electron spin in the final and initial states. In accordance with subsection 
10.7 we have 


5 DIM P= g SPO —mOW@,—m)}, 26.7) 
iPr 1€7 
where 
O=7,0'Y.- 
If there is only one positron in both the initial and the final states 
then the following expression holds: 
-M,,= U,Q0,, 
where v, = v(—p,) and v, = v(—p,) are the spinor amplitudes corre- 
sponding to the final and the initial positron states. In accordance with 
subsection 10.7 we have 


1 _ 1 
oy » 2.0e,)PP-=— 2 » (Uf40U,) (Uf Oty40,) 


He» By Hy ome 


1 s an 
= gee SP{Q(P, +m) (ip, +m}. (26.8) 


8e, 


If one of the states is an electron state while the other is a positron 


state, then we have 
M. = u,Qv, in the case of pair creation, 
‘! \%,Qu, in the case of pair annihilation. 


Moreover, we have 
1 — 9 1 aa men 
5 » |#,Q2,|? = —— Sp{Q(is, +m) O(iB.—m)}, (26.9) 
2 Hy 86, 


1 _ 1 A A 
x ©: PQul? = g—— SplQth.—m OP, +-m)}, (26.9) 


uy e-p 


where p, and p, are the momenta of the electron and the positron, and 
&, and «, are the corresponding energies. 
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We note that formulas (26.8), (26.9) and (26.9’) can be obtained 
from formula (26.7): the latter goes over into (26.8) as a result of the 
substitution p,— —p,,p,-— —p,. As a result of the substitution 
Py > Pes Pi > —Py(Ey > Ee, &;  —E,) it goes over into (26.9), and as 
a result of the substitution p; > p,, p, > —p,(& > €,&, + —é,) it 
goes over into (26.9’). 

In a similar manner the summation over the polarizations can 
also be carried out in more eomplicated cases when several electrons 
participate in the process. In such a case it is possible to utilize formulas 
(26.7), (26.8), (26.9), (26.9’), by assuming that the matrix Q itself contains 
spinor amplitudes. Summation over the polarizations corresponding 
to them can be carried out by the same method by which formulas 
(26.7)—(26.9) were obtained. 

We now proceed to the summation over the photon polarizations. 
For the sake of simplicity we discuss the case when only one electron 
and one photon participate in the process. In this case the matrices 
Q and Q are 


Q=6G, O=Gée, 
where G does not contain the photon polarization e,. Since 


A an Ad “on _ 52k 
e=eytieny,, eT =ey—ieny, (¢,¢,= &—e = 1), 


we have 
é=y,ety,= —é 
Therefore 
O= —G 
and 
> » |\M,,/2= — tae Sp {eG (ip,—m) Ge(ip,—m)}. (26.10) 
Mis Hy 


If we are not interested in a definite state of photon polarization, 
expression (26.10) must be summed or averaged over the two independent 
directions of the vector e,,. 

We denote by & the space part of the photon propagation vector 
and choose a coordinate system with the z-axis directed along &. Then 
for the two independent polarization vectors we can take the vectors 
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e() (1, 0,0, 0) and e)(0,1,0,0) and write the sum in which we are 
interested in the form 


l 1 2 A oA —T aA 
sy » |M,,|? = ~ Be, 2 Sp {e G(ip,—m) Ge (ip, —m)} 


=— >) Sp {y,G(ip,—m) Gy, (ip,—m)},_- (26.11) 


8e,E, 


2 
where >’ denotes summation over the two polarization states of the 
as 
photon. 
We now show that the summation in this formula may be carried 


out over four values of /, 1.e., 

- 
> YM t= ~ge5 g SP (GB —m) Gy. (iB,—m)}, 26.12) 

Bupes 

where vy = 1, 2,3, 4. In order to do this, we use the fact that the equa- 
tions of quantum electrodynamics are gauge-invariant. Therefore, if in 
the matrix element containing the four-dimensional photon polarization 
e we replace e by k we obtain zero. From this it follows that if in ex- 


pression (26.10), which is quadratic in the matrix element, we replace 
one of the vectors e, by k,, then this expression will vanish, i.e., 


Sp {(yst+iy4) Gip,—m) Ge(ip,—m)} = 0, 
Sp {eG (ip,—m) G(y,+iy,) (ip;—m)} = 0, 
while for the remaining vector e,, we can take an arbitrary vector. If 
we take for this vector first (0, 0, 1, 0), and then (0, 0,0, 1), we obtain 
Sp {(vstiys)G(ip,—m) Gy, (ip, —m)} = 0, 
Sp {ysGip,—m) Gy, +i.) iP,—m)} = 0. 
By multiplying the second equation by —i and adding it to the first 
one we obtain 
Sp {7s GGp,—m) Gy, (ip,—m) + y,G(ip,—m) Gy (ip, —m)} = 0. 


Further, on adding this equation multiplied by —1/8¢,e, to (26.11), 
we obtain formula (26.12). 
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In accordance with the general results of the theory this result shows 
that no “longitudinal” or “‘scalar” photons can be emitted. 

A similar relation holds if several photons participate in the process. 
If, for example, the process involves one electron and two photons with 
polarizations ey, and e,,, the matrices Q and Q can be written 


Q = e, Ae, +e, Be, and Q = é, Ae, +6, Be,. 
By repeating the preceding arguments, it can be easily shown that on 
summing 4 5 |M,,|* over the different polarization states of the two 


Nis ep 
photons we shall obtain the expression: 


i = 
x » |M,,/? = > Sp {(e$” Aels) + ef) Bek”) (ip,—m) 
ej an 
Cro His ke 
x (8° Aes”) +e" Bel") (ip, —m)} (26.13) 
1 aA 7. nN. a 
= 8e,e, Sp{(y,4Ay,+ vy By ,) (ip;—m) (vy, Ay,+y,By,) (ip,—m)}. 


The summation over the four photon polarizations can be carried 
out with the aid of the following formulas (cf. subsection 10.7): 
5, = 48, y,ay, = —24, y,aby, = 4ab, p,abey, = —2¢ba, (26.14) 
where s is a scalar and a,, b,, c, are four-vectors, ab = a,b,. As a result 
of this summation the number of matrices following the trace symbol 
is evidently reduced by 2g where g is the number of photons. 

In evaluating traces of matrices it is convenient to utilize 


1Sp A, A, = A; Ap, (26.15) 
1 Sp A, Ap Ag Aq = (Ay Ap) (Ap Ag) t+ (Ai Aa) (Ag Ay)—(A, A3) (A2 Aa), 


where A,, Ay, Ag, Ay are arbitrary four-vectors. 
The trace of a product of an odd number of factors A, is obviously 


equal to zero. 
We also note the following useful formula: 


Sp (A, +4) (A, +a,) (Ag+) (A,+a,) = (A, Ag+ Gy 4p) (Ag Ag +454) 
+ (A; Agt@14,) (A, Ag+4243) —(A; As—41 3) (Ag Ay—4244), (26.16) 


where a, are numbers not involving the matrices y,,. 
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26.4. Probabilities of Processes Involving Polarized Particles 

A complete solution of the collision problem involves obtaining 
the probability of the process as a function of the polarization state 
of the particles in the initial state, and determining the polarization 
states of the particles in the final state. 

For the sake of simplicity we consider, as we have done earlier, 
the case when only a single electron is present both in the initial and 
in the final states, but the methods which we employ can be easily gener- 
alized to the case of an arbitrary number of electrons and positrons. 

In the case under discussion the quantity M,, appearing in the matrix 
element S{”) has the form 

M,, = u,Qu,. 
The square of the absolute value of M,, averaged over the initial states 
is given by 


|M,,2 i = (u,Qu,) (i,Qu,) = = (u,Q), Uy,Uig(Ou,), 
or by 
[M,,/? =u,QPy.Ou,, (26.17) 
where ‘P“ is the polarization density matrix for the initial state, defined 
by formula (10.21). The matrix ") can be expressed in terms of the 
electron polarization vector in the initial state in accordance with for- 
mulas (10.31), (10.31’). 
On summing (26.17) over the polarizations of the final state we 
obtain 


21M |Mip|? = — 3 SPOR 7.DUB,— m)}. (26.18) 


If the initial state is unpolarized, then in accordance with (10.26) 
1 a 
Po — ~ de, (ip,—m) Y4 


and formula (26.18) reduces to (26.7). 

For the determination of the polarization state of the electron in 
the final state we obtain the corresponding density matrix. 

The general expression for the density matrix corresponding to 
transitions from the initial state i has the form 


. 
Ory ~~ = S{P), Sime, 
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The elements of the matrix @,,., corresponding to a given value of 
the electron momentum p, = p, and to different polarizations Lys 
f4y = +4 give rise to the polarization density matrix for the electron 
in the final state 


Si), Si My My, 
Ouray = eee = where p,=py (26.19) 
. XNSin( PF S| Mp? 

ur uf 


normalized in accordance with 
(f) — ) 
Spe Dy Ody! = 
Hf=t"), 
On substituting into (26.19) M,;,=u,Qu,, and on averaging over 
the initial polarizations, we obtain, in analogy with (26.17), the follow- 
ing expression for the polarization matrix 0: 


| ry) . 7). o 
Crepuye = Fy EP) PY Qu (P,), (26.20) 
where 


1 A 
N= — 5, SPLQPysQGpy—m)} . 
f 


This matrix is a two-dimensional polarization matrix corresponding 
to the definition (10.18). In order to obtain the four-dimensional polar- 
ization matrix we utilize expression (10.27) 

PY = Dd) Ont) ull (p,)ure*(p,). 
My uy’ 
On substituting into this formula expression (26.20) in place of 0”) 


MyHy’? 
and on utilizing the summation formulas (10.28) we finally obtain 


1 GP,-M QP YOUR, —M)r4_ (26.21) 
2e, —- Sp(ip,-m) OP y,0 


If the initial state is unpolarized, then we have 


py = — 


| A 
Pu) — —__(jp,— 
# 4e, (ip, m)y4 
and 
L GP, =m)QP—m)QiP,—m) 7, (26.22) 


Pui = — A A . 
Be, E, Sp(ip,—m)Q(ip,—m)Q 
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By utilizing this formula we can, in accordance with (10.32), obtain 
the electron polarization in the final state 


le 
a, = a SpPO yay V5: 


We now investigate the dependence of the probabilities of the various 
processes on the photon polarization. If in the initial state we have 
a polarized photon, then the averaged value of | M,,|? is expressed in 
terms of the polarization matrix for the photon in the initial state. 
On writing M,, in the form 

M,, = ax el) 


t ava)? 


where e“ is the polarization unit vector for the photon in the initial 


state, we obtain 
|M;,|" = az elgg, (26.23) 


where 9“) is the photon density matrix defined by formula (2.13). 
In order to obtain the polarization density matrix for the photon 
in the final state 9‘ we write M,, in the form 
M,, = el*b,. 
Then we have 
of? == MMi k = k ’ 
vw > | M,,? > f fo 


where v determines the photon polarization in the final state (the photon 
momenta k, and k,. are the same in the states f and f’). 
Since e/’ = 6,, it follows that 


»18,/? 


If we know @, we can obtain the photon polarization parameters 
with the aid of formula (2.15). 

The vectors a and b obviously depend on the polarization states 
of the other particles over which appropriate averages and summations 
must be taken. 

The knowledge of the density matrix for the particle in the final 
State enables us to determine the probability of the process which 
results in the particle being left in a given polarization state. 


va? 


(26.24) 
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Indeed, if we know the wave function of the final state ®,, then 
the probability of a certain state ®, is given by we — (P,, P,)|?. 
Similarly, if a given state selected by the detector is characterized by 
the density matrix e'), while the state of the particle is characterized 
by the density matrix oe, then we have 


W) — Sp p'N(), (26.25) 


Since the density matrix can be written (both for electrons and for pho- 
tons) in the form 
eM =LI+Ho) and 9 = 41440), 
we have 
We — s+ EF &%), (26.26) 
Thus, if the cross section for a process summed over the polarizations 
of the particle in the final state is equal to o, then the cross section 


corresponding to the production of the particle with given polarization 
parameters is given by 


o®) = g (14+ E52), (26.27) 


26.5. Probabilities of Processes in the Presence of an External Field 


We now show how the probabilities of various processes are to 
be determined in those cases when an external electromagnetic field 
is present. 

If a single electron participates in the process, then the matrix element 
can be given in the first approximation in the form 


51, [Jem ones 


where gq = p,—p,. We first assume that the external potential does 
not depend on the time, A(x) = Ar). Then we have 


SY= — et, A*(q)u,2n 6 (e,—&), 
where 
Ae(q) = [ At(rye'9" dr 


and ¢, and ¢, are the electron energies in the initial and the final states. 
The probability of the process is equal to |S{2)|?. By’ proceeding in 
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the same manner as in the case of the derivation of (26.1) we obtain 
the following expression for the transition probability per unit time: 
W = 2n|u,eA’(q)u,|* d(e,—e,). (26.28) 

Formula (26.28) determines the probability of electron scattering 
by the field Aé(r) in the first Born approximation. 

In order to obtain the differential scattering cross section da we 
must divide W by the initial electron velocity v,= p,/e, and multiply 
it by dp,/(2x)?—the number of final states for which the electron mo- 
mentum p, after scattering lies within the interval dp,: 


_ oA d 
do = eAe(g)u,|* 6(e,—€) 


(27)* 


On noting that 
dp, = p;dp, do = p,&, de, do, 


where do is the element of solid angle containing p,, and on eliminating 
the 6-function by means of integration over de,, we obtain 


do 
da =F Pig eA: (q)u, |? One (26.29) 
In particular, if A’) = 0, Aj?) = iAy, then we have 
do 
do = Pe y lufe do (adel? re (26.30) 


This expression is formally equivalent to the corresponding expression 
for the scattering cross section in nonrelativistic quantum mechanics 
in the Born approximation. 

If we are not interested in definite electron polarization states before 
and after scattering, then formula (26.30) should be summed over 
the electron spin orientations after scattering, and averaged over the 
electron spin orientations before scattering. This may be done with 
the aid of relation (26.7). 

In the case when A‘) = 0, the matrix Q is of the form 


OQ = 74€Ad(Q) 
and formula (26.7) -_ 


> 1%, 2u?= = gee SPCR. m)y, (ib, —m}|eAo(g)|?. (26.31) 


2 i 
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The trace of the product of the matrices y,, can be evaluated in accordance 
with formula (26.15): 


4Sp{y,(ip,—m) y4(ip,—m)} 
= tSp{y,(ip;y—eva—m) ya (ip, yey, —m)} 
= £Sp{(—ip,y—e—m) (ip, y—e—m)} 
= eSp{(piy)(ppy) +e? +m} = p? cosd-+-m? +e 


o 
— M21] a2 cin? , 
2e+(1—vsint 


where & is the scattering angle, ¢ = ¢,= ¢,, |p| = |p,;| = |p,|, v= y. 
On substituting this expression into (26.31) and (26.30), we obtain 
the following formula for the averaged scattering cross section: 


2 
_4 26.32) 


[ e'(Pi-P) e Ay (r) dr Gny 


vv 


p? . 0 
do = at —v sine] 


This expression differs from the corresponding expression of nonrela- 
tivistic quantum mechanics by the additional factor 1—v? sin?(/2). 

We examine in greater detail the scattering of electrons by the 
Coulomb field of the nucleus. In this case we have 


eA,(r) = —(Ze*/r), 


where Ze is the nuclear charge (in Gaussian units) and 


Z 2 ; 4 2 
eAg(q) = — f = ela dp = — STZ (26.33) 


q? 
Indeed, we consider the integral 


1 
J, = [ —etar-nrde, 
r 


v 


where the factor exp(—vyr) (7 > 0) is introduced in order to guarantee 
the convergence of the integral for large r. On carrying out the inte- 
gration over the angle between the vectors r and q we obtain 


4n 


— an — re 
gra 


co 
J =— (eat — e(la-n)r) dr a 


0 


By letting 7 tend to zero we obtain formula (26.33). 
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The substitution of (26.33) into (26.32) leads to the following expres- 
sion for the cross section for the scattering of electrons by the nuclear 


Coulomb field: 
2 2 
do= (32) (1—e*sine® do (26.34) 
2puv 2 


26.6. Feynman’s Notation 


Throughout this book we use a Euclidean metric and four-dimen- 
sional space in which x,= it. The scalar product of two four-vectors 
a and b is defined by 


4 
ab = >» a,b, = ab+a,b,. 
p=) 


If we use the pseudo-Euclidean metric with a real time coordinate 
t= X) = —ix,, then we have 


ab = ab—ayby. 


Usually in this case the scalar product is defined with the opposite 
sign. We denote by (ab) the quantity 


(ab) = ayb)>—ab= —ab and (@’)= —a@= aj—a’. 
In using the pseudo-Euclidean metric it is convenient to introduce 
(first of references (62)) in place of the matrices y,(u = 1,2, 3,4) other 


matrices which we denote by y¥(u = 0, 1, 2, 3) and which are defined 
in the following manner: 


v=—v=b, yi =iy,= Pa, where j= 1, 2,3. 
The matrix yg is Hermitian, while the matrices yf are anti-Hermitian 
yor =o and yf = —yj. 
The commutation properties of the matrices y* are defined by the follow- 
ing relation: 
0, pH, 
VavetVevn =) 1, B= v=, 
—l, p=rv=1,2,3. 
In analogy with the quantity a= ya= ya+vy,a, we define 


i = (ya) = Yay". 
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It can easily be shown that 


aA 


w 
la= —a. 


Application of the commutation relations for the matrices y* leads 
to the following relations: 


(yFy?)= 4, ab+ba= 2(ab), 
(yFay?) = —2a, 4 Sp ab = (ab), 
(yFaby?) = 4(ab),  } Sp abéd = (ab) (cd)+ (ad) (cb) —(ac) (bd), 
(yFabéy?) = —22ba,  yh= ybytyh = yf. 
The properties 


of the matrices y* under charge conjugation are the 
same as in the 


case of the matrices y,;: 
Cy = —iC. 
In this notation the Dirac equation assumes the form 


(p—eA—m) p= 0, 


p(pted+m) = 0, 


vw G 
— —jl|yF__], 
p= il 2] 


it being understood that in the last equation the operation of differenti- 


ation acts on quantities standing to the left of it. 
For a free electron we have 


where 


yp = uel, 
(k—m) u=0Q0 = and u(k--m) = 0. 
The current density vector has the form 
s,= yyy and j,= eN[y, yiyl- 


The bilinear expressions S, V, 7, A, P may be defined by formulas 
(9.19) with y, replaced by y and with 


ve=ys = itvivine- 
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The projection operator 4(p) given by (10.22) can now be written 
in the form 


p+m 
2m 


n(p) = 


> 


while formulas (26.7)-(26.9) for summing over the polarizations and 
the density matrix (10.34) can be written in the form 


—_— 1 Vv ~ArryV 
> lH, Qul? = dee, Sp{O(p,+m) O(p,+m)}, 
_ 1 v — 
> 422, — Tee. Sp{Q(p,—m) O(p.+m)}, 
1 v ¥ 
P= de (1+ays) (p+m)y., 


where O= y,0*y,. If Q= vevp --- Vi, then we have O=yF... veyr- 
In this notation the Green’s functions for the photon and for the 
electron assume the form 
i 
D*%(k) = (ke 
i . ptm 
Sp) = w = . 
(?) p—m ' (p)—# 


The rules formulated in subsection 25.5 for writing down the matrix 
elements can be easily put into Feynman’s notation by using the iden- 
tities 

A v 1 1 


e= le, 1 = —p, ee  (e’ 


CHAPTER V 


Interaction of Electrons with Photons 


§ 27. Emission and Absorption of a Photon 


27.1. General Expression for the Matrix Element 

At this point let us initiate a systematic investigation of various 
specific processes which arise from the interaction between electrons 
and the electromagnetic field. We use perturbation theory, and in this 
chapter we carry out calculations only in the first nonvanishing approx- 
imation. Corrections associated with higher order approximations 
will be discussed in Chapter VIII. 

We begin by considering first order processes. The first order scat- 
tering matrix is of the form 


SM = —e f N(x) AG) Yo) atx. (27.1) 


If A (x) is the potential of the external electromagnetic field then the 
matrix elements of S@ determine the scattering of an electron by this 
field in the first Born approximation, which we have discussed in the 
preceding section. 

But if A,(x) is the operator of the quantized electromagnetic field 
then the matrix elements of S will determine photon emission and 
absorption, since the operator A,(x) appears in S® linearly, and the 
nonvanishing matrix elements of A,, correspond to photon emission 
and absorption. 

However, it can be easily shown that the matrix elements of S 
vanish if the electron taking part in the process is free. Indeed, if the 
electron and the photon are both in states of definite momenta, then 
the matrix element corresponding to photon absorption contains as 
a factor the four-dimensional 6-function 6(p,+k—p,), where p,(pr, ie), 
P2(Po, i€) are the four-momenta of the electron in the initial and 
final states, and k(k, iw) is the four-momentum of the photon. Therefore 


[345] 
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the matrix element will differ from zero only if the laws of conservation 
of energy and momentum are satisfied: 


Pitk = Po. (27.2) 
But these laws cannot be satisfied simultaneously since on squaring 
(27.2) and noting that pj = p? = —m’, k?=0, we obtain 


Pik = pyk—w V p+ = 0, 
which is impossible. 

On replacing in (27.2) k by -k we obtain the conservation laws 
for the emission of a photon by a free electron, which also cannot be 
satisfied simultaneously. 

On replacing k by .5’k, we can easily show that no process is possible 
in which a free electron absorbs or emits any arbitrary number of 
photons. 

Finally, we note that from the conservation laws it also follows 
that a single photon cannot give rise to a free electron-positron pair, 
and a pair cannot give rise to a single photon. This can be seen directly 
in the coordinate system in which the center of mass of the pair is at 
rest: in this system the total momentum of the pair is equal to zero, 
but their energy is different from zero (it is not less than 2m), while 
in the case of a photon the energy vanishes whenever the momentum 
vanishes. 

In order for the conservation laws to be satisfied the participation 
of a third body is necessary. Absorption or emission of a photon can 
occur only as a result of a “‘triple collision” in which the interaction 
of the electron with the “third” body plays an essential role. 

In a number of important cases this interaction can be described 
with the aid of the concept of an external field appearing in the Hamil- 
tonian for the electron. The operator of the electron-positron field 
can be expanded in terms of the eigenfunctions of this Hamiltonian 
(cf. (18.7)), and the concept of the electron state will in such a case 
automatically take into account the interaction of the electron with 
other bodies. We shall say that such electron states are not free. 

Such an approach enables us to study the processes of emission and 
absorption of a photon by means of the first order scattering matrix, 
since its elements between electron states that are not free are, generally 
speaking, different from zero. 
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We now proceed to determine the probability of emission and ab- 
sorption of a photon by an electron in an external field. 

We write down the general expression for the matrix element 
S{, which determines the emission of a photon. 

If p(x) and y,(x) are the wave functions of the initial and the final 
electron states and A (x) is the potential of the electromagnetic field 
corresponding to a definite state of the photon, then we have 


SR, = —e f Hal 4*@O)y, (dx VN, 41 (27.3) 


where N, is the number of photons of the kind in which we are interested 
before emission has taken place. In the future we shall discuss only the 
case N, = 0. 

We assume that y,(x) and y,(x) describe stationary states of an 
electron of energy ¢, and ¢,. Then the matrix element corresponding 
to the emission of a photon of frequency w can be written in the form 


S2), = —2niU,., ,6(€1—&2—@), 
U,., = —ie | NA yar, 


where y,(r), y2(r), A(r) are functions only of r (without time dependent 
factors). 

In particular, if we are investigating the emission of a photon of 
definite momentum & and polarization e, then the potential is given by 
formula (6.15) and the quantity U,,., has the form 


(27.4) 


Ui, = —— { ya (r)aee'*"y, (r) dr. (27.5) 
V2 


27.2. Electric Multipole Radiation 

We now discuss the radiation in the case when the initial and the 
final states of the electron are bound, and the wavelength A of the 
emitted photon is large compared to the dimensions a of the region 
to which the electron motion is confined. As we shall see later, the prob- 
ability of emission in this case is related in a simple manner to the 
electric or the magnetic multipole moment of the electron and therefore 
the radiation from such a system is called multipole radiation. 

We determine the probability of emission of a photon of definite 
angular momentum L, definite component of angular moment M, 
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and definite parity P= (—1)‘t*+!. We recall that A= 1 corresponds 
to states of electric type, while A = 0 corresponds to states of magnetic 
type. Therefore, transitions involving the emission of such a photon 
are called electric 24-pole or EL-transitions when A= 1, and magnetic 
24-pole or ML-transitions when A= 0. 

We begin by discussing the emission of a photon of electric type. 

The potential corresponding to a photon in a state of electric type 
is given by (6.17). The product of the components of this potential 
and the matrices y, is equal to (omitting the time dependent factor) 


—aeVi {y (aly + Catsp) +iCy Pray} (27.6) 


where 


—L “L+1~ 
ayy = _ 8141 (r) Y,, rti,ut Vea &,-1(@r) Y,1-1,M> 


L+I1 L 
ay = — Vt Sr4i(or)Y,, L+1, wt V oer &r- (or) ¥;, .— 1,M> 


Pin = 8,(0r) Yiu, (27.6') 
R is the radius of the normalizing sphere and C is an arbitrary constant. 
This expression must be substituted in place of A(r) in formula (27.4). 
Since the size of the system is assumed to be small compared to 
the wavelength, the principal contribution to the integral U,_., comes 
from small r for which wr<1. Therefore, we can restrict ourselves 
to the first term in the expansion of the functions g,(wr) in powers 
of wr: 
, L 
8, (or) Sree ; (27.6) 
where (2L+1)!! = 1:35... QL+1). 
Since the function g,(wr) is proportional to (wr)', we can keep 
in (27.6’) only those terms which contain g,(wr) with the lowest value 
of L, Le., g,-,(wr). As a result we obtain 


L+I 
ay y/ Et a alan, or<i. (27.7) 


Further, on taking into account that a{>)) and @,,, are related in 
consequence of (4.10) by the expression 


ai) = — “VO 5, (27.8) 
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we can write U_,, in the form 


[+1 i 
U1. = ~~ On “EVs [vi WWE . VO 


~¢( ty _ J avor,)| yidr. (27.9) 


We now show that 


L+) 
U., = -0/2 (yet a ary [vt@ry. Im ¥1 (r) ar. 


(27.9’) 


In order to do this we note that 
[yt OC iaV Ot, yi 0 dr = [vt O) pt, — Oh ,ap)yi (9) ar 
= | vf) (AO4,— 98,4) y(n) dr, 


where p is the momentum operator and H is the Hamiltonian for an 
electron in the external field A!(x), H = ap+fm—ieBA. Since 
H is a self-conjugate operator and y,(r) and y,(r) are its eigenfunctions: 


Hy, = 84%, and Hy,= ey, 
we have 


[vk (ia O4,) yy dr = —w | vEPEyydr, (27.10) 


where w = €,—e,. In virtue of this relation the terms containing the 
arbitrary constant C drop out from expression (27.9), as might have 
been expected from considerations of gauge invariance, and U,_,, 
assumes the form 


cae 
UL, = — 45 > 2 bus Diu a 


On substituting into this equation expression (27.6’) for ®f,, and expan- 
sion (27.6), we obtain formula (27.9’). 

We note that the condition 4 a is equivalent to the condition 
v <1 where v is the ratio of the electron velocity to the velocity of 
light. (This follows from the fact that in order of magnitude we have 
v~wa <1.) Therefore, for the functions y,(r) and y,(r) in formula 
(27.9') we can utilize the nonrelativistic Pauli wave functions (cf. § 15). 
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The matrix element U,_,, can be expressed in terms of the operator 
for the electric multipole moment of the electron defined in the following 


ay = _& 4 /_4%_ cys 27.10 
Quy (4x 2L+1 r Youe ( ) 


where e/}/4n is the electron charge in Gaussian units. Indeed, on 
introducing the matrix element of the electric multipole moment 


(Oa = { oF Wo. (r) ar, 


we can rewrite formula (27.9’) in the form 


L+1 \ 
Us = -Veeo “WV aE OL— or (OD. (27.11) 


In accordance with the definition of the multipole moment operator 
(27.10) we obtain in the case M = 0 


manner: 


to = —— 1’ P, (cosd), (27.12) 
Ti i 
where P,(cos #) is a Legendre polynomial (the polar axis z coincides 
with the axis of quantization along which the component of the angular 
momentum M has been taken equal to zero). For L= 1 and L=2 
we obtain from the foregoing 


Qh) = — 


e 
4a an 


B= —_ - — Gz*—r), 
where z = rcos#. These formulas coincide with the usual definitions 
of the dipole and quadrupole moments. 

We now obtain the probability of photon emission. By utilizing 
expression (27.4) for the matrix element S{),, and by proceeding in 
the same manner as in deriving (26.3’), we obtain the following formula 
for the transition probability per unit time: 


The quantity W must be multiplied by the number of photon states 
whose energies lie within the range dw, and it must then be integrated 


over w. In accordance with (1.21) the number of photon states of a 
given value of angular momentum L and of energy lying within the 
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range dw is given by 9, = (Rdw/z). Therefore, after integrating the 
quantity Wo, over w we obtain 


R 
= In| UP. (27.13) 


On substituting into this equation expression (27.11) in place of 
U,_,, we obtain the emission probability per unit time for a photon 
of angular momentum L, component of angular momentum M, and 
parity (—1)4: 

a) 2(L+1) 


“LM L2L+1) [(2L— 1)! poe |(OPrDer|? . (27.14) 


In particular, for L = 1 we obtain the formula for the probability of 


dipole radiation 
Wi = $o*|(QU) el. (27.15) 


27.3. Magnetic Multipole Radiation 


We now determine the probability of emission of a photon in a state 
of magnetic type. In this case in accordance with (6.16) we have 


“ 1. /o 
m= ty Sets, Q716 
where a(®, = g,(wr) ¥). 
On substituting this expression into (27.4) and on utilizing expression 
(27.6) for g,(wr) we obtain 


Uy. = -iy/2 {vi aal*y, dr 


_ ow (—Iw) [vt (0)* EL 
— Vege pea Si rey,dr. (27.17) 


We have seen earlier that if the wavelength of the emitted photon 
is large compared to the size of the region within which the electron 
motion is confined, then the velocity of the electron is small compared 
to the velocity of light. Therefore, in formula (27.17) the functions 
y, and y, can be expressed in terms of the nonrelativistic two-component 
Pauli wave functions (cf. § 15). 

In order to introduce the functions g into the integrand of (27.17) 
we note that in accordance with (15.11) the term —eaA in the Hamil- 
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tonian of the Dirac equation corresponds to the term —(e/2m) {(pA-+ Ap) 
+p. curl 4} in the Hamiltonian of the Pauli equation (if we neglect 
in it the term quadratic in A). Therefore, the matrix element of the 
operator for the interaction energy eaA evaluated using the Dirac func- 
tions must be equal to the matrix element of the interaction energy 
(e/2m) {((pA+Ap)+yp. curl A} evaluated using the Pauli functions: 


es 
| ppecnay, ar = fo | Seat a) curl Alosdr, Y= F,,° (27.18) 


If div A = 0, then we have pA-++ Ap = 2Ap. 


In the case of interest to us we have A = af), with div a‘) = 0. 
On noting that in accordance with (4.16) 


—i 
(9) = -—— [rVY,y], 
LM /L(L+ 1) i] 
we can express a{9) in terms of the function ®,,,= g,(wr) Y,y: 
—i 
a{9) = —_-.-- [rV®,y)]J. 
LM VL(L+ 1) uM] 
Therefore, we have 
2i 
2a!0 =O V® L, 
LMP VL(L+41) LM 


where L = [rp] is the operator for the electron orbital angular momen- 
tum. Further, on taking into account the fact that in accordance with 
(6.17) and (4.29) 


curla{S, = —wal), 
and on utilizing (27.7) and (27.8), we have 


curl a{9) = i Vr V@uu- 


On substituting these formulas into (27.17) and (27.18), we obtain 


Ui o e L+1 


(27.19) 


We now define the operator for the magnetic multipole moment 
of the electron: 


4n e 
(o) — : i ——-, 
Qi V/ par a =p] L+p an (27.20) 


INTERACTION OF ELECTRONS WITH PHOTONS 353 
For the case M = 0 this definition leads to 


e 1 


(0) — U(pt . —_, 
Q‘o V(r P,(cos | xan L+e| Van 
If L= 1, then 


1 
(0) — [_" 7 — 
Qis (. 4} 4x 
in accordance with the usual definition of the magnetic dipole moment. 
On introducing the matrix element of the magnetic multipole moment 


(Q'%) Jor = f pFQ') 91 dr, we can write U,_,, in the form 


fo, , L+1 1 


This expression differs from (27.11) only by replacing Qf) by iQ‘9). 
Therefore, by utilizing (27.4) we can directly write the expression for 
the emission probability for a photon in a state of magnetic type of 
angular momentum L, angular momentum component M, and parity 
(<9: 


o — 2(L+ 1) 2b+411 0 2 


We have derived formulas (27.14) and (27.22) for the probability 
of multipole radiation only for the case of a single particle, but they 
are also applicable to an arbitrary system of interacting particles, as 
long as the velocities of the particles are small compared to the velocity 
of light, and the wavelength of the emitted photon is large compared 
to the size of the system, wa <1 (a is the effective size of the region 
within which the particles move). 

In the case of a system of particles Q%), should be interpreted as 
the multipole moment of the system which is equal to the sum of the 
multipole moments of the individual particles. 

In particular, formulas (27.14) and (27.22) can also be used to esti- 
mate the probability of emission of radiation by nucleons moving within 
a nucleus, but in this case we must take into account the anomalous 
magnetic moments of the proton and the neutron. Moreover, the neutron 
must be treated as a particle without charge, but possessing a magnetic 
moment. 
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We should keep in mind that while for electrons moving inside an 
atom the following order of magnitude expression holds: wa~v~ 
(2/49) = (1/137), the quantities a, w, v are not related in any definite 
manner in the case of nucleons inside a nucleus. Therefore, in order 
that the formulas (27.14), (27.22) should be applicable to the determi- 
nation of the probability of emission of radiation from nuclei, the two 
relations wa < landv <1 must be Satisfied independently. 

In order to obtain a rough estimate of the absolute value of the 
emission probability we can assume that in order of magnitude the 
matrix elements of the multipole moments are given by 


) ~eat, Ol~eva". (27.23 
LM LM 


Formulas (27.14) and (27.22) can be utilized for determining the 
probability of emission of a photon of definite momentum and polari- 
zation. For this we must make use of expansion (4.32) of a plane polar- 
ized wave in terms of spherical waves 


; k 
eetkr — », (. yw (4) oe 
and substitute this expression into formula (27.5) for the matrix element 
which determines the emission of a photon of momentum & and polar- 
ization e. If the wavelength is large compared to the size of the radiating 
system, then only one term in the expansion of e exp (ikr) will play 
an essential role. Let this term be characterized by certain values of 
L, M, 4 (generally speaking, if there are no special considerations for- 
bidding this, we have L = 1, A= 1 which corresponds to electric dipole 
radiation). Then the probability of emission of a photon of momentum 
k lying within the solid angle do, and of polarization e, will be given 
by 


W, do = 


k 2 
e vey x) | wdo . (27.24) 


If we integrate this expression over do and sum over the two independent 
photon polarizations e we obtain the total probability of emission equal 
to the quantity wi). 

In all the preceding formulas it was assumed that the number of 
photons in the initial state (before emission occurs) is equal to zero. 
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If there are some photons in the initial state, and their number is equal 
to N, then the preceding formulas for the emission probabilities must 
be multiplied by N+1. 


27.4. Selection Rules 


In order that the matrix element of a particular multipole moment 
should differ from zero, certain conditions arising from the laws of 
conservation of angular momentum and of parity must be satisfied. 
These conditions are called selection rules and consist of the following. 
If 7, and j, are the angular momenta of the electron, and m, and m, 
are their components, in the initial and the final states, then the 
following relations must be satisfied : 


m—m,=M and [fj—p|<L<iAth, (27.25) 


where L is the angular momentum of the photon, and M is its component. 
Moreover, the following condition must hold: 


P, = P,P, (27.25’) 


where P, and P, are the parities of the initial and the final states of the 
electron and Pis the parity of the photon state given by P = (—1)4+1+4 
(A = O corresponds to states of magnetic type, and 2 = | corresponds 
to states of electric type). 

If relations (27.25) and (27.25’) are not satisfied, then the matrix 
element of the corresponding multipole moment vanishes. 

It can be easily shown that for given j, and j, the largest emission 
probability occurs for a photon of angular momentum L = !j,—j,|, 
provided this is compatible with the parity selection rule (27.25’). 
Indeed, since the matrix elements Q‘), contain (wr)” in the integrand, 
with wr < 1, the largest value of Q{4) will correspond to the smallest 
possible L, i.e., (jy—Jel- 

In accordance with (27.14) and (27.22) the emission probability 
w4) contains the factor (wa)**t!. Therefore, if the difference in the 
angular momenta of the initial and the final states j,—/, 1s large, 
then the emission probability may turn out to be very small, and 
the time during which the radiating system remains in the excited 
state may turn out to be large. Such long-lived excited states are 
said to be metastable. 
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Estimates of nuclear multipole moments made in accordance with 
(27.23) lead to the correct order of magnitude for the lifetime of nuclear 
metastable states, which for L = 3-5 can attain values of the order 
of minutes, hours and longer. Nuclei existing in such states are called 
isomers. Isomers behave like almost stable nuclei, and differ from nuclei 
in the ground state in a number of their properties, for example in their 
periods of B-decay. 


27.5. Angular Distribution and Polarization of the Radiation 

The state of a system (for example, of a nucleus) of a given energy 
é, and angular momentum /, is degenerate with respect to the quantum 
number specifying the component of angular momentum m,; 
Y, = >) c™w,;m,. Therefore, in the general case the state of a nucleus 


of given J, is described by the polarization density matrix 0,: 
(7, |@, 7) = c™c™" 
where the bar denotes a certain average (cf. subsection 2.4). 

It is convenient to introduce the concept of nuclear polarization 
moments. The name of /th order polarization moment is given to the 
l-vector P“ defined in the following manner: 

PY = (my |.) 1) Cinhims (27.26) 
where mim are vector addition coefficients (cf. § 8); it is understood 
that both here and later summation is carried out over repeated m-indices. 
In particular, P = Spe, = 1. The polarization moment P™ is pro- 
portional to the expectation value of the angular momentum operator J, 
1 _ij, 

VAGTD 
P®) is proportional to the expectation value of the quadrupole mo- 
ment tensor 


PO = 


pay — 35.5 p~AG+) 
Vii +) Qi-D G43) 
If the density matrix 9, is diagonal (7m,|0,|m{) = 0:(77,) Om m, then 
the polarization moments have only the one component “P? different 
from zero, which we denote by Y,; 


P= Dy O(M)CHM 9. 
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In particular, 

7, -——™__ ge Smt AD 
VAG+D VACAFD Qi —D Ci, +3) 

where f(m) = > 0,(m,) f (m,). 


The density matrix (m,|o|m,) can obviously be expressed in terms 
of the polarization moments in the following manner: 


2h, 
m 2+ 
(mo, | mj) = > Cg — PY, 27.27 
1101 | 74 2 dymil Yq?" ( ) 


We investigate the radiation from a nucleus whose initial state is 
specified by the density matrix 0,. We denote by (j,m,LM|S|j,m,) the 
element of the scattering matrix corresponding to the transition of the 
nucleus from the state j,, m, to the state j,, m, accompanied by the 
emission of a photon whose angular momentum is defined by the quan- 
tum numbers L, M. We assume that the matrix element (j,m,LM |S|j,m,) 
is normalized so that the probability of the transition j,m, > j,m, is 
equal to the square of its absolute value. On comparing this with (27.13) 
we have 

(jgtm, LM |S] jy) = Y2R sim.» sans 
A complete analysis of the emission process can be given by intro- 
ducing the matrix 
w = Se,S*, 
1.€., 
(m, M"|w|m, M) 
= (j,m_,LM|S|j,m) (m,lor|m) (im, LM"|S|fjm)*. (27.28) 
If we know the matrix w we can obtain, firstly, the transition probability 
or the mean lifetime, t, of the excited state 


- — Spw (27.29) 


and, secondly, the density matrix for the final state 
0. = tw. (27.30) 


We can easily obtain the dependence of the matrix element 
(j,.m,LM|S|j,m,) on the quantum numbers m,,m,, M. In accordance 
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with (27.11), (27.21) it is proportional to the quantity fy*,,,Oy, n, dr. 
Since the wave function y,,, is a component of a j-vector, while the 
multipole moment Q‘4) is a component of an L-vector we have (cf. § 8) 

(jgm,LM|S|j,m) = OCR (27.31) 


where Q is a quantity independent of m,, m,, and M. On substituting 
(27.31) into (27.28), we obtain 


(mm, M’|w|m,M) = |Q|?(m, [er |) Chime Citm'em. (27.32) 
The substitution of (27.32) into (27.29) yields 


l 2 
—=/a/. (27.33) 


Thus, the lifetime of the excited state is independent of its polari- 
zation. On comparing (27.33) with (27.14) or (27.22) we see that 


>, w= |Q|? and does not depend on m,. 
M 


The density matrix @, describes the state of the nucleus-photon 
system. It is given by expressions (27.30), (27.32) in the representation 
in which the photon state is described by definite values of angular 
momentum and parity, and in accordance with (27.32) @, does not 
depend on the photon parity. It is convenient to go over to the represne- 
tation in which the photon states are characterized by a definite momen- 
tum & (i.e., for a given energy characterized by a definite direction of 
motion a= k/k) and polarization a. On utilizing the expansion of 
spherical waves in terms of plane waves (subsection 4.4) we obtain 


(mjn‘a'|0,| mana) = (m,M'|o2|m2M)(¥e(n)) (KA) 
or in virtue of (27.30) and (27.32) 
(m3n'a’|0,|m2,na) 
= (my |Q1| 1) Crime Crime YO) (YA). (27.34) 


We now determine the angular distribution of the radiation W(n). 
It is expressed in terms of the matrix go, in the following manner: 


W(n) = Dd) (m,na|o,|m,na) 


M,a 


or in virtue of (27.34) it is given by 
W(n) = (m, |0,| mi Cina Cima YiA (ny YA Fn). (27.35) 
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On writing @, in the form (27.27), and on carrying out the summation 
over m,, m,, and m, in accordance with (8.10), we obtain 


W(n) = Dd) CH PLY (ny ¥ Yan), (27.36) 
t 
where 
(20+1) 2j,+)¥? | 
a CLLR W(LL, jr ti Ye) (27.36’) 


and W(LL, j, j,; J.) are the Racah coefficients. 
Further, on making use of the expansion of a product of vector 
spherical harmonics in terms of spherical harmonics (8.13’) we obtain 


W(n) = 3) Br PW Yin (a), (27.37) 
where 
2/+1 
B, = a, yo ATE QL+NCH MLL, LL; I). 
If the matrix 9, is diagonal, then (27.37) is an expansion in terms of 
Legendre polynomials 


W(n) = 2 bP ay ee atl p (cos 3). (27.38) 


Since in the expansion of Y{4) Y/2)* in terms of Y,,, 7 are integers, 
then only polarization moments of even order can affect the angular 
distribution. The angular distribution is invariant under a replacement 
of mn by —n which is a consequence of the law of conservation of parity 
in quantum electrodynamics. The even integer / must, further, in con- 
sequence of (27.27) and (8.10) satisfy the two conditions (//2) < j,, and 
(1/2) < L. Therefore, in particular, the radiation from a nucleus of 
spin O or 4 is always isotropic. If j, = 1, 3/2 or L = 1, then 


W(n) = ath? Pin Van). 


We now consider the photon polarization. The polarization density 
matrix @,,- for a photon emitted in the direction # is given by 


l f 
Can’ = Way Dy (menaieel ama’) 
On utilizing (27. a and (27.36’) we obtain 
Gna’ = We Won a CH em PLY ACM) a (VBE) 
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We now obtain the circular polarization of the photon (cf. subsec- 
tion 2.4). In order to do this we take a and a’ to be the Cartesian axes 
in the plane perpendicular to mn. On applying formula (2.15) we obtain 


i , * 
b= py Dy aC Pa? (VBC VRE Mla. (27.39) 
c 


Since —i[¥W()YO* (an = YO (YUH) —(n), then with the aid of 
the expansion (8.13’) we can write (27.39) in the form 


1 
= Win Pail y 27.39" 
Ee W(n) a Pr rm(4), ( ) 
where 
2U+1 QL+1)7? ; ,—— , 
vy V 4n w+ [VL+1 CH oro V(LL, L—-1L; 10) 


+ VLC roroW (LL, L+1L;1'1)}. 
If the density matrix @, is diagonal, then 


2 +1 , 
= Wey + ay Os Wed yf ae! P,.(cos 8). (27.39"’) 


In particular, if only the first order polarization moment differs 
from zero, then 


(A+ 1°? 2L+ 1? 

VL(L+1) 

In the expansions (27.39) /’ is an odd integer satisfying the inequality 
I’ <2j, and /’<2L+1. In contrast to the angular distribution the 
circular polarization is determined by the polarization moments of 
odd order. Therefore, only a measurement both of the angular distri- 
bution and the circular polarization of the radiation completely deter- 
mines the polarization state of the nucleus. 

We now proceed to the investigation of the polarization of the final 
state, i.e., of the state of the nucleus after emission has taken place. 
It is determined by the density matrix 


f= W(LL, jrji3 jo) Py cos B. 


(74|Q0|72) = { do (mna| oom, na) = (m,M|o.|m,M), 


i.e., by taking the average of the density matrix (27.30) over the photon 
states. On utilizing (27.32) or (27.34) we obtain 


(r,| 02 | 13) = (my [01] 71) Cera CHR rae. (27.40) 
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In accordance with (27.26) formula (27.40) gives the following relation 
between the polarization moments ) of the initial and P'!) of the 
final states: 


PW = (2,4)? Q,4D"* WA jeies LL) PM. (27.41) 


If the initial state is unpolarized, then the final state will evidently 
also be unpolarized. However, in this case a correlation of polarization 
occurs, i.e., for a given direction of propagation of the emitted photon 
the nucleus becomes polarized after emitting the photon. Such a corre- 
lation of polarization is defined by the density matrix 


’ 1 , 
(m2| Q2(#)| mz) = Wn) (m,na|o.|m,na). 
On substituting into this equation expression (27.34) and on setting 
1 
nr, 
2mm 


(m,|0;|m;) = 


we obtain, after utilizing the expansion (8.13), 


(mp|o2(n)| m2) = x: CP mim Yim)» (27.42) 
I 
where 
(2L+1)9? | /2I41 
= Ofte Tg WULL, LL; N)W jes hs IL) 
or 
+1 
Phin = 5 Yim”): (27.43) 


If we choose the direction of motion n of the photon as the z-axis, 
then 
2jotl I 


27.43’ 
Taek 4n(2I+1) ( 


Pun = 


Since in (27.42) / is an even integer, polarization moments of only 
even order occur with / < 2L and / < 2jg. 

If the final state of the nucleus is also an excited one, then a subse- 
quent emission of a photon of angular momentum L’ may take place 
with the nucleus making a transition from the state of angular momen- 
tum j, to a state of angular momentum j,. In this case the correlation 
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of polarization leads to an angular correlation between the directions 
of motion of the two photons emitted in cascade (83). 

From (27.43’) and (27.38) we obtain the following formula for 
the angular correlation W(6): 


2j.+1 
oo » a,B, P, (cos 9), (27.44) 


I 


W(0) = 


where @ is the angle between the directions of motion of the two photons, 
a, is the coefficient in (27.42) and 8, is the coefficient in (27.37), in 
which j, has been replaced by j., j, has been replaced by j, and L has 
been replaced by L’. 

We give the values for the coefficients in the expansion (27.44) 
in some frequently occurring cases. We rewrite (27.44) in the form (71), 
(127): 


N 
W(0) = 
( ) 2 A,,, Po, (cos 9), (27.44') 


Ag, = (2n+1) bon(L) ban (L') tons 
where 


b,(L) = f 


k(k-+1) F (2L+1)!k!(L+k/2)! 
2L(L+1)} (2L-+K+1)! (k/2)!(L—k/2)!’ 
{i= for A=hEL Js =pFU 
— Qj—k)! Qjotk+1)! i, oe oy 
ti, —_ (2j.)! (2j.-+1)! 7 for Ji = Jg—L, J3 — Jp L ’ 


— (a)! Qje+1)! a Oo 
“= FOr atks lh! PO ASAtL=htl, 


2j,+3 
t= Aas for jp=1jj,;=fp—L’, 
Je 
2j.—1 . . 

‘,= — = =] , 
2 jel for j, Ljs =Jet+L’, 
(2j2—1) (2j2+3) i, 

t = a ae for = = 1. 

; Jo(jet 1) ads 


The phenomenon of angular correlation of y-rays is one of the 
experimental methods for the determination of nuclear moments. 
In order to be able to observe this phenomenon, it is necessary that 
the transition probability from the intermediate state j, into the final 
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State j, should be sufficiently great, otherwise the polarization of the 
intermediate state will be destroyed by the interaction with the atomic 
electron shells. It is obvious that this condition reduces to the inequality 
1/t >», where 1/t is the probability of the transition j, > j,, while 
y is the magnitude of the hyperfine splitting of the atomic levels. 


§ 28. Scattering of a Photon by a Free Electron 


28.1. Scattering Matrix Element 


In § 27 we have shown that a free electron cannot emit or absorb 
a photon, 1.e., that first order processes are impossible for a free electron. 
Therefore, the simplest processes arising from the interaction between 
photons and free electrons are described by the second order scattering 
matrix, which in accordance with (24.14) has the form 


S) = 5 [ TIN (GA G)y Ca) (BEDA Gadylxd) dm a, 


Since the matrix S‘) contains the operator for the potential A a) 
bilinearly, its elements describe those processes in which the total 
number of photon states is equal either to two or to zero. The latter 
case refers to the interaction between electrons with no photons tak- 
ing part, and will be discussed in Chapter VI. 

The matrix elements of S‘) involving two photon states may be 
divided into three kinds, corresponding to the total number of electront 
in the initial and the final states. This number may be equal to four, 
two, or zero. The matrix elements with four electron states are simply 
products of first order matrix elements of S” (cf. Fig. 13, 1). The matrix 
element which does not involve any electron states determines the 
“proper mass”’ of the photon (cf. Fig. 13, 4) and will be discussed in § 44. 

Matrix elements involving two electron states are of the greatest 
physical interest. Processes involving two photon and two electron 
states are described by that part of the second order scattering matrix 
which is of the form 


S® — ev f POn)A (a) S°a— DA @v@ddmdix,, (28.1) 


where the function S‘(x) is defined by formulas (19.16), (25.2). The 
simplest process described by the matrix S‘) is the scattering of a 
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photon by a free electron, the detailed investigation of which we now 
undertake. 

We denote by y,(x) and y,(x) the wave functions of the initial 
and final electron states and by A,(x) and A,(x) the potentials of the 
initial and final photon states. We obtain the element of the matrix 
S) corresponding to photon-electron scattering if we replace in (28.1) 
the operators PC); and w(x,) by the functions Po(xs) and Ll vi(x), and 
the operator A (tq) A (x) by the function A* (x) A (x)+A, (x,) A* (x,): 


S02, = & f Py(x) AF) Sa — A Or) 
+-Ay (2) S°(xp—%4) A¥ (mY (xy) dtxy d4x_. (28.2) 


We choose the functions y,(x) and A,(x)(r= 1,2) in the form of 
plane waves, normalized per unit volume: 


ik 2 


w(x) =u,e"" and A(x) = 
2 wo, 


where p, and k, are the four-momenta of the electron and the photon, 
w,= |k,| is the photon frequency, u, and e, are unit (spinor and vector), 
amplitudes. 


Fig. 21. 


On substituting these functions and the expression (25.2) for S°(x) 
into (28.2) we obtain the following result which is in accordance with 
the general rules of subsection 25.5: 


i, if,—m . gif 


2) __ 
S (2), — Uy 


ia 
oor “ba 2) (PH Paks) 
12 


(28.3) 
where fy = pitk,=p,+k, and fy = p,—k, = p.—k,. Figure 21 


shows two diagrams corresponding to the two terms of the matrix 
element S{2), . 
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28.2. Application of Conservation Laws 


The matrix element S{?), differs from zero only when the laws of 

conservation of energy and momentum are satisfied: 
Pytk, = patky. (28.4) 

For given momenta p, and k, these laws enable us to obtain four of 
the six components of the momenta of the final state; if, in addition, 
we specify the direction of k, or of p,, then we can completely determine 
k, and pp. 

We now obtain the dependence of the frequency of the scattered 
photon @, on the direction of its momentum. On squaring (28.4) p?-+k? 
+ 2p,k, = p3+k}+2p,k, and on noting that 


pi= pi= —m? and k=kz=0, 


we obtain p,k, = pok, or pyk, = pyk,+k,k,, whence it follows that 
©, (1—v, cos8,) = w,(1—v, cosd,) + SE (1 —cos#), (28.5) 
“1 
where v, =| p,|/é, 1s the initial electron velocity, ¢, is the initial energy, 
&, and #@, are the angles between the momenta of the primary and the 
scattered photons and the initial electron momentum, #@ is the angle 
between k, and k,. 
In the case of the scattering of a photon by an electron at rest (v, = 0, 
€, = m) we obtain from (28.5) the well-known Compton formula 


=, 1s. 28.6 

2 = Tw, /m) (1—cos8) (28.6) 

The quantities f, and f, appearing in S{®), are the four-momenta 

of the virtual electrons for which the usual relation between the energy 

and the momentum does not hold. The difference between a virtual 
electron state and a real one can be characterized by the quantity 


2 2 
rtm where r= 1,2, (28.7) 
m 


which vanishes in the case of a real state. It can be easily shown that 
mx, = 2p,k, = 2p,k, and m?x, = —2p,k, = —2p,k,. If the electron 
was at rest before the collision, then 


and %= 20 (28.7’) 


T 


204 


4 = 
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28.3. Differential Cross Section for Unpolarized Particles 

In accordance with the general rules of § 26 the differential cross 
section for scattering in which the momenta of the final states of the 
electron and of the photon lie respectively within the intervals dp, and 
dk,, is given by 


ea dp,.dk 
do = ow, (eQual? Tome 6 (py thy —Pe—he) 6 (é,-+@1—&,—r) 5 


(28.8) 
where Q is the matrix appearing in the figure brackets of (28.3): 


@,(ifz—m)és, (28.9) 


A ] 
Q= im (if,— mye, + TP 


and J is the flux density of the colliding particles. In accordance with 
(26.5’): 

J=0=k, plea, = m*x,/2€,@,. (28.10) 

The presence in (28.8) of 6-functions enables us to carry out the 

integration over dp, and dw,. In order to do this it is sufficient merely 


to perform the substitution 
6( Pith, —Pp2—kz) dp, > 1, 
6(€,+ @,—£,—.) dk, > 


«3 do, 
| (A/Aw.) (We+€s)| ‘ 
where do, is the element of solid angle containing the vector k,. In 
the last expression «, is a function of w,, since the momentum p, is 
related to k, by the conservation law 
&.= Vre+(pi+k, —k,)? 
= /2- + w?-+ 2p,w, cos 8, + w2 —2 p, w, cos 8,—20,, OSD. 


From this it follows that 


a _ _ _p— 
~" (,+e)=1+ Wa—P, cost, W, Cosh 14 k,(k.—p,—k,) 
00), Es Wo Eo 

— Pals _ _ Pals _ _ Tr (28.11) 
We Eq EgWe 2£,W. ; 
and therefore 
do = 4r? a a Hi, Qu, |? dos, (28.12) 
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where ry = e?/4am is the classical electron “radius” (e/y/4n), is the 
electron charge in Gaussian units. 

If the initial electron state is unpolarized and we are interested in 
the result of scattering without reference to the polarization of the 
electron in the final state we must sum expression (28.12) over the 
final values, and average it over the initial values of the electron spin 
component. For the sake of brevity we denote this quantity, i.e., 
4D wnr4% (4, and fl, are the values of the electron spin components 
in the initial and the final states), as before, by do. In accordance with 
(26.7) such an averaged value of the differential cross section is 
equal to 

do = 78 a4 gz SP (QUP:—m) OGP.—m)} don, (28.13) 
where 
O= 401%. 
On substituting into this expression the value of Q, and on noting 
that for any four-vector g whose spatial components are real and whose 
fourth component is imaginary, g = —g, we obtain 


Q (ip, —m) Olid. —m) 


1 A .4 A 1 A JA A 7A 
= E en(if,—m) e, + ms €,(if,—m) | (ip,—m) 


x | ah m) e+ — zeit me,| p.m). (28.14) 


If the primary photon is also unpolarized, we obtain the scattering 
cross section, irrespective of the polarization of the scattered photon, 
by summing (28.13) over the final polarization states, and by averaging 
it over the initial polarization states of the photons. We denote this 
quantity, i.e, 42) | do, where », and », are the photon polarizations, 
also by do. 

The evaluation of this averaged cross section is considerably simpli- 
fied, since the summation may be carried out not over two, but over 
four photon polarizations, including both the “longitudinal” and 
the “‘scalar” polarizations (cf. subsection 26.3). In doing this we must 
simply replace in expression (28.14) e, by y,, @, by y, and sum over » 
and A (v,A = 1, 2, 3, 4). 


v1, v3 
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Thus, we obtain 


2 1 
do = ate doy q Sp F, (28.15) 
where 
_ if,—m if,.—m 
Sp F= Sp [> me my » + Vy mx | 
. hom 
x (ip, — m)y, —3—— = yaliba— m) 
te if,—m 
+8p{fy. “He “tt, Tg Va 
x WP1—™) 73 fe ” y, (Po— n}- (28.15’) 


It can be easily shown that the second term in this expression is 
obtained from the first one by means of the substitution k, ~ —k,, 
k, + —k, which also corresponds to the following substitution 
firhas fe > fis %1 > %2; %g > %, . Obviously, each of the terms is a func- 
tion of only the two invariants x, and x,. Therefore, we can write SpF 
in the following form: 

SpF = P(2,, %2) + P(x2, 1), (28.16) 
P(2y, %2) == Ay (21, %2) + holy, %2), 
where 


hy (14) = og <a SPta(ti—m) 16 (B.—m) 1h, —) Yaa}, 


ha (ty 04) = fi = Sp{7,(—m) ya(iB.—m) 9, —m) 9, (Bam). 


On carrying out in /,(,, x.) the summation over »v and A with the 
aid of formula (26.14), and on dropping the terms with an odd number 
of matrices A, we obtain 


4 
hy (15 %2) = crag SPUN PA Bet om hit hPa hh) mp, p,+-4m'4}. 


From here we can easily obtain with the aid of formulas (26.15) (26.16) 


8 
h, (x4, to) = 2 (4—2, — x29) . 
1 
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In an analogous manner we can show that 


4 
hy (¢1, #2) = —— (4-2 — x2). 
1 Xo, 
Therefore 
1 1 1\ 
gore v= 4(14 a(t -t)- (24 *), (28.16) 
2 2 My 


ey % My Mo, 


and we finally obtain the following expression for the averaged cross 
section do: 


do = roe 


g Vowdos, (28.17) 


This expression confirms that do is relativistically invariant. Indeed, 
“, and U, are invariants, and the quantity w?do which transforms like 
wdwdo = d°k/«w = 26(k?)d*k, is also an invariant. 

If the electron was initially at rest, ie. p, = 0, then on using 
(28.6) and (28.7’) we obtain U, = (a,/m,)+(w,2/w,)—sin? #, and the 
scattering cross section assumes the form (107), (193) 


2 2 
do = (2s) (2.4.22 sint doy. (28.18) 


2\a,} \@. oo, 


We note that the scattering cross section for the photon contains 
the mass of the scatterer m in the denominator. Therefore as m— oo 
no scattering occurs. However, this conclusion is not exact, since it 
was obtained only by investigating the second order scattering matrix. 
It turns out that the fourth order scattering matrix already contains 
elements corresponding to the scattering of a photon by an infinitely 
heavy charge. The phenomenon of coherent scattering of a photon by a 
nucleus corresponding to these matrix elements will be investigated in § 55. 


28.4. Angular Distribution and Total Cross Section 

By utilizing expression (28.6) which determines w, as a function 
of w, and # we can express the differential scattering cross section 
for unpolarized photons in terms of the frequency of the incident pho- 
ton and the scattering angle for the photon 


do = 
re 1+ cos? } | 4 (w,/m)? (1—cos 8)? | xe do. 
2 [1+ (@,/m) (1—cos 8)? (1-+cos?9)[1-+(w,/m)(1—cos 9)) 


(28.19) 
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The angular distribution of the unpolarized photons given by this 
formula is shown in Fig. 22 for different values of the parameter 
y= a,/m. 

At low photon energies w, <_m formula (28.19) reduces to the 
classic Thomson formula 


da = we (1+cos?#)do,, where o,<™m. (28.20) 

1.0 

0.75 
0.5 


0.25 


——— 


0 30 60 9 120 150 
U 


Fig. 22, 


If the energy of the primary photon is large compared to the 
electron rest energy w, sm then from (28.19) we can obtain simple 
expressions for two limiting cases, when # <y mio, and when 
> Ym: 


da=rjdo,, where o,>md< V2 ; (28.21) 
1 
rem do Tn 
d = 2 — —— 2 _ a 
2 @, 1—cos 8’ where > m, b> V2 » 28.21’) 


For #= Ym]o,;(@, > m) both these formulas lead to the same 
results. This shows that for w, s m formula (22.21) gives a good ap- 
proximation to the angular distribution over the angular interval 
0<t< Vm]a,, while formula (28.21’) gives a good approximation 
over the angular interval 3} > \V/m]o,. 
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The differential scattering cross section can also be expressed with 
the aid of (28.6) in terms of the energy w, of the scattered photon. 
After integrating over the azimuthal angle we obtain 


2 
do = nr? mde Ee 4 Oe (7 _ m) 2m (4 _ A)| , (28.22) 
1 


We Wy We Wy We Wy 


where in accordance with (28.6) w, varies over the range 
Wy 
1+2(@,/m) 


Integration of formula (28.19) over the angle # leads to the follow- 
ing expression for the total scattering cross section: 


3 1 2y(1 In(1+2 143 


KW, Ka. 


4°98 ty (+2 
(28.23) 
where o, = (82/3)r5 and y = (@,/m). 
For w, < m, expansion of (28.23) in powers of y yields 
o=o,(1—2y+...), where y<l, (28.24) 


i.e., in the nonrelativistic domain the scattering cross section is almost 
independent of the energy. 


Fig. 23. 


In the extreme relativistic domain w, > m the expression for the 
cross section is greatly simplified: 


_3 m (in 204 +4). where @, > ™m. (28.25) 
m 
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In this region the cross section falls off almost inversely with the photon 
energy. 

Thus, at high energies the number of scattered photons is greatly 
reduced, as a result of which the penetrating power of y-radiation 
increases with increasing energy. 

Fig. 23 shows the dependence of o/c, on the energy of the primary 
photon. The values of o/o, are given in table 9. 


TABLE 9 
y 0.05 0.1 0.2 0.33 0.5 1 2 3 
a/o, 0.913 0.84 0.737 =: 0.637 — «0.563 0.431 0.314 0.254 
y 5 10 20 50 100 200 500 1000 
ala, 19.1 12,3 7.54 3.76 2.15 1,22 0.556 0.304 


28.5. Distribution of Recoil Electrons 
As a result of its collision with the photon the electron which was 
initially at rest acquires some energy. From the conservation laws 
it can be easily shown that the energy acquired by it is given by 
wi (1 —cos #) 


~ m-+a,(1—cos 8) * (28.26) 


E-— 


It varies between zero at ®=O0 up to the maximum value E,,,.—m 
= 20?/(m+q@,) at 0= a. 

The angle 6 between the momentum of the scattered electron and 
the momentum of the primary photon is related to the angle # by 


cos = (4) /'5 __1 ~cos 3 (28.27) 


2+ y(y+2)(1—cos #) 


and varies from z/2 at ®=0 to zero at P= 7. 
By utilizing this relation we can express do in terms of 8. Thus, 
we obtain angular distribution of the recoil electrons 


° (1+y)? cos B do, 
do = 4r¢ [t+ 2y+y? sin? BP 
{+ 2y? cos! B __ 2(1+y)? sin?B on 
(i+2y+y? sin? 8] [1+ y(y+2) sin?6] [1+ y(y+2)sin2 BF J’ 


(28.28) 
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where do, is the element of solid angle containing the momentum of 
the scattered electron. 


In the extreme relativistic case y s> 1 this formula yields 


pro. do, 
do = —5——, where 1 and 2 <1; 
yp+l Y > B 
__ Arg cosB do, h 1 and v sin? , (28.29) 
= SP sine” where y > 1 and ysin?£> 1. 


28.6. Scattering of Polarized Photons 


We now investigate the scattering of polarized photons by unpo- 
larized electrons. We describe the polarization state of the incident 
photon by the density matrix (cf. subsection 2.4) 


Cap = Bap t+ §5T,, as), (28.30) 


where t, are the Pauli matrices and €§)(j—1,2,3) are the Stokes 
parameters. By utilizing the general formulas of subsection 26.3 we 
obtain in place of (28.12) and (28.13) the following expression for 
the differential cross section: 


1 we A ~ oa 
dE) = SSE Sp(,,(r— mY OpliPa—m)} doy (28.31) 


where (cf. (28.9)): 


1 A A A 1 A “A A 
=~ e(if,—m)e) + —— ef, —m)e) 
One = a OE Mifs—m\BP-+ 3 — BENG —m) 
and e“)(a= 1,2) are unit vectors in the plane perpendicular to 
the vector k,. We choose them in the following manner: 


1 
oh and e§!) = -—~— [k,, ey”); 
19 "2 


| x1 
e?) are unit vectors in the plane perpendicular to k(u= 1, 2). As 
has been explained in subsection 26.3, in expression (28.31) the summa- 
tion over w may be extended over the values w= 1, 2, 3, 4, Le., we 
can replace e(?) by y,. 
On evaluating the trace (over the spinor indices) in (28.31) we 
obtain in the case of an electron at rest 


do(§™) = do. + é$ do, , (28.32) 


e) = 
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where do, is the scattering cross section for an unpolarized photon 
determined by formula (28.18), and 


1 ,@ ., 
do, = 5To 3 sin 0 do. (28.33) 
1 


The expression for do can also be written in the form 


_ 1 2f ° 
do = 3 fo (2) Fdo, (28.34) 
where 
= Ov Oa (1)__ in2 ’ 
Fa OL 4 O24 (et 1)sin? 8. (28.34’) 


We now obtain the polarization of the scattered photon. By apply- 
ing the results of subsection 26.4 we obtain the expression for the 
Stokes parameters for the scattered photon, 


EQ) — Sp{Q.,(ipi— m)ols T;, uv QpviP2— m)} 
Sp {Q,,(iP:— m)oks On,(iP2— m)} 


Here the summation over all the variables (a, B, uw, v) is carried out 
over the values 1 and 2. On choosing the unit vectors e(?) 
(2) __ 


(2) [k,, kg] e _ [ko, e{?)] 
fe kell?” Jka)” 


(28.35) 


we obtain after evaluating the trace in (28.35) 


1 
EY = (sin? 3+ (1-+cos?d) Ef!) ¥ 


E(2) = QE cosP = (28.36) 


w oe 
(2) | “1 (1) _ 
g (2: +— “2 & 
From these formulas we can see, in particular, that the unpolarized 


photon becomes partially polarized as a result of scattering. Indeed, 
on setting &{!) = 0 in (28.36) we obtain 


g = e) = 0, 
sin?) (28.36’) 


egy ____ SI 
(@,/W2)+(@,/w@,)—sin? dB 
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Since €{?) > 0 the photon is polarized in the direction e{?), i.e., per- 
pendicular to the scattering plane. In the nonrelativistic approximation 
we have &{?) — sin?#/(1+-cos?#) and in the case of scattering through 
90° the radiation is completely polarized. 

We consider the case when the incident photon is linearly polarized 
(ES) = 0, (&{)?+(E$?)? = 1), and seek the differential scattering cross 
section in the case when the scattered photon is also linearly polarized. 
In order to do this we utilize formula (26.27) and expressions (28.18) 
and (28.35) for do and &”). On expressing the parameters &'*) and 
&4 in accordance with (2.15) in terms of the components of the photon 
polarization vectors which we denote by e") and e), we obtain the 
following expression for the differential cross section for the scattering 
of polarized photons by an electron at rest: 

2 2 \ 
do = (22) (24.22 4+ °2 244 cos? 6] dog, (28.37) 
4 \ay, We = Wy 
where @ is the angle between the polarizations of the primary and the 
scattered photons, cos 6 = e el), 

The scattering cross section as a function of 0 reaches a maximum 
when the polarization directions of the primary and the scattered 
photons coincide. 

We can obtain the total scattered radiation for given frequencies 
w, and w, by adding expressions (28.37) for the two linearly independent 
polarization states of the scattered photon. We choose two mutually 
orthogonal directions e!?) (u= 1, 2; e{?) ef?) = 0), corresponding to 
these states in the following manner: one of them is perpendicular to 
e™: cos6™ = e™ ef?) = 0 and the other lies in the plane containing 
k, and e, cos? 9% = (ee)? = 1—sin® # cos’, where gy is the 
angle between the planes (k,, k.) and (ks, e)), 

If do and do are the scattering cross sections corresponding 
to these polarizations, then the total scattering cross section will be 
equal to do = do\+do). If the incident photons are unpolarized, 
then the sum do) +da) averaged over the angle » gives the scattering 
cross section for unpolarized photons (28.18). 

Fora, <m 


doY® = 0, do® = r2(1—sin?? cos? ¢) dog. (28.38) 
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For w, > m we have to distinguish between the regions of small and 


large scattering angles. If? < VmJo,, then 


do — 0, do® = r2(1—sin?d cos*g)do,, w,>m V< m. 


If? > V/m/o, , then 


1 rom do m 
Q) — Jel) — . — 0 2 SS _ 
do) = do x do 4 @, 1—cosd” o,>m, oof 
(28.39’) 


We see that in the extreme relativistic domain the scattering for 
small takes place in the same way as in the nonrelativistic domain. 
At high energies and large scattering angles the scattered photon is 
unpolarized independently of the nature of polarization of the primary 
photon. 


28.7. Scattering of Photons by Polarized Electrons 


We now discuss the scattering of photons by a polarized electron at 
rest (57), (126), (217). If the expectation value of the electron spin is 
equal to 40, then its polarization density matrix has, in accordance 
with subsection 10.6, the following form: 


PY = LU1+y.) Ii y,). (28.40) 


By utilizing (26.18) and (28.31) we obtain for the differential scatter- 
ing cross section 


do(B™, F) = fe (2: ‘) Sp {Q,, PMO} Os,(iP2—m)}. (28.41) 
On evaluating the trace we obtain 
do(E™, 6) = do(E) +72 (2 ‘) EMEMG, (28.42) 
where 
G=— ~ (1—cos#) (k, cos0-+k,) (28.42’) 


and do(§) is the cross section for the scattering of a photon by an 
unpolarized electron (28.32). 
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We note that the second term in (28.42) contains only the component 
&{1), which describes the circular polarization of the incident photon, 
and the component of the polarization vector of the electron in the 
scattering plane. 

We give the expression for the total scattering cross section in the 
case when the electron is polarized in the direction k,, while the photon 
has only a circular polarization: 


(EC) = op FEM EMG, 


o = nr 1+-40,+5oi — (1+o,)In(1+2a,) (28.43) 
® (a, (1 +204)? 2w} 


where ay is the scattering cross section for unpolarized photons. 


w/m 


Fig. 24. 


Figure 24 shows the ratio a’/a) as a function of the photon energy 
w, (79). 

If the incident photon is unpolarized, then the polarization of the 
scattered photon can be obtained from 


2) = SPAQay P59 Oe? my} (28.44) 
Sp {QP OauiP2—™)} 

In this case the scattered photon has a linear polarization determined 

by formula (28.36’) and, in addition to that, the circular polarization 


i aoe, (28.45) 


where G is defined by formula (28.42’), while F is defined by formula 
(28.34’) with & = 0. 
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Finally, we investigate the polarization of the recoil electrons. In 
accordance with (26.21) and (10.32) we can find the parameter a,, and 
then from formula (10.30’) we can find the polarization vector §°). 

If the electron was unpolarized before the collision then 


é 


G02) = eo, (28.46) 


where F is defined by formula (28.34’), and 


OTs 


G' = —<(1-cosi) G cosd-+ k,)— (1-cos #9). ey -K) 


(28.46’) 


We see that the electron is polarized only in the case when the photon 
has circular polarization. 


§ 29. Bremsstrahlung 


29.1. Perturbation Theory for an Electron Wave Function in the Con- 
tinuum. Incoming and Outgoing Waves 


When an electron collides with a charge or a system of charges, in 
addition to the electron being scattered photon emission can also take 
place. Such a process is referred to as bremsstrahlung. If the electron 
collides with a heavy particle (nucleus, atom) the effect of the latter 
can be taken into account as the effect of an external field. In this case 
bremsstrahlung is described by the matrix element (27.3) in which the 
initial state refers to the continuous spectrum, and the final state refers 
also to either the continuous or to the discrete spectrum. 

Because of the complicated nature of the wave functions of an 
electron in the field of a nucleus (cf. § 13) the matrix element (27.3) 
can be evaluated only in the case of low energies, when the nonrelativistic 
approximation may be used, and also in the limiting case of high energies 
and small scattering angles for the electron when the wave functions of 
subsection 14.5 may be used. 

If the external field is such that it can be treated by perturbation 
theory methods, then in order to determine the probability of brems- 
strahlung it is sufficient to evaluate the corresponding element of the 
second order scattering matrix S® (28.1). This matrix element will 
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differ from the matrix element for photon-electron scattering (28.2) 
only by the fact that the potential of the primary photon must be re- 
placed by the potential of the external field A{?)(x): 


S22), =e? f Po(x2) [A*G) Sn —m) AO(,) 
4 Ale( Xp) S°(X_—X}) A*( xy) pi(x,)dtx,d*x,. (29.1) 


Here »,(x) and y,(x) are the wave functions for the free electron 
in the initial and the final states, A,(x) is the potential of the emitted 
photon and A{*)(x) is the potential of the external field. 

The criterion for the applicability of such treatment obviously 
coincides with the criterion for the applicability of the Born approxi- 
mation to the case of the Coulomb field (Ze?/v) < 1, where Ze is the 
nuclear charge and vw is the electron velocity. We first consider this rela- 
tively simple case which has quite an extensive range of applicability. 

Before evaluating the second order matrix element (29.1) we note 
that a comparison of (29.1) with the first order matrix element enables 
us to obtain the wave function of the electron in the external field in 
the first approximation of perturbation theory. Indeed, formula (29.1) 
must coincide with (27.3) if the wave functions in the latter take into 
account scattering by the external field. To distinguish them from the 
free electron wave functions y, and y, we denote them by y{® and 
yi?) and set 


yo =wtyi and Y= pty. (29.2) 


Substituting these expressions into (27.3), and taking into account the 
fact that (27.3) vanishes if the free electron wave functions are substituted 
into it, we obtain on comparing with (29.1) 


p(x) = wi(x)—e f S(x—x') A(x p(x) dx", 
GO) = Pol) —e [ Hy(x") AO) SH) dx’. 


These formulas have a straightforward physical meaning: in the 
second terms the function S¢(x) plays the role of the Green’s function, 
and the product A‘)(x)p(x) plays the role of source density, while the 
second terms themselves represent scattered waves obtained as a result 
of the superposition of waves scattered by each four-dimensional volume 


(29.3) 


element d*x’. 
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By proceeding in an analogous manner we can also obtain the 
higher order approximations for the wave function of the electron in 
an external field. For example, in second order we obtain 


p(x) = py (x)— ef Se (x—x’) A (x')y, (x') d4x' 


+e f S*(x— x ) Ale(x! )S°(x’— x") AO x! (x) d'x'dtx", 
‘ (29.4) 
W(x) = Pa(x)—e | P(x’) AM(X’) Se(x'— x) dbx’ 


42 f B(x") AO) S°(x" — x") A(x!) Se (x! — x) dx’ dx" 


The summation of the series obtained by perturbation theory should, 
in principle, lead to the exact solutions of the corresponding Dirac 
equations. 

If we substitute into (29.3) in place of y,, (x) the plane waves y, 5 
= Uy» exp (ip,.x), we obtain 

YO) = meme — 8 [ fo p_pyujelay, 
(2x)* fem 
(29.5) 


gen | HAM, Nae dy, 


where At f) is the Fourier component of the external potential defined 
by formula (25.3). 


In an electrostatic field 


ANMFI=0, AYP) = ANP) 22d(f), SS, if) 


and 
I oom 
ye) = = uy ent Ons a ALO F- PV ay et df, 
(29.6) 
~ 1 m 
yy?) = Une tt + ap | Here ASP. fom P e df, 


In the nonrelativistic approximation small values of |f| play an 
important role in these integrals, and therefore if~ —m and the func- 
tion py‘? assumes the following form which is well known from the 
perturbation theory for the continuous spectrum: 


ry Ai (f—p) 
y(n) = y+ ny a a pat, (29.6) 
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where y, = exp(ipr) and &, = p*/2m, and the integration is carried 
out in accordance with the definition of the function S*(x) by taking 
into account the rule for going around the pole of the integrand (cf. 
§ 18). 

It can be easily shown that the second terms in (29.6) which, as 
has been pointed out already, represent scattered waves, have the 
asymptotic form of outgoing spherical waves for large values of r. 

Indeed, we examine the integral appearing in (29.6): 


ifr 
J=— er 
[sv f) Poof df, 


where g(p, f) includes all the factors other than those explicitly shown 
in J. On integrating over the angle # between the vectors f and r we 
obtain 


271 g,e 0" r gel 271 
= {f pop!” J pH Ol fra | 7 pop ast 
where = cos? and g_ and gy are the values of g(p,f) for 3 
and 0. 

The second term here is evidently of order 1/r? and may, therefore, 
be neglected. In the first term we can make the substitution f— —/, 
as a result of which the equation assumes the form 


in r ei! 

J= — oat | Fp =F af— iC sa}, where r—oo, 
In accordance with (17.18) the poles of the integrands in J are given 
by the points p+-i0 and —p—i0. Therefore, on completing the contour 
of integration in the first integral by a semicircle in the lower half-plane, 
and in the second integral by a semicircle in the upper half-plane, we 


. 1 
obtain J ~ — e'?", where r > oo. 
r 


Thus, in virtue of the rule for going around the poles of the function 
S*(p), both the function y{* and the function p{*) contain only outgo- 
ing waves at r > co and contain no incoming waves. This assertion is 
obviously valid not only for the first-order approximation of perturba- 
tion theory, but also for all higher order approximations. Therefore, the 
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exact wave functions for an electron in an external field, which belong 
to the continuous spectrum, and which may be regarded as sums of 
series obtained by perturbation theory, must also have the same prop- 
erty, viz., the initial state function p,(x) and the complex-conjugate 
function for the final state (x) must have at r — co the asymptotic 
form of the sum of a plane wave and an outgoing spherical wave (187) 


Py rw e'pir + Ah otour, 
f (29.7) 


_ ay, 
» eipr etPaT 
Yor + 


From this it follows that the final state wave function itself must 
at r + oo have the form of a sum of a plane wave and an incoming 
spherical wave 


Po ~ err “ 2 pvinar, (29.8) 


This fact is of the greatest importance for the evaluation of the 
matrix elements using the exact wave functions for the electron in an 
external field. The point is that the wave functions of the continuous 
spectrum have a peculiar degeneracy. In order to define them it is not 
sufficient to specify the electron momentum, but we must also specify 
the nature of the asymptotic behavior at infinity, since for a given 
momentum the wave function at infinity may have the form either of 
the sum of a plane wave and an outgoing wave, or of the sum of a plane 
wave and an incoming wave. We now see that from the rule for going 
around the poles of the function S° it follows that the wave functions 
of the initial and the final states must be chosen in such a way that at 
infinity the initial state wave function must have the form of the sum of 
a plane wave and an outgoing wave, while the final state wave function 
must have the form of the sum of a plane wave and an incoming wave. 

This rule can also be formulated in the following manner: the wave 
functions of all the particles formed as the result of any process must 
at r+ oco have the form of a sum of a plane wave and an incoming 
wave, while the wave functions of particles which disappear (i.e., appear 
only in the initial state) must at r co have the form of a sum of a plane 
wave and an outgoing wave. 
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The nature of this asymptotic behavior admits a simple physical 
interpretation. If we expand a plane wave in terms of i incoming and 
outgoing waves, then in the initial state wave function y, at r>co 
only the incoming waves will have amplitudes which do not depend on 
the nature of the scatterer, while the outgoing waves will be completely 
determined by the scattering force field. This corresponds to the fact 
that in the initial state the particles are incident on the scatterer. In 
the final state wave functions y, at roo only the outgoing waves 
may have amplitudes which do not depend on the nature of the scatterer, 
while the incoming waves must be determined by the scattering force 
field. 


29.2. Effective Cross Section for Bremsstrahlung 


On substituting into (29.1) the electron wave functions and the 
photon potentials in the form of plane waves (cf. (25.4), (25.5)), and 
also the expression (25.2) for S*(x), we obtain the following form for 
the matrix element S{?), which determines the bremsstrahlung cross 
section: 


1%, = ma = frog) + dier(q) nal 4, (29.9) 
V 2m mx Ho 
where 
i= Potk, fo=m—-k, g= Potk—p,, 
mx, = je +m? = 2p,k, 
mx, = f2+m = —2p,k, 


A (g) = f A (x)em dex 


This expression can also be obtained with the aid of Feynman’s 
rules (cf. subsection 25.5) if we first draw the diagrams corresponding 
to the process of bremsstrahlung. These diagrams are shown in Fig. 25; 
they differ from the diagrams corresponding to the Comptom effect, 
only by the fact that corresponding to the primary photon k, we have 
here a “‘pseudophoton” of four-momentum gq, ie., the Fourier q- 
component of the external potential, while corresponding to the scat- 
tered photon k, we have here the emitted photon of momentum k 
and polarization e. Correspondingly, the expression for the bremsstrah- 
lung matrix element (29.1) differs from the Compton effect matrix 
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element by the substitutions k, > 4, k,> k, é- Aq) and 
€, > e. 

From the laws of conservation of energy and momentum it follows 
that the four-momentum of the “‘pseudophoton” q(q, igo) taken with 
reversed sign is equal to the four-momentum p, given to the nucleus 
as a result of the bremsstrahlung process: p, = —q = Py—P2.—k. Thus, 
—q is the three-dimensional nuclear recoil momentum, while —q is 
the energy imparted to the nucleus. 


q 


~*~ 
in. 
aS 

> 
2D 


Py 2 1 
Fig. 25, 


If the external field does not depend on the time and is described 
by the static potential A{*)(r), as is the case for a stationary nucleus, then 


A‘\(q) = yi Al(q) 226(q), 


(29.9') 
AYNG) = J APO ede. 


In this case the polarization of the pseudophoton, in contrast to the 
polarization of a real photon, is directed along the x,-axis. 

In accordance with (26.33) A{?(q) is given for the nuclear Coulomb 
field by A‘e(q) = —(Ze/q?), where e is the electron charge in Heaviside 
units. 

We now proceed to the determination of the differential cross section 
for bremsstrahlung in the Coulomb field of a nucleus. In accordance 
with (26.3) it can be written in the form 


dp,.dk 


Tome S(ey—e.—@), (29.10) 


e4 _ 
do = =| Ati(q) ||, Ou,|2 Pe 
where J is the electron flux density in the initial state, whose magnitude 
is equal to their velocity, and Q is the matrix appearing in the figure 


brackets of formula (29.9), 


O= 


1 A A 
Mex, e(if, — m)yat iste m)e. 
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We first of all obtain the bremsstrahlung cross section averaged 
over the spin directions of the incident electron and summed over the 
spin directions of the scattered electron and over the polarizations of 
the emitted photon. Such averaging and summation over the polariza- 
tions of the particles reduces, according to (26.7), to the following 
replacement in (29.10): 


|Z. Qu, |? > (29.11) 
where 
Sp F = Sp{Q,(ip,—m)Q,(ip,—m)}, 
ifm if,— 
Qu uy, VMS Pag op (29.11) 
if,—m if,—m 


Q,, = vsOi Va = Va mx, “vey Vas 
The quantity Sp F is a function of x, %, g%, €, &9: 

Sp F= Fix, so, G™, £1, Ex) tFo(m, x0 q*, Ey, €2), (29.12) 
where 
ifi—m wa 

a YulPe m) 
mn”, 


ae 


Fy = Sp 12, (ip,—m) 74 


F, = Sp 12, (ip, — —™) 7. = ¥4(a -m)}: 

If in the expression defining , we make the substitution p, > py, 
P2> Py > —q and k > —k, then x, and x2, as well as f, and fi, 
will be interchanged so that x, > %, %.—2%,, f/f» fei, and 
we Shall obtain in the brackets following the symbol Sp in the expression 
for F, the same matrices as in the expression for ¥,, only arranged in 
the inverse order. From this it follows that Fo(x4, 2, 9%, &, &) = 
Fi (x2, %1, G*, €g, €;) and, therefore, it is sufficient to evaluate F,. 

The evaluation of ¥, can be carried out simply: after summing over 
the subscript ~ in accordance with (26.14) we must, by utilizing the 
commutation rules for the matrices y,, arrange them in such a way that 
the two matrices y, become adjacent. This may be accomplished with 
the aid of the obvious formula y,b= —b*y,, where b* = b and bf = 
—b,, which is valid for any real four-vector 5 (having a real spatial and 
an imaginary fourth component). Since y3= 1, after such a rearrange- 


386 QUANTUM ELECTRODYNAMICS 


ment of the matrices y, there will remain in each term a product of not 
more than four matrices y, for which the trace can be easily evaluated. 
By proceeding in this manner we obtain 


4e? 4 
iF, = 5 Alet2%)- Sm t2+ | 


2 2 De? 2 
a Plate! 2) Al. * (29.12’) 


Hy Ho | me m m 
263 q* 2, € 
Fela SB) Pea tet 
By interchanging in this expression x, and x, and also e, and &, we 
obtain F,,. 
Consequently, 
do = Ze® dp.dk 0) 


4we,e, J(27)* a2 05 g4 
x 92H, a aC +5 2y-+x 4z,—4 2 
12 mm 1 1 me 


8 


2 
++ (xj +23) lansa —Staertney (29.13) 


In contrast to the Compton effeet the momentum of the scattered 
electron p, and the photon momentum & are here independent. There- 
fore the 6-function can be eliminated simply; on noting that dp, 
= P,£,de,do, and dk = w*dwdo, where do, and do are elements of solid 
angles containing the vectors p, and k, we have 


6(€;—e,—w) dp, dk > w?| p,|&,dodogdw. 


On substituting instead of the primary electron flux density J their 
velocity J = v, = |p,|/e,, we obtain the expression for the brems- 
strahlung cross section averaged over the polarizations of the parti- 
cles (21): 

Z’a®_ |p,| dw dodo, 2? 


do = : _ a 
(2x)? |p| wo qt xix 


g? 2 
eel —2-+%,-+ x, -=, 


2 2 8 
+ oy (+e) | + (x5 +245) (« ni] he baerbrae)*| , (29.14) 


where a = e?/47 — 1/137. 
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On taking into account the relations 
mx, = 2(p.k—é,w) = —2w(e,—p, cos®,), 
mx, = —2(p,k—e,w) = 2w(e,—p, cos), 
gq” = mx, +%2—2)+ 2(€,£2—Pi Pr) 
Pi = ej—m'’, 
P3 = &—m?, 
where #, and #, are the angles between the vectors k and p,, and k 


and p, we can rewrite do in the form 


Z’a® p, dwdodo, 4 {4|« E1Po seB | 
> 1 TT 


do = ae _— 
(2x)? p, wq* m4 1 % 
2 
P 2w? 
=a, 242 Sai ik. a? | (29.15) 
1 
or 
Za? p, dw dodo pk sin? d 
do —= = 2 a 2 _ 2 2 4 2 72 
(2x)? py wo qt ae cos,)* aa’) 
Pi sin? }, Pi sin? ?, + p? sin? ?, 


4e2— 2) +2w2 
(=p, cosa, eA) +2" eo c05B,) (P3608) 


P1P2 Sind, sind, cosy _ , 
(&—p, cos®,) (¢,—p, cos, eree 9 T2099? (29.16) 


where ¢ is the angle between the planes (k,,p,) and (ko, po), p= |Pl, 


q= |ql. 
The square of the momentum gq? imparted to the nucleus is related 


to the angles #,, ®,, and @ by the expression 


q? = p?+pi+w?—2p,w cos?,+2p,w cos?, 
— 2p, p, (cos#, cos?,+sind, sind, cos¢). 


From (29.16) it follows that do vanishes when 3, = #, = 0. 


29.3. Angular Distribution of the Radiation in a Coulomb Field 
Formula (29.16) determines the angular distribution of brems- 

strahlung in the case of unpolarized primary electrons, averaged over the 

polarizations of the photon and the scattered electron.. 
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In the general case this angular distribution of the radiation is of 
a very complicated nature. Simplifications are possible in the two 
limiting cases of low and high energies, which we shall now investigate. 

In the limiting case of low primary electron energies p, < m, which 
correspond to the problem of the continuous X-ray spectrum, the 
photon momentum is small compared to the electron momentum, 
since w = (p?— p3)/2m < p,. Therefore q? = (p,— p,)?. 

Further, on noting that in the nonrelativistic case m*x, = —m?x, 
= 2mw, & = €:=m, and on retaining in the figure brackets of (29.15) 
only the first term, we obtain 

do = Z?a? dw p, dodo,  [k, p,— Pp)” 

mw py, (Pi— P2)* aw? 
Since p, differs little from p,, the factor 


do, = (2mZa)? 0» 
| Pi—P2|* 
appearing in the preceding expression is the Rutherford cross section 
for elastic scattering of electrons. We can, therefore, say that in the 
nonrelativistic case the: bremsstrahlung cross section is equal to the 
product of the cross section for elastic scattering of electrons do, 

and the probability of photon emission dw, ; 


do = do,dw,, 


where p, <m. (29.17) 


(29.18) 


dw, = ax“ vj—» | ea (29.19) 
y Qn jo’? * "to - 

This expression for the emission probability is in agreement with 
classical radiation theory, viz., dw, is the ratio of the intensity of dipole 
radiation at low frequencies to fiw, i.e. the average number of photons 
emitted per unit time determined by classical methods (in connection ° 
with this cf. § 30). 

The intensity of the radiation has a maximum in the direction per- 
pendicular to the plane of the electron motion (p,, py»). 

We now discuss the angular distribution in the case of high energies, 
when €, >m, & sm. Due to the presence in the denominator of 
(29.16) of the factors 1—v, cos #, and 1—v, cos #, the bremsstrahlung 
cross section has a sharp maximum in the neighborhood of the direction 
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of the momentum of the incident electron, and the radiation is concen- 
trated primarily within a narrow cone about this direction of angular 
aperture of order of magnitude 0, ~ m/e,. The same cone also contains 
the momentum of the scattered electron. In the extreme relativistic 
case the angular distribution of the radiation is approximately given 
by the following formula (90), (190): 


__ 8,dd, 
[3{ + (n/e,)?? 


where €, > m and €, > m and where A and B are constants. 


do(8,) = A [in(1 +99 =) +a, (29.20) 


29.4. Polarization of the Radiation 


We now consider the nature of the polarization of the bremsstrahlung. 
We take the electron in the initial state also to be polarized. 

By utilizing the general formula (26.18) and the expression for the 
bremsstrahlung matrix element (29.9), we obtain for the differential 
cross section formulas (29.10), (29.11), in which 


F = Q,(ip,—m) (1—iay,) 0,,(ip2—m), 
Q,, is defined by formula (29.11’), and the vector a, is related to the 
2lectron polarization vector in the initial state & by expressions (10.30’). 
On evaluating SpF we can easily show that the terms containing 


a, vanish. Thus, the bremsstrahlung cross section is independent of 


the electron polarization. 
In accordance with (26.24) and (29.9) the photon density matrix 


is of the form 
l aA Pas 7 aA 
Cag = SpF Sp {Q,(ip,—m) (1 —iays) Q,(ip2—m)} , (29.21) 
where 


1 l , 
fi My ty, f= 2, 
9 


and e,(a= 1,2) are two mutually perpendicular unit vectors in the 
plane perpendicular to the vector k. We chose them in the manner 


[Pi k} 
e. = and e,=- [k, e ]. 
+ Tp Al ° : 


1 
|| 
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On performing the calculations in accordance with formula (29.21), 
we obtain the following expressions for the Stokes parameters for the 
photon &, _ 


&= mgt ao fae a°)( Paes) 2 [(P2—P1), ar _— 


2(P2e1) 
4 9°O 


+ 2m Pi P2 


x [crete 4 one ake) 


oy 9 
1 Pa PY 4w | ¢ & 
S 2 1 2 aaa 1 2 
+Amto(* %y fe (S42) 


x (£(oma—eka)+ *(opsa—ete)} » (29.22) 
47) Hy 


4e, Pe 


f= a (Pe €2)+ —(p,ea}, 
al 


2 
— Hy Haq? [k, (P2— Pi)}’, 


a= (Gm) my +E—Cn)m, n= Tr 

It follows from (29.22) that independently of the nature of the 
polarization of the incident electron the photon turns out to be linearly 
polarized (&, and £, do not depend on @). In the case of a polarized 
electron the photon also turns out to have circular polarization. Thus, 
the determination of the degree of circular polarization of bremsstrah- 
lung can serve as a method for the measurement of the degree of electron 
polarization. Circular polarization of photons manifests itself in scatter- 
ing by polarized electrons (cf. subsection 28.8). 

Of greater practical interest is the quantity &—the degree of 
circular polarization of the photon averaged over the final momenta 
of the electron } but it is not possible to obtain simple expressions for 
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this quantity. Fig. 26 shows the dependence of &, on the energy of the 
photon emitted in the direction p, by an electron of kinetic energy 


Fig. 26. 


E;—m = 2 MeV (134). We see that near the upper limit of the spectrum 
circular polarization becomes almost complete. 


29.5 Spectrum of.the Radiation 

On integrating (29.16) over the angles we obtain the differential 
cross section do,, for the radiation in the frequency interval w to w+dw 
independently of the directions of the momenta & and p: 


do,,=6,a o 
€&;—m 
= dw pp {3 pip; (78 Mer mi) 
=D —2e, ep 2 A? 4 me { 2? 4 
wo py \3 ~*® pp? TN 78 PP? PaPs 
8 Be w? 
+28 fe 4 OF tet pth 
3\P, Pips 
mre | EEotPi Eo +Pe vests) I (29.23) 
2P1P2\" PR > Pp Pipe 
where 
@ = r2Z7a, 
Lm In PPP 7 pp O18 PLPe 
Pi PiP2—& © mo 
E { 
m = in SL Ph 2in eth 2 = a Inte P2 and P12 >= | Pli.2- 
€i—P1 m m 
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At low energies (p, < m) this expression is simplified to 


o,d2 = 16 gi m inf t Pe 
T, 30 ® PL Pi—Pe2 
8ado m, (¥%+VT—0) 
= —O6— —I|n =- ; 
3 ow TY, a) 
where 7, = p;/2m = &, — m is the initial kinetic energy of the electron. 
We see that in the nonrelativistic domain the radiation cross section 
is approximately inversely proportional to the frequency. At the highest 
possible frequency w = T, the cross section becomes equal to zero. 
As » > 0 the intensity of radiation w do,, diverses logarithmically. 
This divergence is related to the divergence of the Rutherford cross 
section for small angles, and is characteristic of the pure Coulomb 
field. As we shall see later, just as in the case of elastic scattering this 
divergence can be removed by taking into account the screening of 
the nuclear field by the atomic electrons. 
In the extreme relativistic domain for ¢, > m, & >> m the radiation 
cross section assumes the form 


do, = o,d— =— 4p 22. (a4 i =) (in 2162 -3) 


MM 


— dw w\* 2 w 2€ 1—(w/e,)\ 1 
= 214 (1-2) —3( a) ee ae -3} 


(29.25) 
We see that the probability of an electron radiating a definite fraction 
of its energy, i.e., the probability of radiation for a given value of the 
ratio w/e,, increases approximately linearly with the logarithm of the 
ratio e,/m. 
The radiation intensity, 1.e., the product of the frequency and the 
cross section, wda,,, diverges logarithmically as wm —+0 both in the 
relativistic and in the nonrelativistic case. 


(29.24) 


29.6. Screening 


In evaluating the bremsstrahlung cross section we assumed that 
the nucleus gives to a pure Coulomb field. Such an assumption is cor- 
rect for distances from the nucleus smaller than the radius of the K-shell 
of the atom. At greater distances the field of the nucleus is partially 
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or completely screened by the field of the atomic electrons, and this 
can lead to a decrease in the bremsstrahlung cross section. Therefore 
in order to determine the extent to which our results are correct we 
have to estimate the range of distances from the nucleus which is signif- 
icant for the bremsstrahlung process. 

From the form of the integral (26.33) defining the Fourier compo- 
nent of the Coulomb potential it follows that the main contributions 
to the integral come from distances of the order 


1 
Ry~ a g = |Pi—P2—k |. (29.26) 


Indeed, large values of r are unimportant because of the rapidly oscillat- 
ing function exp (—igr), while small values are unimportant because 
of the smallness of the corresponding volume dV = 4zr?dr. Therefore, 
we can assume that R, determines the order of magnitude of the most 
important impact parameters. 

On the other hand, as can be seen from formula (29.16), the differ- 
ential cross section for bremsstrahlung is particularly large for small 
q which, in accordance with (29.26), correspond to large impact param- 
eters. Obviously, the screening effect will play no role if the maximum 
value of R, corresponding to the minimum value of q is considerably 
smaller than the effective size a of the atom R,,,,, <a. On the other 
hand, when the inequality R,,,., >> @ holds, complete screening of the 
nuclear Coulomb field must occur. 

The minimum value of g is, obviously, equal to 9ai;, = Pi —P2—®» 
where p,, Pz, and w are related by ym +pi = ym +pit ow. 

For low energies and low frequencies p, < m, w < py, it follows 
from the law of conservation of energy that 


= mow 
P2>= yV pi—2mw a Py —-——s> 
. Pi 
and therefore 
min — Pi—P2—& wy Oe we, where Pi <M, and w <p. 
Pi Pi 


In the relativistic domain we have 


mw 
, where ¢, > mande, > mM. 


— 2 yy? _ 2 yy2 
Imin = V & m ye m* + w ®& 
£19 
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Thus, the maximum value of R, is determined by 


ft, Pyp<m, o< Pi, 
Romax ~ | (29.27) 
2€; Ey 
——, & SM, & >M, 
mw 


from which it follows that at sufficiently low frequencies Rp... Can 
exceed the size of the atom. In other words, as w > 0 complete screening 
always occurs, and this leads to a considerable decrease in the brems- 
strahlung cross section. In particular, when w — 0 the quantity wdo,, 
vanishes, in contrast to the case of the pure Coulomb field for which 
this quantity diverges logarithmically. 

In the relativistic domain Ro,,,, becomes large even at frequencies 
of the order of the energy of the primary electron. Indeed, if wm ~ &,, 
Eg ~ &, €; > m, then Roa. ~ (€;/m?). 

If we use the Thomas-Fermi atomic model and take the effective 
radius of the atom equal to a=a,Z~/°, where 
= B -= 0.529-10-§ cm 


S 
- 


is the radius of the hydrogen atom, then for an electron energy exceeding 
Ey = 137 (m/Z4/8), the value of Rona, Will be greater than a. Therefore, 
in the domain of high energies screening must always be taken into 
account. 

In order to take into account the screening of the nuclear field by 
the external electrons we must in accordance with (29.10) find the 
Fourier component of the total potential due both to the nuclear charge 
and to the charge of the electrons. This potential satisfies AA\?) = —o, 
where o is the charge density 9 = —Zed(r)+en(r) and n(r) is the 
electron density in the atom. On going over to Fourier components, 
and on utilizing the notation (29.9’), we obtain —q?A{'(q) = e[Z— 
F(q)], whence it follows that 


_ elZ—FQ)) 


AS*(q) = 7° 


(29.28) 


where F(q) is the atomic form-factor F(q) = {nr e-'9 dr, Thus, we 
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see that in order to take screening into account we must replace Z 
by the quantity Z—F(q). In the Thomas-Fermi model we have 


F(q) = Zf(qZ-""), (29.28') 


where f(x) is a certain universal function which is the same for all atoms, 
and whose values may be obtained by means of numerical integration. 
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Fig. 27. 


On introducing the atomic form-factor for the Thomas-Fermi 
model we can represent the spectrum of the radiation in the relativistic 
domain in the following form (21): 


dw 


dw 4 
da,=%, m = Zar Na+e8| 0,0) 


3 


In z| 


— 2 eee] .0—4n z|}> (29.29) 
where 


mw 
ALD 


f= 200u-—"-- = 100 

Omax 
and ®,(¢) and ©,(¢) are the two functions of ¢ shown in Fig. 27. The 
quantity ¢ which is proportional to the ratio a/Ro,,,, determines the 
effect of screening. Small values of ¢ correspond to large screening and 
large values of ¢ correspond to small screening. If ¢ = 0 we can speak 
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of complete screening. In this case ©,(0) = 4 In 183, ®,(0) = 4 In 183— 
and the cross section (29.29) assumes the form 


o,d— 


Ey— 


= Zq to * (. Hea—Zee] In (183Z--1/3)+ sxe, 
m wo & 3 | 


(se s> 137 Z-13, €, > 137 mz») (29.30) 
@ 


Under these conditions the bremsstrahlung cross section for a given 
value of the ratio w/e, does not depend on the primary electron energy 
é,. For large values of ¢ this conclusion becomes incorrect. 

For ¢ 1 the screening effect plays no role. The small correction 
due to it can be taken into account if we replace in the last bracketed 
expression in formula (29.25) the term 4 by 4+c(¢), whcre the values 
of c(g) are given in Table 10. 


01 #02 03 04 05 0.6 07 O08 09 
Ww/ (€,-™) 


Fig. 28. 


Figure 28 shows the dependence of the intensity of bremsstrahlung 
on the ratio of the photon energy to the electron kinetic energy w/(e,—m) 
(21). The dotted curves do not take screening into account and are 
valid for all the elements (the nuclear charge Ze appears only in the 
quantity ©). The numbers beside the curves indicate the initial energies 

—m in units of m. The solid curves take screening into account, and 
refer to lead Z = 82 (with the exception of the solid curve corresponding 
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to (€,—m)/m = 0.125 which refers to aluminum). In the region of low 
frequencies they approach the curve which refers to the case of complete 
screening. The nonrelativistic curve for aluminum has been plotted 
taking into account the exact wave functions for the electron in the 
continuous spectrum (cf. subsection 29.8). We see that in the case of 
light elements screening is not important in the nonrelativistic domain. 


TABLE 10 


¢ 2 2.5 3 4 5 6 8 10 15 
e(f) 0.21 0.16 0.13 0.09 0.065 0.05 0.03 0.02 0.01 


We note that the use of the Born approximation which we have 
employed can lead to an error in the case of large values of Z not only 
in the nonrelativistic domain. This is associated with the fact that the 
parameter ¢ = Ze?/v is not small in the domain of large values of the 
energy and of Z, but is equal to Z/137. As we shall see later, the deviation 
from the Born approximation in the relativistic domain is noticeable 
only at large values of g for which screening plays no role. Therefore, 
corrections to the bremsstrahlung cross section due to the deviation 
from the Born approximation and to the screening effect are simply 
additive. 


29.7. Radiative Energy Losses 

If we know the bremsstrahlung cross section we can obtain the 
average energy loss for an electron in passing through a medium. 
This energy loss, evaluated per unit path length of the electron, is 


obviously equal to 
-( o )= N { a, odw, 
0 


where N is the number of atoms per unit volume of the medium. If we 
define the radiation damping cross section ®, as 


€y—m 


p= =f wo,,de, (29.31) 


T &y 
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then the energy loss will be given as 


de 
-( ie ) = Ne,®,. (29.32) 


By utilizing expression (29.23) for o,, we can evaluate ®,: 


= 12e,+ 4m? nt Pa (82,4 6p,) m? (in &y +P ° ; 4 
’ 3€; Py m 3e, p? m 3 


2 \ 
4 2m r| 2p (ext mi, (29.33) 
Pi m 

where 


FQ) = j nO dy. 


On noting that 
F(x) = [7?/6}+ [(n.x?)/2]—F(1 /x) 


and that for small x, F(x) = x—(x?/4)+(x°/9)—(x4/16)+.--., we can 
obtain ®, in the two limiting cases of low and high energies: 


@,= 26, where ¢€, <™, 
(29.34) 
2e, 1 > 
®,=4(In—-——]®%, where ¢, >™m. 
m 3 


We see that in the nonrelativistic domain the ratio of the radiated 
energy to the initial electron energy does not depend on the initial 
energy, while in the relativistic case ®, increases logarithmically with 
E,. However, this result holds only if the screening effect is neglected. 
If we take screening into account, then in place of the second formula 
(29.34) we obtain the constant cross section 


@, = P(41n(183Z-"3)-+2), where e, > 137mZ-1/3, (29.35) 
The values of ®,/@ for different energies are given in Table 11. 


TABLE 11 


(€,—m)/m 0 1 2 5 10 20 50 100 200 1000 w 


®, H,0 5.33 5.5 65 94 11.2 12.9 146 156 164 17.5 18.3 
@ Pb 5.33, 5.5 65 8.75 10.3 11.4 12.6 13.6 13.8 14.5 15.2 
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Vhe energy dependence of the cross section ®, taking screening 
into account is shown in Fig. 29 on a logarithmic scale. The straight 
line corresponds to the logarithmic increase in the cross section in ac- 
cordance with the second formula (29.34) with screening not taken 
into account. 


Oo1 0514 2 5 10 20 50 100 500 1000 
(c,-m)/m 


Fig. 29. 


The energy lost by the electron per unit path length due to its inelastic 
collisions with atoms is determined by the following formula (21): 
de,\ __ 2 &3 

where J is the average ionization potential which is approximately 
equal to J = 13.5Z eV. The ratio of radiation losses to collision losses 
is approximately given by (21): 

— (de, /dx), 1 eZ 

—(de,/dx), 1600 m 


Here it is assumed that the logarithmic term in both formulas (29.34) 
and (29.36) has approximately the same value. It follows from formula 
(29.36’) that losses due to collisions and to radiation become equal 
at an energy given by e, = 1600(m/Z). At higher energies the radiation 
losses exceed the losses due to collisions (é, is equal to 10 MeV for 
lead, 55 MeV for copper, 200 MeV for air). 


(29.36’) 
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29.8. Exact Theory of Bremsstrahlung in the Nonrelativistic Domain 

As we have already noted earlier, the matrix element (27.3) which 
determines the bremsstrahlung in the Coulomb field of a nucleus can 
be calculated exactly in the nonrelativistic and in the extreme relativistic 
domains. 

We shall, first of all, show how this calculation is carried out in the 
nonrelativistic case (187). 

The energy of interaction between the electron and the electro- 
magnetic radiation field —aA corresponds in the nonrelativistic ap- 
proximation (cf. § 15) to the operator —pA/m, where p is the electron 
momentum operator. Therefore, the matrix element (27.3) assumes the 
following form in the nonrelativistic domain: 


SY = as—— | vere tory, dr dt. 
V/2am 
The exponential factor exp(ikr) appearing in this expression can evi- 
dently be replaced by unity. Indeed, in the integral S{), the important 
values of r are of the order r~ vt, where w is the electron velocity 
and t is the collision time, which is given in order of magnitude by 
t~l1/m; therefore kr ~wur~yv <1. 
Thus, 

SP), = —2niU,_,,6(€:—-&2—), (29.37) 

where 


ée é , 
Dias = 5s | BOG vale a 29.3) 


and y,(r) and y,(r) are the wave functions for the electron in the initial 
and the final states with the time dependent factors omitted (e, and 
€ are the corresponding energies). 

Since the matrix element of the operator for the velocity » = p/m 
is related to the matrix element of the radius-vector r by (v),5= iw(r),., 
U,_,, can be written in the form 


lew 
5, |v (r)ery,(r) dr. 
)/ 20 


U1, = —_ 


Thus, the problem is reduced to the evaluation of the matrix element 
of the coordinate using the continuous spectrum wave functions for 
the Coulomb field. 
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In order to determine completely the continuous spectrum wave 
functions it is necessary to specify their asymptotic behavior at infinity, 
which may be of two forms, since at infinity the function y may have 
the form either of the sum of a plane wave corresponding to a definite 
momentum, and of an outgoing spherical wave, or the form of the sum 
of a plane wave and an incoming spherical wave. As has been shown 
in subsection 29.1, the wave function describing the initial state of the 
electron must have an asymptotic behavior of the first type, while the 
wave function of the final state must have an asymptotic behavior of 
the second type. 

In the case of a Coulomb field the wave functions with such asymp- 
totic behavior have the following form in the nonrelativistic approxi- 
mation: 

wir) = Neer F(ié,, 1, i(ar—pir)], 


(29.38) 
ye (r) = N,e'P*" F(—if,, 1, —i(part+p.r)), 


where F is the confluent hypergeometric function, p, and p, are the 
momenta of the electron in the initial and final states, &,,—= aZ/v,,. 
(v,,. are the electron velocities, a = e?/hc = 1/137), N, and N, are 
normalizing constants. At large values of r these functions are asymp- 
totically given by 


e7 (2)S1 AG) 
thir 1 72 » ethirt, 
wy, (r) x N. TA ne + r € 


en (H12)Es ' LO -«) 
vel Nori Ty, at we . 


where 
_ Ey 7 atfsInsin S . Pd—ié,) 
n= 2k, sin? — ° P1+id) ° 
. 2 
sresrmeos® F(+i 
fy(8) _— fo 21&,1n cos 2. es . 
2k, cos’ > ( a 


If the constants N, and N, are taken equal to 


N, =e? Tig), 


oe 


(29.38’) 


N, =e’ I'+i&), 
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then the wave functions will have unit amplitudes at infinity. In the 


future we shall use this normalization. 
In accordance with the general rules of § 24 the differential cross 


section for the emission of a photon of frequency w and polarization 
e within the solid angle do, is given by 
wid p. 


<n tre, di 
22m), J virensa 


where do, is the element of solid angle containing the electron momentum 


after scattering, p, »= |p,,o|- 
The differential bremsstrahlung cross section summed over the two 


photon polarizations is given by 


do = 


2 
do, doz, (29.39) 


{ 


_ e&widwp, »__ (kD)? 
where 
D= {ytOry. ar. (29.40) 


In order to evaluate D we use the following general formula (144): 


igqr 
J= [ dre Fe, 1, ip,r—ip,r) F(ié,, 1, iper+iper) 


2m a\**(a+6\"" ad—py 
— TE phi | _; > 
=e (<} ( y F(1—ié,, ig, 1s G0) 5) (29.41) 


where 

a= +(9?+7), B = p.q—idps, 

y= piqtisp—a, O0=pipr—p\p.—B. 
In order to evaluate D it is, obviously, sufficient to differentiate J with 
respect to A and g and then to set A=—0, q= p,—-p,: 
ay 
dAdq ico 


‘9=Pi—P 


D=N,N, (29.42) 


By utilizing this value of D we can obtain the.following expression 
for the differential bremsstrahlung cross section integrated over the 
angles (187): 

a Ce 

° 3 pe (le #8) (e?_ 1) w ~° dry 


|F(x9)|2, (29.43) 
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where F(x,) is the hypergeometric function 


F(x%o) = FUé,; igs, l, Xo) 
and 


46, 


*o 7 (€,— E,)?" 


We investigate the expressions to which this formula reduces for 


&,<land & <1. 
By utilizing the relations (cf., for example, (119)) 


d 
Fe, FS: i€,, l, Xx) = —, & Fu+ié,, 1+7&,, 2, Xo) 
0 


F(a, b, C, z)= (1—2)-*F a, c—b, 4) 


Z— 
we have 

4 rae, 1,1, x)= —é, E(1—xd F418, 1—i,, 2,701). 
dX Xp—1 
If &, <1, & <1, then 


F(ié,, i, 1, x) » 1, 


dw. . 1 Xo). 
dxf te ig, 1, Xo) © 8b A 1, 2, = 


Further, on noting that for 0 <z <1 


1 
Fd, 1, 2, —2) = >In(l+2) 


and on setting z= x/(x»—1), we obtain 


In (1— 
4 Kk, 1&, 1, Xo) & g, nde Xo) where &, <1, & <1. 
dXo Xo 


Therefore, we have 


d In(1 — xy) 
Fai FOO? = 2F 0) fb ns = 


i.e. , 
d o In (1—X) 
dx, Poo! = 2&6, Xp ‘ 
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Thus, for é; <1, & <1 the following formula holds: 


do 


a3 pe (e—1) (Ie) 


16 Za Anté, Ey dw in( Bee, (29.44) 


“~F2 

On replacing in this expression (27)?¢,&/[exp(27é,)—1] [l—exp 
(—2x&,)] by unity we obtain formula (29.24) for the bremsstrahlung 
cross section in the nonrelativistic domain in the Born approximation. 

However, formula (29.44) has a broader region of validity than 
formula (29.24), viz., it is valid under the single condition &, < 1, 
and insofar as &, is concerned this quantity may be arbitrary. Indeed, 
if €; < 1, while &, 1, thenx, = —46,/£o, i.e., |xo| < 1, and, therefore 


FE, 1&1, x) » 1, 


re 
dx, Oe i&,, l, Xo) © — 6182. 


. 1 . 
Further, on noting that for |x,| < 1 x In (1—x,) & —1, we obtain 
“0 


In (1—Xo) 
Xo , 


ad 
Fe Feo)? © 26,85 where & <1, & #1. 


On substituting this expression into (29.43) we obtain formula (29.44). 


29.9. Exact Theory of Bremsstrahlung in the Extreme Relativistic 
Domain 
We now show how the matrix element (27.3), which determines the 
bremsstrahlung in the extreme relativistic domain, may be evaluated (22). 
This calculation is based on using the relativistic wave functions 
given in subsection 14.5 


y = Ne'r f — ia] uF (ié, 1, ipr—ipr), (29.45) 


where F is the same hypergeometric function which appears in the 
nonrelativistic wave function (29.38), u is the normalized spinor amplitude 
of the plane wave, a are the Dirac matrices, and N is a normalizing 
factor. 
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The basic property of the functions (29.45) is the fact that if they 
are expanded in terms of spherical waves, then for any value of the 
energy (not necessarily large) the terms of these expansions corresponding 
to the values /s> 1, where /, = Z/137, practically coincide with the 
terms of the expansions of the exact solutions of the Dirac equation 
for a Coulomb field. Thus, the functions (29.45) differ from the exact 
wave functions for a Coulomb field only for values of / of the order 
of Io. 

This property of the functions (29.45) makes them extremely con- 
venient for the evaluation of matrix elements of those processes in which 
small values of the angular momentum / are not important. 

In particular, bremsstrahlung in the nuclear Coulomb field in the 
domain of high energies is included among such processes (as well as 
pair production by a photon in the field of a nucleus, cf. § 32). 

Indeed, for the bremsstrahlung process the important impact param- 
eters are of the order of, or greater than, B~1/ma, and since the 
effective values of / are of the order of magnitude of /~ b/4 where 4 
is the electron wave length, we have 1 ~ bp ~ (1/(e/a)m). If, therefore, 
the electron energy « is considerably greater than m, then large values 
of / will be the important ones and the approximation in which the 
functions (29.45) are used as wave functions must yield good results. 

Large values of / correspond to scattering through small angles, 
which are prominent in bremsstrahlung in the relativistic domain. Thus, 
the approximation under consideration must give particularly good 
results in the domain of high energies and small scattering angles. 

The matrix element determining bremsstrahlung (omitting the time 
factors) can be written as 

MY, = — TE [pil eae (a 
V 2w 
where y, and #, are the electron wave functions in the initial and final 
states, for which we take the functions (29.45); here, as has been explained 
in subsection 29.1, the wave function for the initial state must for r > oo 
go over asymptotically into the sum of a plane wave and an outgoing 
spherical wave, while the wave function for the final state must go 
over into the sum of a plane wave and an incoming wave. The functions 
y, and y, are assumed to be normalized to unit amplitude at infinity. 
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aby abs 
In such a case N, =e? I(1—ig) and N,=e? FU+i,). Thus 
we have 


MP2) = ~—MNE 


x fem jure + at VFS ut| 
2€> 


1 


ea) er eles"! u, Fy — 
x (ea) E 1 96 


VF dr 
_ _ 2nieN, NF 
Via 


+ (ud (ex) (aI,)u,) + (ux (aT) (ae) u,)}, (29.46) 


[Cus aeu,)!, 


where 
F, = F@é,, I, ip,r—ipyr), 
F, = F(—ié,, 1, —ip.r—ip,r), 


I= | ev FFF, dr. 


I, = os e't F*V F, dr, 


€y 
i 
I, = 5, er Orn dr , 


q = Pi— P2—k. 


It might appear that in the high energy region, which we are inves- 
tigating, there is no necessity to retain in functions of the form (29.45) 
the second term, which is inversely proportional to «. However, this 
is not so, because the factor uxeau, arising from the first main terms 
of (29.45) physically corresponds to the component of the electron 
velocity parallel to the photon polarization, i.e., perpendicular to its 
momentum, which in the relativistic domain is extremely small. For 
this reason the factor ufeau, is of order of magnitude of m/e, while 
at the same time the factor ux(ea)au, is of order of magnitude unity. 
As a result, both terms of (29.45) lead to quantities of the same order 
of magnitude in the matrix element. 
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The evaluation of the integrals appearing in (29.46) can be carried 
out with the aid of formula (29.41). Indeed, 


ad \ 
I, — (2) 


I, = if 


I 
~ 
~ 
<J 

Ay 
wy 
ad 

t 

> 


(29.47) 


I, = i 2.9, Dyno: 
4 


The differential bremsstrahlung cross section summed over the 
photon polarizations » is related to M{), by the expression 


1 dp dk 
do = (1) |2 2 
o= 27% 2, S IM Oy |?. Qn® 


We do not reproduce here the detailed calculations, but state only 
the final result (22) 


6(€,—&)— w). 


V2(x) + Zta2y? W2(x) 


do = Moat) 


(29.48) 


where do, is the bremsstrahlung cross section evaluated in the Born 
approximation, and given by formula (29.16), 


V(x) = F(—ié, i€, 1, x) 
& (1+ €*) E?(1+ &?) (2?+ &) 


(a 2) er )) 
__ sinhaé 
1 dV(x) 1+& = (1+ &) (22+ &) 
WO) =e ge IT ars aia 
_ _ @*(6,— py 005 93) (6x— px 605 03) 
x=1-y, y=" ea Pa os 


£1 £29” 
and 6,, 6, are the angles between A and pj, py. 

Over a considerable range of important angles the differential 
bremsstrahlung cross section (29.48) practically coincides with doy. 
This is associated with the fact that the scattered waves in the initial 
and the final electron states in practice overlap very little. 
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The bremsstrahlung cross section integrated over the angles has 
the following form (145): 


1 2 
do(w) = doy(w) —4Z*0° ee (e+e ay nea) fZ) dw, (29.49) 


where do,(w) is the cross section evaluated in the Born approximation 
taking screening into account, and 


Thus, the bremsstrahlung cross section is always less than the value 
obtained in the Born approximation. Insofar as the form of the brems- 
strahlung spectrum is concerned, it is essentially unaltered when the 
correction to the Born approximation is taken into account. 

We note that for the evaluation of the bremsstrahlung cross section 
integrated over all the directions of the scattered electron we need 
not necessarily use for the final state the electron wave functions which 
have the asymptotic behavior (29.8); we can equally well use the functions 
with the asymptotic behavior (29.7) since such a replacement merely 
indicates a different choice of the complete system of functions describ- 
ing the particle. This enables us to relate bremsstrahlung cross section 
integrated over the angles to the cross section for pair production 
(cf. subsection 32.2). 


29.10. Radiation Emitted in Electron-Electron and Electron-Positron 
Collisions 


We now investigate the process of photon emission in electron- 
electron collisions. 

In contrast to the problem of bremsstrahlung in the collision of 
an electron with a nucleus, we cannot in this case replace the effect 
of one of the particles by an external field. Therefore, we have to 
investigate the elements of the scattering matrix which connect one 
photon state and four electron states (two initial and two final states). 
Such elements are contained in the third order scattering matrix S®). 
The eight diagrams corresponding to them are shown in Fig. 30. In 
these diagrams p, and p; denote the momenta of the initial states, 
Pz and p, the momenta of the final states, k is the momentum of the 
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emitted photon, f, are the momenta of the virtual electrons, and Vs 
are the momenta of the virtual photons (s= 1, 2, ..., 8). The last 
four diagrams (5, 6, 7, 8) differ from the first four by the replacement 
of p, by p; and of p, by p,. We shall refer to these diagrams as ex- 
change diagrams (the terms corresponding to these diagrams appear 
in the matrix element with opposite sign). 


lk \k 
P, 4 Dy Pe var Py Py Ay 
eg ——$_ 4 ——— ——_—__+—__<—_—_ —_<«—— 
1 1 | 
194 199 193 
A ——_-—__— <_< —__—. —_ ++ 
Py at ) Dy Py | & Pi 
(1) (2) ik (3) 
1k if 
a a 
—_—1— re 
ig t 196 ‘ 
Py 94 1, Py Po > pi Pp i 
¢—— g <—_—__1q¢—__— —_——<——- 
| 
I 
(4) 1k (5) (6) 
Po DP, Py yy 
<—t-——- 
+ re \ 
| 19g ' 
D, f, 197 pt Py 1 f Ps 
—_——_<—___—_—+—_ 
'k tk 
8) 
1 (7) ( 
Fig. 30. 


In diagrams J and 3 scattering occurs first, followed by emission 
of radiation, while in diagrams 2 and 4 conversely emission of radiation 
occurs first, followed by scattering. In diagrams J and 2 the radiation 
is emitted by the first electron, while in diagrams 3 and 4 it is emitted 
by the second electron. 

By moving along the electron lines of the diagram from left towards 
right, and by replacing the lines and the vertices by the amplitudes 
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and the matrices corresponding to them, we obtain in accordance with 
Feynman’s rules the following expression for the matrix element: 


SS male Fe Vv un) = (usy, uy) 
if,— if,—m , 
+ (iar, eeu) 5 (ay, My) + (Mey, M1) — (a ate, 4) 
3 ; 


3 
if, ms. , —r* if 1 — 
+ (uy, Uys 1 (acy. pet U,e a ayy qi eye) 


—( ty ae seu) 3, 3 (U2y, Uy) — (UsY, 41) — La gfom ay» u} 


_, 1 f_ if, —m,, ' , 
_ Gis.) 2 (tay eu) any O(P,+Pi—Pe—P2;—k). (29.50) 
In each term the first bracketed expression corresponds to the upper 
electron line, and the second to the lower one. The values of f, and gq, 


are determined by the conservation laws at each vertex of the diagram: 


= %2=P2—-Pis 93 = Wn = Po Pr» fi = Po + kK; 
f= pik, Sy = Datk, Ss=Py 


The expression for the effective cross section corresponding to the 
matrix element (29.50) turns out to be very awkward, since after sum- 
mation over the polarizations of the electrons and of the photon a large 
number of terms appears containing traces of products of six y,, ma- 
trices. 

We shall give here only the results referring to two limiting cases: 
the nonrelativistic case | p,| <m,|p,| <m and the extreme relativ- 
istic case | p,| Sm. 

Since the dipole moment of a system of two electrons is equal to 
zero, the radiation accompanying the collision of two nonrelativistic 
electrons is in the first approximation quadrupole radiation. The 
radiation cross section can therefore be evaluated not only by means 
of (29.50), but also in accordance with formula (27.14). In doing this 
we have to use the fact that in the nonrelativistic approximation the 
system of two particles may be replaced by a single particle moving 
in an external field, the Coulomb field describing the interaction between 
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the two electrons. For the wave functions of the initial and the final 
States we can take expression (29.6’) in which y, has the form 


Yq= Sears e-!9r) e—iet 
V2 
where r is the relative radius-vector of the particles, and g is the mo- 
mentum of their relative motion (the plus sign corresponds to total 
spin equal to zero, and the minus sign corresponds to spin unity). 

We note that in § 27 in investigating quadrupole radiation we had 
assumed that wr <1, where the magnitude of r defined the distances 
important for the problem. In the case of bound states r has the meaning 
of atomic or nuclear dimensions, while in the present case of radiation 
emitted in a collision r-~ vt, where wv is the electron velocity and t is 
the ‘‘collision time’”’ which is of the order of magnitude of t ~ I/w. 

The expression for the differential cross section for the emission 
of radiation has the following form in the nonrelativistic case (125), (58): 


16 3 
ds = 38 ar} =(4(pt—p3)+ 3p pa 


1 
+ caps (144 [Pp Po]® +264 (p3—p3)?[p, pol* + 105(pi—p3)4[p. Pol? 


1 
+ 12(p}—p?)*) — gig 9 [ps pol’ +39(p?—p3)?[pipol? 


dq 


4, (29.51) 
lp) 


+12(p?—p} } 
where 
Qq=Pi—P2, P=p,+Pr2.- 

The angular distribution of the radiation in the center of mass 
system of the electrons is determined by its quadrupole nature, i.e., 
da ~~ | ¥{]?. 

Integration of the cross section (29.51) over the angles, which must 
be carried out over a hemisphere, since the particles are identical, yields 

3x? 12(2—x)*—7(2—x)?x?—3x* 
Q—x) 0 (2Q—x)yl—-x 


«inf ot ee x, (29.52) 


4 
da(w) = sw W- 
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where x=w/e,,w is the energy of the emitted photon given by 
wo = €;—€, = (p?/m)—(p3/m), and e«, and é, are the initial and final 
electron energies in the centcr of mass system. 

The cross section for the radiation energy loss in electron-electron 
collisions is given by the formula 


P= & f odo(o) ey 8ar5. (29.53) 
1 


It is of the same order of magnitude as the cross section for the radia- 
tion energy loss in the field of a nucleus for Z = 1 (cf. (29.34)). From 
this it follows that the cross section for the radiation energy loss in 
the collision of an electron with atomic shell electrons is approximately 
equal to 8ar2Z where Z is the number of electrons. In order of magni- 
tude this cross section is smaller by a factor Z than the cross section 
for the radiation energy loss in the field of a nucleus, which is 
proportional to Z?. 

In the extreme relativistic case the cross section for the emission 
of a photon in the collision of a fast electron with an electron at rest 
is determined by (72) 


2 2 
do(w) = 2ar? &, dw {3 4 eyes (2 In 26,6, | 


% ew 3 £} Eo wm 


2 


w 


(1.70 +2.14)| (29.54) 


Pi P2 
In this case the cross section for the energy loss by radiation is 
given by 


2 
o = sari{i — _ 1.23). (29.55) 


We see that the cross section for the emission of radiation coincides 
up to a factor in the argument of the logarithmic term with the cross 
section for the emission of radiation by an electron in the field of a nu- 
cleus with Z = 1. Such a result can be easily understood on the basis 
of the following considerations. As we have seen (cf. (29.27)) at high 
energies the effective momentum transfer to the nucleus becomes very 
small, and, therefore, the value of the nuclear mass becomes less and 
less important. 
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We now consider the radiation emitted in the collision of an electron 
with a positron. In the nonrelativistic case this radiation, in contrast 
to the radiation emitted in electron-electron or positron-positron 
collisions, is of dipole nature. 

If one of the particles is at rest before the collision, the radiation 
cross section is equal to 


1+ V 2 
_ 7 2m dw € 
do(w) = ——arg a In FO (29.56) 


In the c. m. system the radiation cross section coincides with the 
radiation cross section in the field of a nucleus with Z = 1 in the non- 
relativistic approximation. 

The cross section for the emission of a photon in a collision between 
relativistic electrons and positrons does not differ from the cross section 
for the emission of radiation in a collision of two relativistic electrons. 


§ 30. Emission of Photons of Long Wavelength 


30.1. “The Infrared Catastrophe” 

In the preceding section we have seen that the probability of photon 
emission in the low energy range is inversely proportional to the frequen- 
cy dw ~ (dw/w), while the total radiation probability diverges loga- 
rithmically as w — 0. 

This divergence in the region of low photon energies is referred 
to as the “infrared catastrophe”. It is brought about by the unjustified 
application of ordinary perturbation theory, based on the expansion 
of the scattering matrix into a series in powers of e, to those processes 
in which long wavelength photons participate. Indeed, it can be easily 
shown that if the probability w, for the emission of one long wavelength 
photon is proportional to e” In (e/w) where eis an energy of the order 
of magnitude of the electron energy, then the probability of emission 
of two photons w, will be proportional to (e? In (e/w))*. Therefore, the 
ratio of the probabilities is given in order magnitude by 


&= 2 In a where w—>Q. (30.1) 
Wy @ 
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It is this ratio, and not the quantity e? as we have been assuming until 
now, which provides the perturbation theory expansion parameter 
applicable to the processes of interaction between the electron and 
long wavelength photons. Since when w — 0, & is not small compared 
to unity, perturbation theory is, strictly speaking, inapplicable to such 
cases. 

The inapplicability of the usual perturbation theory is associated 
with the fact that the number of photons emitted by an electron per 
unit energy tends to infinity as w > 0, while in perturbation theory 
it is assumed that the emission of one photon is always more probable 
than the emission of two or a greater number of photons. 

In order to verify this we note that if the energy and the momen- 
tum of the photon are considerably smaller than the kinetic energy 
and the change in the momentum of the electron, and the photon 
wavelength is considerably greater than the classical electron “‘radius’’, 
we may regard the motion of the electron as given and use classical 
eleetrodynamics. Assuming for the sake of simplicity that the electron 
velocity is small compared to the velocity of light, we can start with 
the following formula’ for the intensity of dipole radiation dé, 
in the frequency interval dw (118) 


8a, « 
= 2 
dé. 305 | d,, |? dw, 


where d, is the Fourier component of the second derivative with respect 
to time of the dipole moment 


If w > 0, then 
(4,9 = =—(dy — d,) 


(d, and d, are the values of the dipole moment before and after emission). 
In the case of interest to us d = ev and therefore 


(d..)u+0 = (e/22)(v.—v), 


* Both here and in subsequent formulas we explicitly introduce the constants 
ec and A, 
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where w, and wv, are the electron velocities before and after emission. 
Thus we have 


; 2 & 
(Coo = 3a a (P24)? dw. (30.2) 


We see that the radiation intensity per unit frequency interval dé,,/dw 
tends to a finite limit different from zero as w -> 0. From this it follows 
that the average number of photons emitted which is equal to (1/Aw) 
(dE,,/dw) tends to infinity as w — 0, as has been stated earlier. 

Since the probability of transition of an electron from a state of 
momentum p, to a state of momentum p, is always finite, the prob- 
ability of the simultaneous emission of an infinite number of photons 
of vanishingly low frequency is also finite, and different from zero. 
Therefore, the probability of emission of a single photon or a finite 
number of photons with w — 0 is tn fact equal to zero, and is not in- 
finite as given by perturbation theory. 

The quantity (1/#w)(de,/dw) is the average number of photons 
of frequency w emitted by the electron in the frequency interval dw. 
We now obtain the probability of the electron emitting an arbitrary 
number n of long wavelength photons whose frequency lies within 
the interval w, <w < @,. 

On postulating, as before, that 


2 

*? <1, ae =<, (30.3) 
where « is the electron energy, Ap is the change in its momentum, 4 is 
the photon wavelength and r, is the classical electron “radius’’ we can 
assume that the emission of photons does not affect the electron mo- 
tion, i.e., we may regard the electron motion as given. Under these condi- 
tions the processes of succesive emission of photons will be statistically 
independent and, consequently, the probability of photon emission 
will be given by the Poisson formula: 


a 


w(n) = GaP —, (30.4) 


where n is the average number of emitted photons whose frequency 
lies within the given integral wm, < w < Wp. 
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If conditions (30.3) are satisfied the quantity m can be determined 
by means of classical electrodynamics. Indeed, if dJ = Idwdo is the 
classical radiation intensity in the frequency interval (w, w-++dw) and 
in the solid angle do, then we have 


n= if | dedo. (30.4’) 


We now demonstrate how J can be determined. 

It is well known that dJ = c|H,,|?. R?dwdo, where H,, is the Fourier 
component of frequency w of the magnetic field H at the point R; the 
quantity H., is related to the Fourier component of the vector potential 
A,, by the relation H,, = i[kA,]. By using the Lienard-Wiechert po- 
tentials (118) we can easily show that the Fourier components of the 
vector and the scalar potentials are given by 


ao 


e ; e 
A= f) eilot—kr(t)] _—_ HLeot—kr(t)) 
=zz | Pe e 
—o —o 
where r= r(t) is the equation of the electron trajectory and v(?) is 
the electron velocity. On noting that kA,—(1/c)wy, = 0, we obtain 


dJ = c|H,,|?R?dwdo = cR*k*(| A,|?—|9,|2)dwdo 


ec 
Agr? 


co w 
. if if [Seti o(e)—1 etoren-seto 9) dtd dodo (30.5) 
—co 00 
If the frequency w satisfies the condition wt < 1, where t determines 
the order of magnitude of the time during which the electron scattering 
takes place, then in carrying out the integration in (30.5) we can assume 
that r(t) + v,t+a, where —coo<t<0 and r(t)v,t+b, where 
O0<t<ovo, (vw, and wv, are the electron velocities before and after 
emission, a and b are constants). On substituting these values of r(¢) 
into (30.5) we obtain 


e Ve ?1 
= aie ( I—(nv,/c) 1 (nw, / 5) 


NV, nv 2 
_( 1—(nv,/c) ~Y =.) | dodo (30.6) 


(m is a unit vector in the direction of emission). 
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If », and wv, are considerably smaller than the velocity of light, 
then formula (30.6) reduses to formula (30.2). 

We now determine the probability of the scattering of an electron 
by an external field accompanied by the emission of n long wavelength 
photons. On assuming that the conditions (30.3) are satisfied, which 
means that the radiation reaction on the electron motion is extremely 
small, we can express the probability on the electron being scattered 
and emitting nm long wavelength photons in the form 


dw = w(n)aw,, (30.7) 


where dw, is the probability for the elastic scattering of an electron 
by an external field into the solid angle do, which was obtained in § 14. 
For the frequency intérval (w,, w.) we must obviously take the interval 
containing zero frequency. The average number of photons emitted into 
such an interval becomes infinite in accordance with (30.4’), and therefore 
w(n) = 0. In other words, the probability of the electron being scattered 
and emitted a finite number of long wavelength photons is equal to 
zero. In particular, the probability of purely elastic electron scattering 


is equal to zero. Since, on the other hand, lim 3’ w(n)= 1, it follows 
that n— co n=0 


>, dw=ay,. (30.7’) 
n=0 


Therefore, we can say that the probability dw, for the elastic scattering 
of an electron obtained in § 26, which does not take into account the 
interaction between the electron and the radiation field, is the total 
probability for electron scattering to occur, independently of the number 
of long wavelength photons emitted by the electron. As we have shown, 
this probability can be determined in the case of a sufficiently weak 
external field by perturbation theory, in contrast to the probability of 
scattering accompanied by the emission of a single photon or of any 
finite number of photons of frequency w — 0: according to perturbation 
theory this probability is infinite, whereas in fact it is equal to 
zero. 

The average energy of the long wavelength photons emitted in the 
frequency interval (w,w+dw) and solid angle do, with the electron 
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being scattered into the solid angle do,, can in accordance with (30.4), 
be given as 


de = » nhwe-* w dw, = hon dw,. 
n=0 , 


Since in this case n = dJ/hiw, we have 
de = dJ dw,. (30.8) 


As should have been expected, this quantity is equal to the product of 
the total probability dw, of the electron being scattered into the solid 
angle do,, and the classical expression dJ for the energy radiated in 
this process. The usual perturbation theory leads to the same result in 
the low frequency region. Thus, we see that the average radiated energy 
and the total probability of electron scattering (independently of the 
number of long wavelength photons emitted) can be determined by 
means of the usual perturbation theory in the domains of both high 
and low frequencies, although the probability of electron scattering 
accompanied by the emission of a finite number of photons of w —> 0 
is not given correctly by perturbation theory. 

The probability of emission of photons whose energy is not vanish- 
ingly small may be obtained by means of the usual perturbation theory, 
i.e., by the expansion of the matrix elements into a power series in the 
electron charge, but the probability of emission of a single photon 
determined in this manner should be interpreted not as the probability 
of just that one photon being emitted, but as the probability of the 
emission simultaneously with this photon of an arbitrary number of 
long wavelength photons of frequency « —> 0. 


30.2. Investigation of the Divergence in the Low Frequency Domain 
by means of the Scattering Matrix 


We now show that the Poisson distribution for the probability of 
emission of long wavelength photons can be obtained with the aid of 
the scattering matrix. 

We assume that the conditions (30.3) are fulfilled, which means 
that the emission of radiation has only a small effect on the electron 
motion, so that the latter may be regarded as given. Under these 
conditions the current density can be regarded not as an operator, but 
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as a c-number, and the expression (24.27) for the scattering matrix 
can be used. 


On expanding the current density into a Fourier integral 


ix) = [ide d*k, where j*(k) = j,(—k) 


l 
(27)* 
and on utilizing the expansion for the operators of the potentials of 


the electromagnetic field into plane waves we can express the scattering 
matrix S in the form 


] a OLY: 4 
S= exp | — oF [ #@DwWi.04 "| 


VQ Se 20 Une Hi etley) 


where 


Di(k)= —-——. 


We now consider the integral appearing in the first exponential: 


dl ae 
K= 5 [ PWOD(M)(Odk = — 5 | Iv (ks ko i,k, ko) Fa 


By utilizing the rule for going around the poles in the integrand of this 
expression, i.e., by taking for the poles the points ky=+)/R—i0, 
we obtain as a result of integrating over k, 


d 
Kan | POOL 


where w = |A| and j,(k) =/j,(k, «). 
Thus, the S-matrix can be written in the form 


$= ANexp} LAW ey +isb eile} (30.9) 


Way 20 


kA 


where 


nd 
A= exp (- (22)4 x] = exp 2(2n)3 [a wwe). 


We now evaluate the element of the S-matrix between the vacuum 
state and the state which contains n photons of different kinds 
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n= Yn,, where n, is the number of photons of momentum k. In 


k . . 
order to do this we investigate the mth term in the expansion of the 
S-matrix 


1 x ° 
si) = AN | re Soe Wen t/®ewer,] 


and obtain the matrix element 
1 I 1 \" 
(n) = (n) — . + . . 
Mi"), = (n|S™|0) a(n faq Py i, (A) Ch Cura] ) (30.10) 


We use the formula 
n’ a, é n 
(B+ B+ B+ +++ +B,)" = » By) By... Bo 
mtnytertaan pi ltge eee Ee 


and in it set 
1. ' , 
B= J, Ache, r= kA, n= my. 
V2 


We are interested in the final state containing n,=n7,, photons of the 
rth kind. Therefore, the contribution to M{*), introduces only one term 
into this formula in which nj =n, ny = Mo, ...,; =n, =MNy, Le., 


: n femee 
ME, = A(T) ee 


k,A 


On noting that in accordance with (16.18) (7,,|(c4)"**|0) = y/n,,!, 
we obtain finally 


1 


(0) Umar (ae 


We now obtain the probability of emission of n= }3'n, photons 


Mo = A J, ea) * (30.10’) 


k 
of different momenta. This probability, which we denote by P,, 
evidently equal to the square of the absolute value of M{), summed 
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2 
over 4 and k, with the sum > n,, being equal to a given number 
4=1 


n,. Since j,.e, = j,, we have 
k Ip Ap di 


1 “ma (1 “a 
, aan) (Lado ] 
P= A y I en (on 


! ! 
Nath po=OE k Ay: Apo: 


(i) |? + Lie) 12)" 
~ QP ell io) nt ! 


The sum of the squares of the absolute values of the transverse 
components of the current density | j,(&)|?+|j.(k)|? is equal in virtue of 
the equation of continuity k,j,(k) = 0 to the square of the absolute 
value of the current density four-vector 


LAG P+ Lal? = Lil? ok i) = = |j,(8). 


Further, on going over in the expression for K from integration 
to summation over k& in accordance with the formula 


[r@ gue Ds. 


A= op|—a a0 2 Je ae, 


and therefore P,, can finally be written in the form 


we obtain 


(er) ; 
where ‘ 
= Lik) 
te 302 * 


Thus, we have obtained the Poisson distribution for the probability 
of emission of long wavelength photons. It is clear that », is the average 
number of photons of momentum &, since according to (30.11) 

D>, my, Py = Ny 


ny 
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It now remains to be shown that the resultant expression for the 
average number of photons emitted 


n= Sn, = { OP 3a (30.12) 


coincides with the expression for n which was found earlier by the 
classical method (formula (30.4’)). 

In order to do this we determine j,(A) by assuming that the current 
density has the following components 


ix) = (evs (r—r(2)) and ied(r—r())), 


where r = r(t) defines the trajectory of the moving particle 


idk) = | idem dx = (e f oper dt, ie [ott a), 


From this it follows that 
|j,(k) |? = & f fl v()v(r)— } flor mrt—ren} dtdt’. 


The average number of photons emitted of frequency lying in the 
range , <w <w, is, according to (30.12), given by 


= [ like dk 


J 20 (2) 
-{ o ff e@veo—1 pilolet)—kir(t)—re 01} Cae a too 
J, aaa J) l 
= We F 
- J we (30.13) 
\ 0 (3) 


This expression coincides with the classical formula (if we take into 
account the fact that in (30.13) the charge is expressed in Heaviside 
units). 
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30.3. Relation between the Photon “Mass” and the Minimum Frequency 


Since perturbation theory gives an incorrect value for the proba- 
bilities of the different processes of interaction between the electron 
and the long wavelength photons, we shall in the future, in using perturba- 
tion theory, segregate the low frequency region, i.e., we shall assume that 
the photon frequency exceeds a certain minimum value o,,,. This 
quantity must later be eliminated by a separate investigation of the 
interaction between an electron and the long wavelength photons 
(cf., for example, the problem of the radiation corrections to electron 
scattering, and the radiation shift of atomic levels in Chapter VIII). 

However, in practice, it is more convenient to use a somewhat 
different condition, which is equivalent to the condition w > «,,,, 
Vviz., Without imposing any restrictions on the photon frequency, to 
assume that the photon has a certain very small mass A which is different 
from zero. The introduction of this mass, which’ is a relativistically 
invariant quantity, in contrast to the noninvariant quantity ,.,, 
simplifies the calculations considerably. 

We now show how to obtain the relation between the photon “‘mass”’ 
A and the minimum frequency ©,,,,- 

We consider the emission of a photon by an electron in some con- 
stant external field A\?)(x). According to (29.9) the matrix element which 
determines the emission of a photon of energy ko, and with its polar- 
ization vector directed along the m-axis, is given by 


ee k)— m Tn 1 | 
1> 


Ateg Al) -_|}u 


C0. 14) 


— ( %, i(petk)—m 
S(2) — je? i 
ivf le (a (po+k)?t+m 


where p, and p, are the four-momenta of the electron before and after 
scattering, and k is the photon four-momentum. Since we are interested 
in the low frequency region we can neglect the quantity k in the numera- 
tors. Further, on introducing the photon ‘‘mass” A by means of the 
relation k?+/2 = 0, we rewrite (31.14) in the form 


5 = el? Pam freq) + Aieng) Tes) , 
i-> y 2k, —2p, ner ik t 
where 

pk= pk—ck,, e=Vpitm, k= VR+2, 
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Since (ipy-+m)u, = 0, we have 
ii,A(q) (ip\— m)y uy = iTi,A'(q) (AY, +7, Ps = = itt, A(g) uy Pry 
Similarly we have 
Ugy (ip,—m) Aq), = Zin, AG), Pa, 
Therefore 


2) 
S2,= 


+ (30.15) 


Pig 
a Ga Ai(g) ans G2) —pk + UE) tk } 
On assuming that ¢ > A we may neglect A?, since pk contains the term 
ey k?+22 which is considerably larger than A?. 

We now obtain the cross section for electron scattering accompanied 
by the emission of a photon of energy not exceeding Ae. With respect 
to the magnitude of Je we assume that it is considerably smaller than 
the electron energy ¢« and considerably greater than the photon mass A: 
A<dAe <e. 

The differential cross section for such scattering, summed and 
averaged over the electron spin components in the initial and the 
final states, is given by 


2x e! 
do’ = ——- cD | Hy A\(q) 04, Pp an Oy do, 
Hiefa 
where 

4 

dk 

B= { (Ps — Pum | (30,16) 
2 Ieee Pk pik} Ko 


do is the element of solid angle containing the electron momentum 
Pp, after scattering, v is the initial electron velocity and 


_ P3 dp, Po 


or (np de (ax)® 


is the number of final states of the electron per unit energy, and per 
unit solid angle. 
In the case of the Coulomb field of a nucleus 


A . £e 
A‘)(q) = ara 
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_ A. Ze \2 0 Z? 0 
» [u.A")(q) uy |? = | ro (! sin] = sna Fv sin} 


Hy, ba 


where #@ is the scattering angle. 

In order to establish the connection in which we are interested 
between the photon mass A and the minimum frequency w,,,, we evaluate 
the quantity B appearing in (30.16) in two different ways: first by assum- 
ing that A+40 and that ky varies from ky =A to ky = Ae, and then 
by assuming that A = 0 and that ky varies from kj = w,,, to ky = Ae. 
By comparing the two expressions for B, which we shall in future denote 
by B, and Bin, We Obtain the relation between A and a,,,,. 


On noting that pi .+-m? = 0 we obtain 


|k|=Ae 


k? d| k| do m2 m? 
B= — WE Ne Retin he (n/a 
ade VA (eo +0 pik? (a VP +2 — pik) 
fon a - 2P1P2 ee | 
(é Vile+® —p,k)(e, VRe+2? —p,k) 
(30.17) 
1k| = de me me 
— [k|d|k|do,j-—-— — pe 
Porn fo lelaie Ol pak + elk Pik? 
|k|=omin 
a 2P1Po_ 7 
(€,|k|—pok)(e,|k|—pik) 


where do, is the element of solid angle containing the photon momen- 
tum k. 
We now use the identity 


1 


i . _ 1 [ dz 
(eke prk)(Q Ve+P—pik) 2 J (eV +R pb?’ 


where 


p,=4(1+z)pi+3U—2) po, €,=4$(1+z)e,+$(1—z)e. 
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Then 
of Saad me m 
VTE GVRP pk? (P42 pak) 
* - dz 
+PiP2 J (c, (+2 —p,k)? ; 
Since 
do, a 
| (e/k2+22— pk)? P(e? p?) +7? 6?” 
we have 
de 
k?d\|k| m? ; m _ 
Bis 80 | VLE eq teat KR p+ Mey 


1 


dz 
TP1Pe | (2 p) +72 
1 


« 


(30.18) 


It can be easily shown that 


f Radlk 1 24  e 1, etlpl 
J [Ae(e@—p?) +222} (+2 &°—p? A 2|p| &&—p? — e—| pl” 


Therefore we have 


1 
dz 2Ae 1] « €:+| Pi | 
B, = 4x) —12+(p,p.—e8 fx%| ale Rt 
4 | (Pi Po eo) J ep A 2 Ll pi | €:—|Pi| 


1 
Eg +| Pal dz_& é-+|P | 
+.— In + —Eé,E 2 In ~Te- (30.19 

[Pal ea—[pal CPP) J ep Tp] ep CO!) 


On introducing in place of z the new variable of integration C: 


ra Pel 


VE 


= y'cos*(3/2)+-z? sin?(3/2), we write B, in the form 


z 
[3 
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B,= tor |2(28 coth 20—1) In ee din a 
—v 
Le cosh 2@ fom nit we 
usin (8/2) Sala 1—vé (1— v2? | £2—cos?(8/2) , (30.20) 


where the quantity © is related to q by the expression g? = 4m? sinh?@®. 
Since q,= 0, we have q? = g? = 4p*sin? (9/2) and 


sin (0/2). 


Vv 
sinh @ — ——__ 
V1—-v 


On setting A=O in (30.18) and on integrating over |A| from 


|kK|= yin to |K| = Je we obtain Bin 
dz \ [ d\k 
Bonin = 4% [Hee—aed [5 = , J. (30.21) 
mi —p || 
min 
Since 
1 
dz 4D 
e—p? sm’ sinh 2@ 
and p; P,—€,€ = —m?* cosh 2®, we obtain finally 
By nig = 8% (2 coth 26—1) In Ae (30.22) 
min 


Jn comparing (30.20) and (30.22) we obtain the desired relation between A 
and @jin 


2(1—2® coth 26) In 20 in 


1. I+ (1—vwv’) 1 bes dt 
= ——— h 2@ a 
Uv In I1—v_ vsin (8/2) £08 [» 1—v —v*t?yy/ 02 — cos? (9/2) 


(30.23) 


cos (9/2) 


In the limiting case of low electron energies v < 1 this formula leads to 


In 2,1, = INA+}2. (30.24) 
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On substituting (30.20) into (30.16) we obtain the following ex- 
pression for the differential cross section for electron scattering in the 
nuclear Coulomb field accompanied by the emission of a photon whose 
energy does not exceed Ae (Ae < £): 


ro Za 2 , be: 3 
do (sc 7s | (l—v )(1-v sin? 


x ee coth2@—1) In 4 Ln ~ 


1— 


Sina) cosh29G(v, oy} , (30.25) 


where 


1+uf dl 


——————— 30.25’ 
1—vl (1—v? £2) j/f?— cos? (9/2) (30.25) 


G(v, 9) = ic 


cos 


We now also evaluate the quantity B, in the case when p, = 0. 
On setting «,=mcosh2y, p,=msinh2y, and on noting that 
e2— |p, |? = cosh? y—z* sinh?y, we obtain 


1 


dz _ 4y 
| @=]pg = sion 
-1 


Further, we have 


fr In et Pi = 2, fay, Satie 4ycoth2y, 
Pi &1 Pi Po = €2—Po 
€,= cosh?y—zsinh? y, |p,| = (1—z) sinh y coshy 
and 
1 
j= dz E, é, + | p.| 
— { 2 2° In 
a eZ |p. | |p. E,— | P.| 


1 
_ { dz cosh* y—zsinh?y , e”(cosh y—z sinh y) 
cosh? y—z® sinh? y (l—z)sinhycochy " coshy-—/zsinhy 
-1 
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On setting z= tanh z/tanh y, we obtain 


yJ=2 ~ dy coth y —tanhv 
7 |. cosh?y tanh y —tanho \”—”) 
—y 
y 
2 7 1 £O8h (y—v) 
~ cosh? y tanhy ° sinh inh (y—v) 
—y 


They O-O= Sapa HOM. 


where 


y 


hQYy) = y ak cothu du. 


0 
The quantity B, which is defined by (30.19) will finally be given for 
Pi= 9 by 


B,=4n {2ey coth2y—1) E a 4] +4y coth2yf[1 heyy}. 


(30.26) 


§ 31. Photoeffect 


31.1. Photoeffect in the Nonrelativistic Domain 

If an atom has incident on it a photon of energy greater than the 
ionization energy of theatom, then absorption of the photon can 
occur accompanied by the liberation of an atomic electron. This phenom- 
enon is called the photoeffect. 

The matrix element for the photoeffect can be written as 


S{), = —2niU,_,, 0(€9+o—8), 
where 


e e 
a V/ 20 ia Y we) 20 a 


y,(r) and »,(r) are the electron wave functions in the initial and the 
final states, e, and e are the energies corresponding to these states, 
and w,k,e are the frequency, momentum, and polarization of the 


photon. 
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The cross section for the photoeffect is determined by 


e 

~ Qajn i - 31.1 

do (22)? Mis O(€9 + o—€) dp, ( ) 
Hily 


where the summation is taken over the different spin orientations of 
the electron in the initial and the final states; p is the momentum of 
the ejected electron. 

We restrict ourselves here to the calculation of the photoeffect 
cross section only, for the K-shell of the atom (formula (31.1’) takes 
into account two electrons in the K-shell). 

We shall, first of all, consider the nonrelativistic case, when the 
photon energy differs but little from the atomic ionization energy J. 
On assuming that the photon wavelength 4 is considerably larger than 
the atomic dimensions a, % sa, we can replace exp (ikr) in (31.1) 
by unity. Further, on noting that in the nonrelativistic region the matrix 
a corresponds to the electron velocity v, we obtain 


M,,. +, = (€v);5,= —iow(er),.,. (31.2) 


t 


Thus, the problem is reduced to the evaluation of the matrix element 
of the component of the radius-vector of the electron along the photon 
polarization vector e. We have encountered an analogous problem 
in the theory of bremsstrahlung in the nonrelativistic domain. The 
difference consists of the fact that in (29.37’) a wave function belonging 
to the continuous spectrum appears as the wave function for the initial 
state, while in (31.1) it is replaced by the wave function for the K-electron. 
This function is of the form y,(r)=N,e-", where 7 = Z/ap, 
a= fi? /me and N, = \Z3/na3. 

Insofar as the wave function of the final state is concerned, we must 
take for it a wave function for the electron in the Coulomb field of 
the nucleus belonging to the continuous spectrum. Since an electron 
is liberated in the final state, then in accordance with subsection 29.1 
the function yr) must at roo have the form of a superposition 
of a plane wave and an incoming spherical wave. The function having 
this asymptotic behavior is of the form 


Ze 
wy (r)=e* PU+i)F[—-ié, 1, —i(pr+pryjer', 
where = Ze?/fiv. 
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The substitution of the functions y,(r) and y,(r) into (31.1) yields 
M,.., = iweM, (31.2') 

where 

on é 


M = PUI), [ e-'Pr-""r FliE, 1, i(pr+pr)jdr 


= en P—ié)N,J. (31.3) 
On noting that 


0 0 f ,, dr 
J= — elgr—ipr—nr FUiE, 1, i(pr-+-pr | 
7 | [ (pr+ pr)|— iat 


and on utilizing 


Jf cte-w Fg, 1 prt py 


_ —it 
= (OP ey” | a Za T + pta—p)—mn| 


we obtain 


P (rte) 
ee —ip} - 


Since for a purely imaginary n= —i|n| 


n—l —_— eon arccot |n| ; 
n+1 


we finally obtain 


= ori Seer 13) 


and 


M,, = —16V 008! Pa —it) CPOE D esteront 21.4) 


(€?+1)° 


On substituting this expression into (31.1') we obtain the differential 
cross section for the photoeffect due to an unpolarized photon: 


ew & 5 eo 4 arecots ] 5 (pe,)* 
do = 2 (FoR) “Toe 7D ph meh oar, 
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where the summation is taken over the photon polarizations. It can 
be carried out with the aid of 


3 (pe)? = pq (Pkt) = p*(1—c0s*8), 


where @ is the angle between p and k. 
On eliminating the d-function by integration over the energy of the 
emerging electron we obtain: 


4 ew ( & ) e 4g arccot & 1 


do = 2 (1—cos?#) do, (31.5) 


me\2+1}) 1—e?* I—o? 


where do is the element of solid angle into which the electron is emitted. 

In order to obtain the cross section for the photoeffect in the case 
of polarized photons we must carry out in this formula the substitution 
sin?? — cos?0 = sin? cos?~, where @ is the angle between the photon 
polarization e and the momentum of the emerging electron p, while 
g is the angle between the (p, k) and (k, e) planes, and we must omit 
the factor 4 in front of 2, which corresponds to averaging over unpo- 
larized photons. 

Thus, the angular dependence of the photoeffect in the nonrelativ- 
istic domain is determined by the factor cos?0 = sin??cos?y. We 
see that the majority of the photoelectrons are emitted in the direction 
of polarization of the incident photon. 

On integrating (31.5) with respect to do, we obtain the total cross 
section for the photoeffect in the K-shell: 


qte" B e 4s arccot é 


3m wt 1—e 28° 


7 


(31.6) 


OO, = 
In the Born approximation, when ¢ <1, this formula assumes 
the form 
2° @ [7 \"" 
n= 52 (1) ; G1) 


On multiplying o, by the number of atoms n per cm, we obtain 
the absorption coefficient t, at the frequency w 


gre n> e 1S arceot é 


(31.6’) 


Ty, = no, = 2? . 
K x 3m ot 1—e-27€ 
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Figure 31 shows the dependence of In(o,/09) on the photon frequency. 

We now consider the photoeffect in the L-shell. The photon ab- 
sorption coefficient due to the electrons of the L-shell is given by the 
following formulas (16). The absorption coefficient due to the two 
2s-electrons (L,-subshell) is given by 


me? at } sf 


t,,= 20° — (31.8) 


9 e—4éarc cot € 
3m wt w 


_— 4#orn approximation 
Exact solution 
o x Experimental points 


0.001 0.002 0.005 0010.02 0050102 05 1 2 5 10 20 5 
Aw/me? 


Fig. 31. 


and the absorption coefficient due to the six 2p-electrons (the L,, and Ly; 
subshells) is given by 


11 


re ma | 1. | e- 4Earccot} § (31.9) 


Try Tap _ 3m | ae 2é? 


oO 
where J, is the ionization potential for an L-electron. 


31.2. Photoeffect in the Relativistic Domain 

We now investigate the photoeffect in the relativistic domain, when 
the photon energy is large compared to the energy of a K-electron. 
In this case we must use for the electron wave functions the solutions 
of the Dirac equation corresponding to the nuclear Coulomb field. 
Insofar as the function y,(r) is concerned, we take for it the wave func- 
tion introduced in subsection 14.5: 


DAr) = Nju(pye Pr (».— p79] FU 1, i(pr-tpr)], (31-10) 


434 QUANTUM ELECTRODYNAMICS 


where 


Ink 1/2 __ aZ 
oe, 


n= (2th 
The electron wave functions describing discrete states in the nuclear 
Coulomb field can, in accordance with (12.4), be written in the form 
—_ ( ig,()Qim(A) | 
Baim Nf) Qyym (0) 
where a = r/r, l’ = 2j—1, Q;., = —(on)Q,,,,. In the case of the K-shell 


j=4, 1=0, «= —1 and the function y,,, assumes the form 
ig,,(r)u 
YS \_ ¢ (reonu}’ 


where uw is a constant spinor satisfying the normalization condition 
u*u = 1/42. 

In the case of light nuclei where aZ <1, we must in formulas 
(13.5) and (13.5’) defining the functions g,(r) and f,(r) set N= 1,n= 1, 
n=0, y=yl—aZ? x1, and ex m(1+4a?Z). 

As a result of this we obtain g,(r) = 273/#e—-”, f(r) = —279/*(aZ/2)e-", 


= —> 
| a, 


y,(r) = N; joe cos # em 


3 
jae sinve? | N, = _—_ 
2 J nas 


if the spin is directed along n, and 
(f o 
1 


w,(r) = N, ie sin de? |e", 


~ iS cos 


if the spin is oriented opposite to a. 
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On introducing the matrices y, and the constant bispinor u, with 
components 


1 
0 

Mn=3 | 9 |? 
0 
0 
1 

Mon =—b @) ? 
0 


we finally express the K-electron wave function for aZ < 1 in the form 
y,(r) = N,1—saZyyyne-" uy, where aZ<l. (31.11) 


We shall use this function for the evaluation of the matrix element M,_,,. 
On substituting into (31.1) the expressions (31.10) and (31.11) 
we obtain 


M, 4, = N,N*u(p) {(ey) Jo-+(ey) 74 (YID+YIe) V4 (ey)} Uy, (31.12) 


where 


Jo = f etm FUE, 1, i(prt-pryldr, 


I= — jaz [ err" rie, 1, (prtpnidr, 


Jy= — 5, | err UPLE, 1, i (prt ped. 


The quantity >'|M,_,,/? can be evaluated by means of formula (26.12): 


By 


1 AAG . . ; 

» [M,.)? = Fee, SPA (m—ipy) A(m—ip)}, Po = (0, t€),  (31.12") 
0 

Hy Hy 


where 
A= (ey) Joey) ya(Siy+ (Fev (ey), 


A= yAtyy= —(ey) Jett y)valey)t ey) ya(J2¥)- 
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The evaluation of the trace of the matrix product in (31.12) yields 


SY Ml = sol ID 


Hy Hy 


i . 
a {Jo(pJf)—Jo(pJF)—2J (ep) (eJ£)— compl. con). 


ME 9 (6J,) (eJ:)—JyJe+ compl. conj. (31.13) 


The integrals J), J,, J, can be evaluated with the aid of 


B= if eth-p ira Fie, 1, i(pr-+-pr)) = et 
= 9 > Pp r 7 a tb) it > 
where 
a= k’+(n—ip)’, 
a+b = (k—p)’+7. 
We can easily show that 
_ OB ig a 
1 é —ig 
J,= 5 alae B= —ia lesan! ) ile, (31.14) 
_.aZ mjd k—p 4\ _aZ m,| ip, 
Jy= i a fe a mf —»— |8 


These formulas become considerably simplified if vo~ 1 and Za <1. 
In this case é < 1 and 


aZv v—cos? 
Jy= ~~ <= - 
m(1—}/1—v?) 1—veosd 
Fe oes k—p 
* 2m? 1/1 1—vcos? 
. (31.14’) 
iaZ 10? 
Jy = ye (kp), 
2 Im 1-1 =a | P) 
2 __9y2 2 
a l—wv 
m (1—y/1—2y (1—vc0s8) 


(% is the angle between p and &k). 
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On making use of these formulas we finally obtain the following 
expression for the differential cross section for the photoeffect which 
is valid for aZ <1, v~l, (169), (187): 

_ 2a® ZS sin’? =f (1—/1— 2)? 


do = — 4 1 ecosd| ae (8 C089) 


2 ee 
7p i -V/1- 2) (1—vcos#) cos? +4 cos? ol do, (31.15) 


where 


— 2 
a= (—/1—08)” 1-2 ~ om 
(v is the velocity of the emitted electrons, m is the angle between the 
(p, k) and the (k, e) planes). 
The integrated cross section for the photoeffect in the K-shell is 
given by (169), (187) 


5 
o= tnatzr3{ | (y2—1)3/2 
(3) 


4 —2 1 /pr—] 
«x I- VO ) }——-. in 2 VY} , o>, aZ<i, 
3 y+l ayy y?-1 y— 1 
(31.16) 
where _ i m-m yo e 
a Vinee m ? ° Arm’ 


In the extreme relativistic case w Ss» m this formula assumes the form 


m 
o = 4nr2a'Z®>—, 3 wm. (31.17) 
(62) 
For large values of Z, when these formulas are inapplicable, a numer- 
ical calculation of the photoeffect cross section was made (93). The 
following table lists the values of the photoeffect cross section o obtained 
in this manner for a series of values of Z and w. 


TABLE 12 
wim 0.69 1 2.2 5 
Al 22.3 8.1 1.24 0.35 
Fe 17.8 6.5 1.05 0.30 
Sn 12.3 4.5 0.79 0.24 


Pb 7.9 3.2 0.60 0.19 
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§ 32. Production of Electron-Positron Pairs 


32.1. Production of an Electron-Positron Pair by a Photon in the Field 
of a Nucleus 


We now proceed to investigate the production of electron-positron 
pairs. 

In order for such a process to be possible, obviously an energy is 
required which is not less than 2m. However, a single photon having 
sufficient energy cannot produce a pair, since according to subsection 
27.1 the laws of conservation of energy and momentum cannot be 
simultaneously satisfied. Therefore, for the production of a pair by 
single photon the presence of an additional particle, for example a nu- 
cleus, is required. 

Electron-positron pairs can also be produced in a collision of two 
charged particles or photons possessing sufficient energy. However, 
such processes play a less important role than pair production by a pho- 

_ ton in the field of a nucleus. We shall, therefore, first of all consider 
this latter process. 

Pair production by a photon in the field of a nucleus corresponds 
to the two diagrams shown in Fig. 32. In these diagrams p_ and p, denote 


k q 


k 


v4 p, 


the four-momenta of the electron and the positron, while k denotes 
the four-momentum of the photon. Topologically these diagrams are, 
obviously, equivalent to the diagrams representing the process of 
bremsstrahlung in the field of a nucleus (cf. Fig. 25). 

The matrix element for the process of pair production can be written 
in accordance with Feynman’s rules in the form 


= 


Fig. 32. 


si = wp ye gihom A (Q) + + fia hom ae Ps), 
(32.1) 
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where A‘(q) is the Fourier component of the nuclear field, u(p_) 
and v(—p,) are the electron and positron spinor amplitudes and 
fi = pk = —p.4+9, fo= —py tk =p_—q. 

A comparison of the matrix element (32.1) with the matrix element 
(29.10) for the case of bremsstrahlung shows that the former may be 
obtained from the latter if the following substitution is carried out 
in the latter: pp+—p,, pPp>p_, k>—k, u,(p,) > v(—p,), 
U2(p2) + u(p_) (the replacement of k by —-k corresponds to the fact 
that in contrast to bremsstrahlung the photon is now absorbed). There- 
fore, we do not need to calculate the cross section for pair production, 
but can utilize the already available results for the bremsstrahlung 
cross section. We must only keep in mind that in contrast to the brems- 
strahlung process, for which the density of incident particles is equal 
to the electron velocity, the density of the incident particles—photons—is 
now equal to the velocity of light. Moreover, the number of final states 
is altered and is now given by 0, = dp_dp, /(2x)°. 

On taking these changes into account we obtain the following 
expression for the differential cross section for pair production by 
a photon in the nuclear Coulomb field (21): 


do a 2. lel Pel de, do,do_ 4 aly e+ P- 48 p,) 
(Qn)? w? gq’ m aa 


41 He 


2 
2 2 
tak P=] +2 ptt (32.2) 
My He 
where 
mx, =fitm = —2p_k; mx, =fi +m = —2p_k, 


do, and do_ are elements of solid angles containing the momenta p, 
and p_ of the positron and the electron, ¢, and e_ are the energies of 
the two particles. 

They are, obviously, related by ¢,+ée_ =o. 

Formula (32.2) can also be rewritten in the form 


Z?a3 p,p_de, sin, sin@_d6, d0_dp, 
On w3 q' 


da = 


p*_sin? 6_ 
(e_— p_cos6_)? 


2 ein2 
x gn a+ (deta?) + 


(e,—p,cos0,)? 
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2p, p_sin0, sinO_cos@, 


) 4 + g?—20? 
+ (e_— p_cos0_)(€,—p, cos0,) (4e,¢_+g°—20") 
Ie? __p*, sin? ? 04. +p sin? 6_ } 
2w (e. —p_cos0_)(é,— pcos 6, ) (32.3) 


where 6, are the angles between p, and k, p, is the angle between the 
(k, p,.) and the (A, p_) planes and 
q = (kK—p_—p,)’. 

The angular distribution determined by this formula is of a fairly 
complicated nature. It simplifies considerably only in the extreme rel- 
ativistic domain when the principal role is played by small angles 6... 
In this case the electron and the positron are emitted predominantly 
forward, i.e., within a narrow cone surrounding the direction of motion 
of the photon; the effective angular aperture of this cone is given 
in order of magnitude by 0,.~ m/w. 

On replacing in (32.3) sin 6, by 0. and cos 6. by 1—362%,, we obtain 
the following angular distribution for small angles: 


Za® 2 g% 
—= TT 


do = 422 FF [ou +02) fn —2e_0, (E+ 0%) 
+ 2(e2 + €%)uvén cosp,|de,0_d6_6,d0,dp,, (32.4) 
where 
_ po _— p,6, ol 1 
Tn? PS? SaaS pee 


Integration of (32.3) over the angles yields the differential cross 
section for pair production with the positron energy lying in the range 
€, to €,+de,: 


{ 2 2 
_gipslip-l. [4 _ Pit pe 
rr ened i rs 7 ae 


ip [pl Ip, lipal 


co 8 «€,€ 
u 7 (6% 22 + p? p?) —--., + — 
IP Pipe * + 3 me 


_— mw [eye — pe 1 E_ | 20846 -)}} 
sinter (Ct Ip_|? 4 a bet PoP (32.5) 
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where 


@=rZa, C,=2In eat IPle 
m 


p= 2m ere tlre tm 
mo 
In the extreme relativistic domain when all the energies are consid- 
erably greater than m(w,e€4 Sm) this expression simplifies consid- 
erably: 


do = 4S Hate + Fee | [in2&&=_1) (32.6) 
Formulas (32.5), (32.6) do not take into account the screening of 
the nuclear field. Therefore, in accordance with (29.27) they are valid 
if (2e,e_/mw) < 137Z-"8, 
Screening can be taken into account in the same manner as in the 
case of bremsstrahlung. In the extreme relativistic domain (o, €,, 5 m) 
we obtain for the cross section for pair production 


do = 6+ Ne sano o—4inz} 


2 


4 100mw 
+ &_E_ (ome inz}}, C= Zito,’ (32.7) 


where ©,(¢) and @,(£) are the same functions which appear in (29.29). 
In the case of complete screening when (2e,¢_/mw) > 137Z7%3, 
formula (32.7) assumes the form 


do = 40 sae ee +e ee] In(183.Z-3) — fe (32.8) 


In order to obtain the total cross section for pair production we 
must integrate (32.5) over the positron energy. However, it is impossible 
to integrate this expression directly. Such an integration can be carried 
out only in the extreme relativistic case by utilizing formula (32.6). 
On integrating this formula we obtain the following expression for the 
total cross section in the extreme relativistic case without taking screening 


into account: 


c=@® In — , Where o>mM. (32.9) 


9 m 27 


(3 2w 218 
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On integrating (32.8) over ¢, we obtain the total cross section for 
pair production in the case of complete screening 


o= of In183z7? 7). (32.10) 

In § 55 we shall establish the connection between the total cross 
section for pair production by a photon and the cross section for 
the forward scattering of a photon in the field of a nucleus. By utilizing 
this relation we can show that the total cross section for pair production 
without taking screening into account is determined by the following 
formula (160): 


514, f 2 1 
o(w) = eau E(x) dx—2L (q+ = | -<o4-+109m9.2(y/1- 4 


x 


6 1 
= 2 ——]Ip 32.11 
+(125+ P +42n Je(y/ OK (32.11) 


1 Om’ 


where 


Poxt yx-y dy 
L(x) Ji x VP=y youl) 
and F(x) and E(x) are elliptic integrals: 
n/2 n/2 
F(X) = f (I-*? sin?g)tdp, E(x) = fa-# sin? g)? dp. 
0 0 
In the extreme relativistic domain this formula reduces to (32.9). 
Figure 33 shows the energy distribution of the particles of the pair 
determined by formulas (32.5) and (32.7). Along the horizontal axis we 
have plotted the ratio of the kinetic energy of the positron e,—m to 
the total kinetic energy of the pair w—2m, while along the vertical 
axis we have plotted the quantity [(w—2m)/®] (do/de ,). The different 
curves refer to the different values of w/m which are shown next to the 
curves. The curves corresponding to w/m = 6 and w/m = 10 are valid 
for all Z since for these values of the photon energy screening can still 
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be neglected. The other curves take screening into account, and refer 
to lead and aluminum. The curve corresponding to w/m= oo refers 
to complete screening. 


! 
zB 
0-04 02 03 04 05 06 07 08 0.9 
(€,-m)/(w-2m) 


Fig. 33. 


Without screening 


—| 
1 2 5 10 20 50 100 200 500 1000 
w/m 


Fig. 34. 


For low photon energies the curves have only asingle flat maximum 
corresponding to the electron and positron having the same energy. 


444 QUANTUM ELECTRODYNAMICS 


At large energies the curves have two identical symmetrically situated 
maxima of which one corresponds to maximum positron energy and 
minimum electron energy, while the other conversely corresponds to 
minimum positron energy and maximum electron energy. 

Figure 34 shows the dependence of the total cross section for 
pair production on photon energy in the case of lead, copper, and 
aluminum. 


32.2 Exact Theory of Pair Production by a Photon in the Field of a 
Nucleus in the Nonrelativistic and the Extreme Relativistic Cases 


The foregoing formulas for the pair production cross sections are 

valid in the Born approximation, when &, = (Ze?/hv,) < 1 (v_ and 
v, are the electron and positron velocities). 
However, in the nonrelativistic (v, < 1) and the extreme relativistic 
(1—v. <1) cases it is possible to evaluate the pair production cross 
sections exactly by utilizing the exact electron and positrom wave 
functions in the Coulomb field in the former case, and the functions 
introduced in subsection 14.5 in the latter case. 


This calculation is carried out ina manner analogous to the evaluation 
of the bremsstrahlung cross section. 


The matrix element determining pair production can be written 
in the form 


é 


Fis il reap, ete dr dt== 2nM, d(w—e,—.), (32.12) 
where p_(r) and yw, (r) are the exact electron and positron wave functions 
in the nuclear Coulomb field. Since both these particles are created, 
the asymptotic behavior of the functions p_(r) and y.(r) for large 
values of r must be the same, viz., the functions p_(r) and p,(r) must 
at r + oo have the form of a sum of a plane wave and an incoming 
spherical wave. This asymptotic behavior represents the difference 
between the matrix elements for pair production and for brems- 
strahlung: in the latter process only the wave function of the final 
state has such asymptotic behavior, while the wave function for the 
initial state has at r—oo the form of a sum of a plane wave and 
an outgoing spherical wave. 
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Let us evaluate first of all the cross section for pair production 
by a photon in the extreme relativistic case. In order to do this we 
use as p_ and p, the functions 


yp = v.er*[1—5! av | uF(—i€é_, 1, —ip_r—ip_yr), 
(32.13) 


yy. =N ere +29 [Oris l,ip,r+ip.r), 


where uw and wv are the unit spinor amplitudes for the electron and the 
positron, and N_ and N., are normalizing factors which we choose 


equal to N_ = =e? “Pie. ), Ni =e “Fra Lie,), corresponding 
to unit amplitudes for the wave funetions at infinity. (The subscripts 
+ and — both here and later denote quantities which refer respectively 
to the positron and the electron.) 

After substitution of formulas (32.13) into (32.12) the matrix element 
M. assumes the form 


= a * i(k—p,—p_)r i * 
Ms “a Nee fe rool tay |s 
x FGé, 1, ip_r+ip_nea| I+ /a0| 
26, 


xu*F(—ié,, 1, ip, rt+ip,r) dr 
= C{u*eav/,+u* (ea) (al,)v-+u* (al) (ea)v}, (32.14) 
where 


A = fe Fy Fade, 
i 
I, => rom Ne 


lL, = | el FLV Fide, 


F, = F(ié_, 1, ip_r+ip_r), 
F, — F(—ié,, 1, ip,r+ip,r), 
q = k—-p.—P-_, 


ca 
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The integrals J, , J,, J,can be evaluated with the aid of formulas (29.47). 
The pair production cross section is related to the matrix element M, 

by the expression 
J 2 
do, = 2 S” |M. 2 P+ 


H+ p-Y 


dp. p_€_ do, do_ 
(2x)° 


where |.» denotes summation over the components of the particle 
H+, PY 
spins. 
The result of these calculations leads to the following formula for 
the cross section for pair production by a photon: 


2 
_ ma a’ 1 p_ Ps 
do = of ox me we de, sin6_sin 6, d6_, d6_dp 


x V2(x) Pe. sin? 6 _(4e%. —9q) p}. sin? 6, (462, —9q) 
q' (€_—p_cos6_)? (e.—p, cos6,)? 


(4e_ e+? —2w*)2p_p,.sin6_sin6, cosp 


_ (e_—p_cos6_)(e, =p, 60s 6,) 


__2aP(pi sin? _+phsin?6,) | alo*—(P_+p,)'P W2@) 
(e_—p_cos6_)(e,—p, cos6,)| * [4w%(e_—p_cos6_)(e,—p..cos6,)P 


E sin? 6_(4e4 —q?) | pi. sin? (4e2 —q?) 
(e_—p_cos6_)? (e, —P, cos 6.) 


_ Gee &_+q?—2w?) 2p_ PyS sinO_ sin, cosp 
(e_—p_cos@ Bron —Ps cos 8) 


2? (p® sin? 6 _+ p4 sin? 6,) 
(€, —p, cos6,) (e_—p_ cos6_) 


—4w?(e_e,+p_p, cos6_ cos 6, | ; 
(32.15) 
where the same notation has been used as in formula (32.3). The func- 


tions V(x) and W(x) are defined by formulas (29.48), a= Za, and 


— Flo’—(p,—p_)’] 
4a? (E. 4—P, cos 6,)(e_—p_cos6 _) 


In the particularly interesting case of small angles 9_~6,~m/e 
the cross section is of the form 
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de, 6,40, 0_d0_dp 


2 9 
do = 8a 7a a aes 


sinhaa] 22 m? 
X (q 4 V(x) [w? (u? + v?) bn —2e_e, (u? + v7?) 

+2(e2 +62 )uvén cosq]+ a? W(x) &?[w?(1—(u2-+ v?) 76) 
—2e_e,(u2t?+-v"7?)—2(e2 +62 )uvné cosg]}, (32.16) 


where u = (p,0,/m), v = (p_6_/m), € = (1/1+u?) and 7 = (1/1+7%). 

The difference between the results given by formula (32.15) and by 
formula (32.3) which is valid in the Born approximation is greater than 
in the case of bremsstrahlung. This is associated with the fact that 
the scattered waves for the two particles overlap in the case of pair 
production to a greater extent than in the case of bremsstrahlung. 

The pair production cross section integrated over the angles is of 
the form 


Zia" de, 2€,€ 


do = 2— ela tate |) zine — 2/2), (32.17) 


where f(Z) is * defined by formula (29.49’). 
If screening is taken into account the cross section is given by 


do = Ze Se ai {e eh per | le—4 nz—4/(Z)| 


+ Fe 4e leca—4 InZ—4 a}! (32.18) 


where ®,(y) and ®,(y) are the same functions which appear in (29.30), 
y = 100(mw/e,e_)Z7°. 

The total pair production cross section without taking screening 
into account is equal to 


28 22, 2w 109 
= 7597 |" a 2.1 
0= > [ ~~ 2). (32.19) 
In the case of complete screening we have 
_ 28 2? 2 ro 1/3 5 
= WHS) — —— — 32.20 
We see that the correction due to the Coulomb field is always neg- 
ative and is equal to 
2 pd 
28 2°r0 62), (32.20’) 


~ 9 137 
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In the case of lead the relative correction amounts to approximately 
10°/, (it is assumed that In@w/m) is of order of magnitude 3-5). 

We now obtain the cross section for pair production by a photon 
near threshold, p, <m. The wave functions Y. are in this case de- 
termined by formulas (32.13) in which the expressions in square brackets 
are to be replaced by unity. Therefore the matrix element M. has 


the form 
M,, = Cu*eavl, (32.14’) 


A simple calculation leads to the following expression for the energy 
distribution of the positrons in the nonrelativistic case: 


aZ? 2 ane E 
do = 55"? me BE) (hE I) 


X [w@ —2m + (aZ)? (w—m)) 


x [(e,—m) {o—2m—(e, —myyyn es (32.21) 


32.3. Pair Production by Two Photons 


The process of pair production by two photons corresponds to the 
two diagrams shown in Fig. 35. According to Feynman’s rules the matrix 
element determining this process is equal to 


ey) 
S28) = am eae Dem e4e th—m 3) 
2 wow Hy WM? x5 f 
x o(—p,) 2x)! (k+k’—p,—p_), (32.22) 
a |« ky (K" 
I | | | 
\ I 
f F 
p- “DP, p- “Dy 
Fig. 35. 
where 


A= —pytk=p_—k, fo= —p,+k' = p_—k, 
mx, = fi-+-m= = —2p,k = —2p_k’, 
mx, = fo+m = —2p,k' = —2p_k, 
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k and k’ are the four-momenia of the photons, é and é’ are their po- 
larizations, p_ and p, are the four-momenta of the electron and the 
positron. 

The differential cross section for pair production is related to 


S{?, by 
ee dp_dp 
= 2 _ + , __ re _ 
do Fogg (HOR Tare ORK’ — Py —P_)8(w+o'—e, —e.), 
(32.23) 
where 
_ » ify—m A A ifp—m Ar 1 
O=e man, ete mn, e (32.23’) 


and J is the photon flux density. 

The matrix @ has the same structure as the analogous matrix in the 
case of the Compton effect. On setting in the latter'‘p; = —p,, kj =k, 
€, = @, Po = p_, k, = —k’', and e, = e’, we obtain Q. Therefore, we 
can use the results already available for the Compton effect, and write 
the following expression for the quantity |uwQv|? summed over the spins 
of the electron and the positron, and averaged over the photon 
polarizations: 

em 
> |@#Qo)? = ~ 16e,€_ Spr 


E_ 
1 1 1/\ 1 1 Ho “| 
=— 4 1} —4 : , (32.24 
2€ 4 E_ (2 v ‘] (4 + 4) (" + Ho ( ) 


Sp F = Sp {O(ip,—m) Ot y,Gp.—m)}, 
and the following substitution has been performed in Q: eé— y, and 


A 


e > Y,. 


where 


It is convenient to carry out further calculations in the center of 
mass system of the colliding photons, in which k'= —k, py = —p_, 
w= w' = W and €, = &_ = Wp. 


On eliminating the 6-functions by integrations over dp_ and de: 
O(k+k'—p,—p_)dp_> 1, 


Lay! Pb 404 
6(w+-@’—e,—e_)dp, > 5 ; 
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where do , is the element of solid angle containing the direction of positron 
motion, and on noting that the photon flux is given in the center of mass 
system by J = 2c, we obtain the following expression for the cross 
section for pair production by two photons: 


2 ae 1\2 
do = —" me V0 ” do, 4( +4) 
8 ws 


~4{2 + \_(# +2) (32.25) 
my 
On substituting into this expression 
mx, = —2p,k = —2p,k+2e,0 = 209(w— V(@2—m) cos 6), 
Wen, = —2p_k = —2p_k+2«e_o@ 
== 2p, k+2¢_0= 209 (w+ yw2—m? cos 6), 


where @ is the angle between the vectors k and p,, we obtain 


r2 mV or—m? Poe me or) sin? 6 


4 we m?® cos? 6-+a§ sin? 0 


do = 


2(w2—m?)? sin4 6 
~~ (m? cos? 6-++.w? sin? 6)? 


har sin 6 dé. (32.26) 


The total cross section for pair production by two photons is equal to 


2 p72 2 4 
o= von {(2+ 2m -™| In 
w we we 
m m 
ai-™ (1475) (32.27) 


In accordance with the arguments of subsection 28.3 this cross section 
is relativistically invariant. In an arbitrary coordinate system in which the 
photon k’ is moving in the direction opposite to the photon k the 
relation obviously holds w- w’ = w%(k||—k’). Therefore, in such systems 
the cross section is defined by formula (32.26) in which we must 


set Wy= Vow’. 
On introducing the quantity x = (l—m?/wa’)”? we can _ rewrite 
the total cross section in the form 


o = M0 Sx} —x4) In = 


4+2x(x?— 2}. (32.27') 
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32.4. Pair Production in a Photon-Electron Collision 


For a pair to be produced ina collision of a photon with an electron 
at rest the photon energy must exceed 4m. Indeed, from the conservation 
laws written in four-dimensional form k+p = p’+p’’+p'”’, where k 
and p are the four-momenta of the photon and the electron in the initial 
state while p’, p”’, p’’’ are the momenta of the particles (electrons and 
positrons) in the final state, it follows that (k+p)? = —m?—2mw 
=(p’+p"’+p’")*. But the square of the four-momenta of three 
particles of equal mass cannot be smaller in absolute value than 9m?; 
therefore we have —m?—2mw < —9m?, from which it follows that 
w => 4m. 

The process of pair production in a collision between a photon and 
an electron differs from the process of pair production in a collision 
of a photon with a nucleus by the fact that the effect of the electron cannot, 
generally speaking, be replaced by an external Coulomb field, as we 
have done in discussing pair production by a photon in the field of a nu- 
cleus. In this sense the process is analogous to the process of emission 
of radiation in a collision of two electrons, and like the latter process 
it is described by elements of the third order scattering matrix S‘ connect- 
ing one photon state and three electron states (more accurately speaking, 
two electron states and one positron state). The corresponding eight 


Fig. 36. 


diagrams are similar to the diagrams of Fig. 30 representing the process 
of emission of radiation in an electron-electron collision. Two of these 
diagrams are shown in Fig. 36. The others can be obtained by interchang- 
ing the momenta of the real and the virtual photons, and also the 
momenta of the electrons in the final state p, and p, (p, is the electron 
momentum in the initial state, p, is the positron momentum). 
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In order to obtain the matrix element S{*). corresponding to the 
process under consideration it is, obviously, sufficient to perform the 
substitutions p, > —p,, k— —k, and u’ > v(—p,) in the matrix 
element (29.50) which determined the emission of radiation in a collision 
of two electrons. 

We give here only the results for the total pair production cross section. 

Near the pair production threshold the cross section is equal to (140) 


ay3[o \? 
— ar? 4-35” [2-4] . (32.28) 
In the extreme relativistic case (200) we have 
28 , 2 


This expression differs from the cross section for pair production by 
a photon in the field of a nucleus for Z = 1 only by the coefficient 
in the argument of the logarithm. 


32.5. Pair Production in a Collision of Two Fast Charged Particles 

We now consider pair production in-a collision of two fast charged 
particles, for example, nuclei of charges Z,e and Z,e. This process 
corresponds to the diagram given in Fig. 37 in which the dotted lines 
represent the external potentials associated with the two charges. 


a(p_-p) a(p.+D) 
| 


i ~ P+ 


Fig. 37. 


The matrix element for this process is given by 


_j; - a(p_—p) ip—m &(p,+p) 
Stay = (On Metulp JJ oP On)! pELm® (Om) 


where a(q) is the Fourier component of the total potential due to the 
two charges. 


v(—P,), 
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The probability of this process turns out to be independent of the 
time. After summing over the electron and positron spin components 
it can be written in the following form: 


2) 2 4P4 ap_ 
dw= SEP Ee 


Hp 
= gone ic a( PT ay. +p) iba + 
= 4(2n)Pe, 6. p pa P-—P) a ge? pi+p)(ip,+m) 
ip’ —m , 


p?+m 


x | ava 49) Seppe PP Md_—m)| PeP- (32,30) 


We now determine the field produced by the charges. The potential 
(A, A,) produced by a particle moving with uniform velocity v satisfies 
the equations 

(1A = —Zevd(r—vi—nry), 
im Ao = —Zed(r—vit—ny). 


On expanding A, into the Fourier integral . 


] 
iqr 
A(x) = (2x)! [A,.@e dq, 
we obtain 


A,Q)= am (ug) e- i970, 


where u Alo/V1—o], — 2]) is the four-velocity of the particle. 
Therefore, the Fourier component of the total potential produced by 
both particles will be equal to 


A. 2neZ u(t) d(uY¢ yp 2m Le ul?) d(u)q) e-'4"0, (32.31) 
gq? 


ly 2p 


a,=A 


where the indices 1 and 2 denote the two particles and ry = r§?—r}”. 
We now note that 

é6[((p_—p)u]6[(p+p,)u™] = 0 

6[(p_—p)u] 6[(p+p,)u™] = 0 

d[(p' +p,)u] 6[(p’—p_ju™] = 0, 

0. 


é[(p' +p,)u?)] 6[(p_—p')u®] = 


? 


? 
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Indeed, since ug is an invariant, we can use the coordinate system in 
which w, has only a fourth component, and in such a system 


6[(p_—p)u]6[(p+p,)u] = 6(€_—po) de, +Po) = 5(e_+€,) 0(e_—po) = 9, 


where €, and py are the fourth components of the vectors p, and p. 
Therefore, the substitution of (32.31) into (32.30) yields 


ZiZz Sp GAP +4P- 


dw = nyt ee. nye? (32.32) 


where 
SpG = 4Sp {[# 1) @ 49 (F —1F)40] 
x (ip, —m) [8 GT’ — 1) @® +2 (T—1)) iu] (ip_—m)}, 


l= [ap Pu ete tpre 5[(p_ —p)u)) 6[((pt+p,)u] 
. (p?+m?) (p_—p)? (p+p.) 


ye i Ji pPneeP B1(p_—p)u) BI ptp,)u?) 


(p?-+m®) (p_—p)* (p+p.)* 

In order to obtain the differential cross section for pair production 
we must integrate dw over 271, dry. We give here only the result for the 
cross section integrated over the angles of emission of the electron and 
the positron (117) on the assumption that m<e,< (m/j/1—0?), 
where v is the relative velocity of the colliding particles: 


2 2 2 
i a 
Se 3 In tbe 
(e, +e_)* m(e,+é_) 
m 
ne te. yV1—0' v 
The total cross section is equal to 


28 | 
= 57 a CaZeran 


8 
do = aro (Z,Z,a)? 


-de,de_. (32.33) 


54 (32.34) 


V l—v* 
This formula is valid if In (1/j/1—v?) > 1. 

In § 34 we shall obtain this formula by utilizing the method of 
equivalent photons. 
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In the foregoing calculation we have replaced the effect of the collid- 
ing particles by an external field. Such a replacement is valid in the case 
of very fast particles whose state of motion is practically unaltered as 
a result of pair production. But in the general case the effect of the 
colliding particles cannot be reduced to that of an external field, and the 
process of pair production in a collision of two charged particles is shown 
not by the diagram of Fig. 37, but by the two diagrams of Fig. 38. 
In these diagrams the upper two solid lines correspond to the colliding 
particles, while the lower ones to the electron and the positron of the 
created pair. 


_—_—_-———— —_— / 
> <A 
(a) (b) 
Fig. 38. 


If a pair is formed ina collision of two electrons then in addition to the 
diagrams shown here we must also take into account the exchange 
diagrams (cf. subsection 29.10). 

Thus, the production of a pair in a collision of two charged particles 
is, generally speaking, a fourth order process. 

We shall not reproduce here the calculation of the cross section 
for pair production in a collision of two electrons, but shall confine 
ourselves to indicating the order of magnitude of the cross section. 
Since this process is a fourth order process, the cross section for the 
process amounts to approximately a = 1/137 of the cross section for the 
emission of radiation in a collision of two electrons. If one of the 
electrons was at rest before the collision, then from the conservation 
laws it follows that the second electron must have an energy exceeding 7m. 

In the case when one of the colliding particles is fast, so that its 
state of motion is practically unaltered as a result of pair production, 
the effect of this particle may be replaced by an external field. In this 
case we may remove the upper line from the diagrams of Fig. 38, and 
the diagrams representing the process of pair production will assume the 
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form shown in Fig. 39 (the external photon lines in this case correspond 
to an external field). 

We see that in this case the pair production process is a third order 
effect. Such a case occurs, for example, in the case of pair production 
in the field of a nucleus. The effective cross section for pair production 
by an electron in the field of a nucleus in the extreme relativistic case 
é > m (e is the initial electron energy) is given in order of magnitude 
by the formula (23a, 143) 


2 3 
ow ze (n<] (32.35) 


where Ze is the nuclear charge, r,is the classical electron radius. On set- 
ting Z = 1 in this formula we obtain the order of magnitude of the cross 
section for pair production in the collision of two relativistic electrons. 


Fig. 39. 


Formula (32.35) actually corresponds to formula (32.34) if we set 
Z, = 1 in the latter, and assume that one of the particles is initially 
at rest. 

We note that in comparison with the bremsstrahlung cross section 
the cross section (32.35) contains the coefficient a/47, but also a higher 
power of the logarithm (in formula (32.35) screening is not taken into 
account). 

The diagrams of Fig. 39 also represent the process of pair production 
in a collision of two heavy particles moving at nonrelativistic velocities, 
since the nonrelativistic system of two particles is equivalent to a single 
particle situated in the external field. The pair production cross section 
is in this case approximately equal to (88) 


or ar 


2 In AFI (7 Ma Zs My, (32.36) 


° MT, M, 
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where M, and M, are the particle masses, 7; is the kinetic energy of the 
particle of mass M,., and it is assumed that the particle of mass M, is 
initially at rest, and that T, s 2m. 

In conclusion we note that every process of radioactive decay with 
a sufficiently large release of energy may be accompanied by pair pro- 
duction. This phenomenon can be regarded as pair production by an 
external field with frequencies in excess of 2m. In the disintegration of 
the nucleus into two parts the probability of pair production is determined 
by the expression (136): 


ye 22 oy 28 [in2# — °), (32.37) 


~ On © M 3 


where Z’ = Z, (1—Z,A,/Z,A,), A, and A, are the atomic mass numbers 
of the fragments, Z,e, Ze are their charges, ¢ and wv are the energy and the 
velocity of the smaller fragment, M is its mass, m is the electron mass. 

The probability of pair production in B-decay amounts to approxi- 
mately 10-°—10-" (196). 


§ 33. Annihilation of Electron-Positron Pairs into Photons 


33.1. Annihilation of a Pair into Two Photons 

The process of the production of electron-positron pairs by photons 
has its counterpart in the process of a pair disappearing and giving rise 
to photons. Such a process is known as pair annihilation. If the electron 
and the positron are free then annihilation with emission of a single 
photon is impossible since this process is not allowed by the laws of 
conservation of energy and momentum. For the annihilation of a free 
pair into photons at least two photons are needed, but if a positron 
collides with a bound electron then single photon annihilation becomes 
possible. 

The most important process is the one in which the colliding free 
positron and free electron are converted into two photons. Therefore 
we start by investigating this process. 

Two-photon pair annihilation corresponds to the two diagrams 
shown in Fig. 40. They coincide with the diagrams representing pair 
creation by two photons—a process which is the inverse of two-photon 


annihilation. 
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The matrix element which determined two-photon annihilation can be 
expressed in accordance with the rules of subsection 25.5 in the form 


xX u(p_)(27)* 6(p,+p.—k—k’), (33.1) 


where the same notation has been used as in (32.22). 
The differential annihilation cross section is equal to 


ee dk dk’ 
__ 2 _ _ f __ _ ‘ 
do = Too’ |vQu| Fone 6(p,+ p_—k—Kk’) oe, +e_—o—o’), 
(33.2) 
where J is the flux density of the colliding positrons and electrons and 
aA if,—m Ay a, ify—m » 
=e mx, ere mx 
Ky ik’ kK" Ik 
} ! ' 1 
f L fh 
“P+ PL “P+ pL 
Fig. 40 


The structure of the matrix Q is obviously identical with the struc- 
ture of the corresponding matrix for the Compton effect: on carrying 
out in the latter the substitution p, = p_, k, = —k’, ea, = e', pp = —p,, 
k, =k, and e,=e, we obtain Q. Therefore, we can utilize the 
already available results of § 28 and write the following expression 


for the quantity > |2Qul? summed and averaged over the particle 
polarizations: 


Shortt) (Let [asa on 


It is convenient to carry out further calculations in the system asso- 
ciated with the center of mass of the pair in which p, = —p_=—Pp, 
£,=€_=£, k'= —k, w=.’ and the flux density is equal to 
J = 2( pole) = 2u. 
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On eliminating the 6-functions by integrating over dk’ and dw: 
6(p,+p_—k—k’) dk’ > 1, 


w? do 


6(€, +e_—w—w')dk > > 


where do is the element of solid angle containing the photon momentum 
k, we obtain 


— rem ffl iy ft Hy | He 
do — fa LY —a{ 1) (4 hho, 3. 


BD €o 4 Xo ao) 2 


mn, = —2p_k = 2pok+ egw = 2e9(E+/p, cos 9), 


and @ is the angle between p, and k. 
Thus we have 


m (e-pit+pesin20 ——2phsin’o | 
do = r 01 Pot Po SiN Y o sin’ 6 
ADE | 5p cos? O (e2—p2cos?6)2 | >" 6 db dp 
Lg do 


v4 
- [1 +a3sin?20—v$ (1 —sin*8)] (33.3’) 
0 


—r 
4° ue 

In order to obtain the total annihilation cross section we must 
integrate do over 0 from 0 to a and over ¢ from 0 to x (these limits 
of integration correspond to two indistinguishable particles—photons in 
the final state). As a result of this we obtain 


(1—v? cos? 9)? * 


oan en 2 4 
2 my a in| =a 1 2(v2 2}. (33.4) 
Since the cross section is relativistically invariant, then in order to 
transform to another system it is sufficient to express €) and p, in terms 
of the particle energies in that system. 
We consider the especially interesting case when anihilation occurs 
as the result of a collision of a positron with an electron at rest. 
The positron energy in the rest system of the electron is, obviously, 
equal to 
o = Eg tVoPo e+ PG __ 2ep—m"*. 


an 


> 
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where Up» = Po/éq is the velocity of the electron rest with system respect 
to the center of mass system. From this we obtain 


Po el —m 
VF >= 2 ‘ 


On substituting this value of v, into formula (33.4) we obtain the cross 
section for the annihilation of a pair into two photons in the electron 
rest system (48), (193): 


y+3 


/p—)- 
n(yt VP) Vai 


gre faenee 


= Tt \, (33.5) 


where y = e{ /m. 


For low positron energies the cross section is inversely proportional 
to the positron velocity: 


=e (33.6) 


while the annihilation probability w is independent of the velocity: 
w= Znv,o = Znzr§ sec, (33.6’) 


where n is the number of atoms per unit volume. The lifetime of a slow 
positron is equal to r~ 1/w; in the case of lead + ~ 107?° sec. 


For large positron energies (e% s m) 


0 
o= ah (in ey ). (33.7) 


33.2 Polarization Effects in the Two-Photon Annihilation of a Pair 


In the preceding subsection we have given the expressions deter- 
mining the cross section for the two-photon annihilation of a pair 
averaged over the polarizations of the electrons and the photons. The 
annihilation cross section for polarized particles, and the polarization 
of the photons produced in this process can be investigated by the 
general methods presented in §§ 2, 10, 26 and applied in §§ 28 and 29. 
We confine ourselves here to stating some of the results. 
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1) Correlation of photon polarizations. The differential anni- 
hilation cross section for unpolarized particles with the production 


of two plane-polarized photons has the form 
rem? f ] 
d — 9 cee — 92 2 2 
oe 3 Upep | 1—v5cos?G [1 (v9 cos*6) (e, es) 


+4 (v9 01) (v9 ep) (€1 €2)] 


A(179 &1)? (Wea)? do (33.8) 


(1—v? cos? 6) 


where €) and vy are the positron energy and velocity, and @ is the angle 
between the directions of the positron and photon momenta in the 
center of mass system. 

At low velocities it follows from (33.8) that 


doW VD = dg?2%2— 9, do.) — 7 do, (33.9) 


Vo 
where do”) is the cross section corresponding to the production 
of photons polarized in the direction e,, e,, with e, lying in the plane 
(po, k), while e, is perpendicular to this plane. 

We see that for vy ~ 0 photons are produced which are polarized 
perpendicular to each other. This result has a simple meaning. It follows 
from the law of conservation of parity. In the low-velocity limit anni- 
hilation occurs principally in an S-state which is odd. But a system 
of two photons is odd if their polarizations are mutually perpendic- 
ular. 

2) Annihilation of a longitudinally-polarized pair. If the polari- 
zation vectors €‘~) for the electron and ¢‘*? for the positron have non- 
vanishing components only in the direction of their relative motion, 
the differential annihilation cross section has the form (147) 


do = do(1+t'+ 0-f), (33.10) 
where do, is the annihilation cross section for an unpolarized pair 


(cf. 33.3)) and 
f= 


Uo(1 —cos* 8). 1+ vl Up) Sin? 8 
‘v2(1—cos’ 0)-+ 1—v3+ v2 (1 — v2) sin? 0 


(vy and @ are, as before, the velocity and the angle between the momenta 
of the positron and the photon in the center of mass system). 
On integrating (33.10) over the angles we obtain 


o = 0, (1+ 0 CF), (33.11) 
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where ay is the total annihilation cross section for unpolarized particles 
(cf. (33.5)) and 


_ 99, 
aya,’ 
3+u6, 14+  3+%5 
aq, = In ’ 
23 “1—v, wv 


mney 


Uo 


1—v? 
oe = <p B—308+208)-+ Lat Oeh-+30}—3)In 5 


Fig. 41 shows the dependence of F on the energy in the laboratory system 
of coordinates (i.e., in the system in which the electron is at rest). 

If only one of the particles undergoing annihilation has a longitudinal 
polarization equal to ¢, then da = da,; in this case the photons are 
circularly polarized: 


2 
209—203—- sin?6 cos6 
lm oo, (33.12) 


2 


& = ¢-——- 
1-+0§-+ 23 sin? 6 (1-+cos?6)-+0 sin? 


Fig. 41. 


On integrating the numerator and the denominator of this expression 
separately with respect to 6 between the limits 2/2 and x, we obtain the cir- 
cular polarization x of that one of the two photons which has the greater 
energy in the laboratory system in the case of annihilation of polarized 
positrons in an unpolarized target. But if we integrate the numerator 
and the denominator of (33.12) with respect to 6 between the limits 0 
and 2/2, we shall obtain the circular polarization of the photon, again 
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having the greater energy in the laboratory system, in the case when 
annihilation of unpolarized positrons takes place in a polarized target. 
The quantities x and y are shown in Fig. 42 as functions of the kinetic 
energy of the positron in the laboratory system. 


1.0 


0.5 


-1) Ly 
09-2 10-71 10 10? 103 104 


Fig. 42. 


33.3. Annihilation of a Pair into One Photon 


If a positron collides with an electron which is not free, both particles 
may be converted.into a single photon (60), (92), (142), (18), (95). 
Such a process is determined by the first order matrix element 


Si) = — = [ Bee y_dtx, (33.13) 
@ 


where w_ and w, are the electron and the positron wave functions. 
If the electron is an atomic K-electron, then we have 


oY Ho tet 
pana ae e*, (33.14) 


where y, is the wave function of the K-state, «, is the energy of the 
K-electron and a= h?/me?Z. 

Insofar as the wave function of the positron is concerned, we must 
take for it the exact wave function belonging to the continuous spectrum 
in the Coulomb field of the nucleus. This function, as has been explained 
in subsection 29.1, must at large r have the asymptotic form of the 
sum of a plane wave and an outgoing spherical wave. 

On comparing the matrix element (33.13) with the matrix element 
for the photoeffect (31.1), it can be easily shown that the process of 
one-photon pair annihilation in which we are interested may be regarded 
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as the inverse photoeffect for the K-electron accompanied by the emission 
of a photon of energy 
w= m—I+y7/p= +m, (33.15) 


where J is the ionization energy for the K-electron, and p, is the positron 


momentum. 
In contrast to the photoeffect, the final state in this case has a neg- 
ative energy and momentum p= —p,. Moreover, the density of final 


states will now be given not by pedo,/(22)%, as in the case of the photo- 
effect, but by w?do,/(27)*, where do, and do, are the elements of solid 
angles containing the momenta of the electron and the photon; finally, 
the density of the incident particles will now be equal to the positron 
velocity v, instead of the velocity of light, as in the case of the photo- 
effect. On taking these changes into account and on carrying out in 
(31.16) the substitution y > —e,/m,w— €,-++m, we obtain the following 
formula for the cross section for single-photon annihilation of a posi- 
tron in the X-shell (normalized to two K-electrons): 


e, 2 &, 
m3 om 


4 
+5+ 


5 3 
a = 4nr3 Z m 


— oy 72m), fe TPs 
(137)* p, (e, +m)? | 


Py m 
(33.16) 
This formula, like formula (31.16) for the cross section for the 


photoeffect, is valid if Za/v, < 1. 
In the nonrelativistic and the extreme relativistic cases formula 


(33.15) assumes the form 


4xn , Zp 
=~ 337 me” where v, <1, 
zs (33.17) 
o= 4or2—— where €, >”. 
(137)* €, + 


We see that the cross section for single-photon annihilation of a 
positron is proportional at low energies to the positron velocity, in 
contrast to the cross section for two-photon annihilation, which is 
inversely proportional to v,. Therefore, at low positron energies single- 
photon annihilation is much less probable than two-photon annihilation. 
The ratio of the cross sections for single-photon and two-photon anni- 
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hilation has a maximum at e, ~ 10m, and has the value of approxi- 
mately 0.2 for Pb. 

At low positron velocities and large values of Z formula (33.15) 
ceases to be applicable. 


33.4 Positronium Decay 


The foregoing results referring to the annihilation of a pair into 
two photons can be applied to the problem of the decay of positronium, 
i.e., a bound system consisting of an electron and a positron. 

Obviously, the ground state of positronium is an S-state. Since the 
spins of the electron and the positron are each equal to 4, we must 
distinguish between the singlet S-state, in which the total spin of the 
two particles is equal to zero, and the triplet state in which their total 
spin is equal to unity. We denote these states respectively by 48 and 3S, 
Positronium in the 14S state is called parapositronium, while positronium 
in the 3 state is called orthopositronium. 

It was shown in §7 that a system consisting of two photons cannot 
have states of angular momentum equal to unity. Therefore, orthopos- 
itronium cannot decay into two photons. Moreover, since the 3S state 
of positronium is charge-odd, we can assert that, generally speaking, 
the decay of orthopositronium into any even number of photons is 
impossible. 

On the other hand, parapositronium is a charge-even system and, 
therefore, it cannot decay into any arbitrary odd number of photons. 

The main processes which determine the positronium lifetime are 
two-photon annihilation in the case of parapositronium, and _ three- 
photon annihilation in the case of orthopositronium. 

The probability of positronium decay can be related to the prob- 
ability of annihilation of a free pair. In order to do this we consider 
the wave function for the S-state of positronium 


pr) = Tae” (33.18) 


where a is the positronium radius equal to twice the radius ag of the 
first Bohr orbit of hydrogen: a = 2a) = (2h?/me?) (the doubling of 
the hydrogen radius is associated with the fact that the reduced mass 
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of positronium is equal to the electron mass divided by two). The Fourier 
component of the wave function ;(r) 
3 

Y= il w(r)en'Pr dr = ee (33.18’) 
obviously determines the probability amplitude for the electron in the 
positronium having the momentum p, while the positron has the mo- 
mentum —p. It follows from (33.18’) that the wave function yw (r) in- 
volves momenta primarily of order of magnitude p~ 1/a which are 
considerably smaller than m. Therefore, the decay of positronium can 
be treated approximately as the annihilation of a free positron and 
a free electron of momenta equal to zero, but of definite spin orienta- 
tions. 

We denote by w, and wy, the probabilities of decay of ortho and 
parapositronium. Further, we denote by w the probability of decay 
of a free pair of particles with zero momenta averaged over the orien- 
tations of their spins, and evaluated on the assumption that the particle 
density is equal to the particle density in positronium, i.e., |y(O)|? = 1 /2a? 
(and not 1/2, where 2 is the normalizing volume, as is assumed in 
evaluating the annihilation probability for a free pair). 

Since the relative weights of states of spins 1 and 0 are respectively 
equal to 3/4 and 1/4, we obviously have 


w (33.19) 


I 
leo 
= 
+ 
ee 

= 
o 


The quantity w can be written in the form 
We We, +Wat os (33.20) 
where w,, is the probability of the annihilation of a pair into n photons, 
averaged over all spin orientations. Since parapositronium can decay 
only into an even, and orthopositronium only into an odd number 
of photons, it follows from (33.19) that 
; + Wo = We, +Wy, + eng 2Wy = WatWwst eee g 
1.€., 
Wo 4iWo,, Wi 4 Ws, (33.21) 
By utilizing formula (33.6) for the cross section for two-photon 
pair annihilation for low positron velocities we obtain from the 


preceding result: 
Wo = 4|y(0)|?(v. 0), +9 = Fa5m = 0.8:10sec (33.22) 
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33.5 Three-Photon Decay of Orthopositronium 

We now proceed to the determination of the probability of three- 
photon decay of orthopositronium (146). 

Three-photon pair annihilation is a third order perturbation theory 
process. It corresponds to the six diagrams shown in Fig. 43. The ma- 


tks Ike 1k, Ik, Ks ik ikp Ky kg 
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ot Po i! 
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kg ky ike Kp ik3 [hy iy he ths 
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Fig. 43. 


trix element for this process can, in accordance with the rules of sub- 
section 25.5, be written in the form 


A A A Aw 
oar : “Pr . 
5) e ald iff —m » ifi—m 3,48 ifp—m tam, 
if OF = 3 7&9 “2, "1 lo &8 2 P 
ed ] 80, M25 \ m 32 Mn, My mM xo 


eee | u(2x)* 5(p.-tp_—ky—ka—ks), (33.23) 


where k, and «, are the momenta ard the frequencies of the photons, 
fh=fs=p—h, A=fi=ks—Py, 
h=h=p—kh, A=fh=h—p,; 
fe=Sfo=P_—ky fa = fo = ke—Py, 
ya fitm y= fete w= 1,2,3,4,5,6. 


“ m ? “EE m 
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In the region of vanishingly small particle velocities |p,| = |p_| = 9, 
fi=—fy f=-—f. Sf = —f, and the differential probability for 
three-photon pair annihilation is in this case equal to 

eé dk, dk, dk 


_ 3 1- 
dw,, = 801005 ~ (22° Q ~ |vQu| O(K,+k_-+k)6(@,+@,+,—2m), 
(33.24) 
where 1/2 = |y(0)|? = 1/xa® and 
a ifg—m (, if.—m » ~ ifg—m. 
Q=8é, ee ee 2+es am &3 
A ifi—m A ifi—m. A if,—m » 
2 mn ey Wn et 8 Px. 
A if{—m A if.—m . A ify—m » 
+€y mx! \e mex ~ ey +e, 2 ~*2 
_~_VWs if, bm » Uf,-2—M» 15 unt m, | 
a B mse, uol mx, Cutis Cut mx, wp 
w= 1,2,3 


(9 = 3, &y = €15 fi=h: So=fs): 
The quantity !vQu|? averaged over the spins of the electron and the 
positron, and summed over the photon polarizations, can be written 


in the form 
lio _ 1 
-_ 2 
4 » » |vQu! 16m? SPF, 


Hr. Ha ¥1,¥2, M3 


where 
2 “ 
F= if, +m if,—.—m 
= y ee Yul yey wth 
aw *u %um2 
if,-4— if’ m 
+ a a m _ \ 1 m oa ll a 
Yutl mx, ae " (ip—m) Viet. myx,9 1 
if , 
if ,y—m if +m 
wai “ A 
FY 1 mK rae ty ib +m. 
seo ue 
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We shall not reproduce here the calculations of SpF, but shall 
directly give the results for the differential probability for three-photon 
pair annihilation: 


3 to dk 
wT hes 4 sn)? + (1— many)? + (1mm) 


41 (0,4 (20)? mad 
K O(ky +k, +k,)6(@,+@,+@,—2m), (33.25) 


where n, is a unit vector in the direction of the photon momentum &k,. 
The total probability of three-photon pair annihilation is equal to 


dw, = 


1 0 
Wy, = $ a a3 va! anf dos | sin P15 dP,» o, 2 


x (1—c08 5) 6(m,+0,+@,—2m), (33.26) 


where #,, is the angle between n, and-n, (here the factor 1/6 takes into 
account identical states which differ by an interchange of photon mo- 
menta). We now evaluate the integral appearing in (33.26) 


(ere) foe) 1 
K= [ dor, il dor, | 12 __ ¥92 dy 5(co4-+ Woy-+ (og—2m), 
Ws 
0 0) -—1 


where x = costjo9. 

In eliminating the 6-function by integration over x we must keep 
in mind that w, is a function of x so that ws = Vwi +w2+2, Wx. 
Therefore 


1 


_ F(X) 
{ f(x) Slo) +e + 2m dx = = 
-1 
where x, is the root of the equation «,(x) = 2m—a@,— a: 
2 
Xo = 1 (1 4-w.—m). 
1a 


Further, on noting that (dw,/dx) = (w,w2/w,) and that the absolute 
value of the quantity x, cannot be less than unity we obtain 


Geog 
K= fam Jeo o,—m)" - . 
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On integrating over w, we obtain the spectrum of the decay photons: 


Way, = f F(w,) do,, (33.27) 
0 
where 
4 [Vr 3 o,(m—@,) (m—o,)* m—W, 
Feo) = 5 (2 {nn amo, e am 
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The shape of this function is shown in Fig. 44. 
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Fig. 44. 


On carrying out the integration over w, we obtain the total prob- 
ability of three-photon pair annihilation 
oe ] > re , 
W5, = Ee (a ~ Nae (33.27’) 
Further, by utilizing expressions (33.21) we obtain the probability for 
the decay of orthopositronium 


y) 2 
So P -aB= 0.71- 107 sec-, (33.28) 


Wy) = 
9n i 


33.6. Multiple Photon Production Accompanying the Annihilation 
of a Pair 

In the preceding subsections we have determined the cross section 

for the annihilation of a pair into two photons. This is the smallest 

number of photons which can be formed in the annihilation of a free 
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electron-positron pair. The annihilation of a pair into a larger number 
of photons, having an energy of the same order of magnitude, will 
be considerably less probable than the annihilation of a pair into two 
photons. 

However, if in addition to two photons sharing almost the total 
energy of the pair there is also emitted a number of long wavelength 
photons whose total energy is small compared to the energy of the first 
two photons, then the probability of such a process may be compa- 
rable to the probability of two-photon annihilation. 

We are here dealing with a process analogous to the radiation by 
an electron of long wavelength photons for which, as has been shown 
in § 30, the ratio of the probability of radiation of two photons to the 
probability of radiation of a single photon is determined not by the 
constant a but by the quantity = aln(e/w), where wis the photon 
energy, while « is the electron energy. Since for w <e this quantity 
is not small, the probability of emission of a number of long wave- 
length photons can be comparable with the probability of emission 
of a single photon. 

For the same reasons, in the case of pair annihilation the probability 
of the annihilation of a pair into two hard photons and a number of 
soft photons can be comparable with the probability of the fundamental 
process—the annihilation of a pair into two hard photons. 

We now give an eStimate of the order of magnitude of the proba- 
bility for such a multiple process of photon production aceompanying 
pair annihilation (97). 

As a preliminary remark we recall that in accordance with (30.15) 
the matrix element for the emission by an electron of a long wave- 
length photon is determined by 


—e 
(2) 1) 
Si? = a Si? 
VV 20 


Poe _ Pie 
Pok = pik } 
where S‘{1), is the matrix element for the fundamental process (the scat- 
tering of an electron by an external field), p, and p, are the initial and 
the final momenta of the electron, k is the momentum and e is the 
polarization of the photon. 

On repeating the arguments leading to (30.15) we can easily show 
that in the case of pair annihilation in which we are interested, the matrix 


472 QUANTUM ELECTRODYNAMICS 


element M,,. for the annihilation of a pair into two hard and n soft 
photons is related to the matrix element for the two-photon annihila- 
tion M, by 


es €;P4 <2) 
Mw=([ [ee —="=]|My, (33.29) 
+ fl i <0.) ° 


where g,, @,, €, are the four-momentum, the energy, and the polar- 
ization of the soft photon and p, and p_ are the positron and electron 


momenta. 


By utilizing this expression we can obtain the cross section for the 
annihilation of a pair into n+2 photons, which turns out to be given by 


(ac In “) 
€} 


Ong = Op-— > (33.30) 


where o, is the cross section for two-photon annihilation, me,, me, 
are the upper and the lower limits between which lie the energies of the 
soft photon, and Cw (2/z)(In2y,—1). (yym is the positron energy 
in the laboratory system. The factor 1/m! arises due to the indistinguish- 
ability of the soft photons.) 


The quantity €, is determined by the resolving power of the appa- 
ratus, while the quantity e, may be roughly estimated as e, ~ y,. With 
such an estimate we obtain 


I 


_ Ia va n—2 
o ogg | enn 27, | 


Tn 


(33.30’) 
(v. > Lin = i), 
1 


In accordance with the results of § 30 this formula shows that the 
emission of soft photons obeys the Poisson distribution. The average 
number of soft photons emitted is evidently equal to 


2 
A = —In“dn2y,-1). (33.31) 
TL Ey 
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§ 34. The Method of Equivalent Photons 
34.1. The Number of Equivalent Photons 


We have seen earlier that the matrix elements for bremsstrahlung 
and for Compton scattering have a similar structure. However, a deeper 
connection exists between these processes due to the fact that the electro- 
magnetic field of a fast uniformly moving charged particle has prop- 
erties which are very close to those of the field of a light wave. 

We compare the two processes represented by the diagrams of Fig. 
45. The diagram of Fig. 45a corresponds to the collision of particle of 
momentum g (mass m) with a photon (momentum 4), as a result of 
which a set of particles of momentum Q is produced. The diagram 
of Fig. 455 corresponds to the process of the scattering of a particle q 
by another particle (momentum p, mass M), as a result of which the 
same set of particles Q is produced while the particle acquires the 
momentum p’. The second process is equivalent to the collision of the 
particle g with a virtual photon. If the square of the photon momentum 
k? is small, so that the difference between the virtual and the real photons 
is small, the cross section for the process (b) can be expressed in terms 
of the cross section for the process (a). 


Fig. 45. 


On denoting the invariant amplitudes for these processes respec- 
tively by A, and A we can, in accordance with (26.6), write the 
differential cross section which we denote by do, and do in the form 


m 


Mm? d*p'5(p'?-+M2) 
— 20 oS? 
do = |A| — dog Qn 
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where 


N 


dog = en | | eas (22)? d*g,0(9gIM4) » 


N is the number of particles in the set Q, g, are the momenta, m, are 
the masses of the particles produced. We now show that under certain 
conditions the amplitude A can be expressed in terms of A, (180). 

From the diagrams of Fig. 45 it follows that A, = e,J,(0) and 
A= j,J,(k*). Here e, is the photon polarization vector, J,(k*) describes 
the set g+k -> Q, with the same vector J, appearing in the expressions 
for both A, and A, but taken for different values of k? respectively equal 
to 0 and (p—p’)’. j,, describes the vertex for the process of emission of 
a photon by the particle p (p > p’+k); if the particle p is an electron, 
then j,, = u(p’)y u(p). 

The quantities j, and J, satisfy the condition of transversality 
j,k, = 9 and Jk, = 0. We consider the process in the rest system of 
the particle g(q = 0). 

If the velocity of the particle p is large (|p| > M) and p’ differs but 
little from p, then we have ju 2Zeu,,, where Ze is the charge of the 
particle, while uw, = p,/M is the velocity four-vector 


From the transversality conditions we can express the frequency of the 
virtual photon w in terms of its momentum k: w= kv = k,v. Also 
k? = (1—v®)w*+ki and k, = k—k,. 

We require that |k?| be small, |k?) < m?. Then we have k, < mand 
w << (m/ V1—v?). 

We see that under these conditions the case is possible for which 


ki~ow Vi-v< wo, k,s>o(—v?), (34.1) 
and which we now discuss. On expressing by means of the transversality 
conditions J) in terms of J, Jy = (1/w) Jk, we obtain 

. 2Ze 
Sy = —Fa=5 (Jkt Joo). 


wn wy1—v? 
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On taking (34.1) into account we can neglect the second term in this 
expression. Moreover, since k, < k,, J, differs from Je, where e is 
the unit vector perpendicular to k (ek =0), by a quantity of the 
order of magnitude /1—v*. Thus, for small k? we have 


On substituting this into the expression for do and on comparing 
it with the expression for do,, we obtain 
4Z? ek M d*p'd(p?+M?) 
Vinvwk! Qn) 


do = do, = (34.2) 
Thus, we express do in terms of do,. Formula (34.2) is valid if the con- 
ditions (34.1) are satisfied. 

We can express the quantities appearing in (34.2) solely in terms 
of invariants characterizing the process. In order to do this we utilize 
the relations 


k? = kE+(1—v)o?, 


J E Pq 
Z__ 2 [2 2 eo 
OF = (+h = mt —2oms as = ap = — Fi 
d'p'b(p+m) = , [ waar 
J Pov = rea Mw? 


(the last relation can be easily obtained, for example, by going over 
to the coordinate system in which p = 0) and obtain 


2Z%a k*—[(Q?+m?)? M?*/4(qp)"] 
T 1 |Q?+ ! m?| k4 


da = da dk? dQ?. (34.3) 


The conditions for the validity of this formula are 
R<m; |Q7|<|apl; |Q?tm| >k’. 


We obtain a formula which is simple and convenient for applications 
by choosing for our variables k, and w. We then have 


dQ? dk? = 4mk, dwdk, 
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and 
2Z?a dw kk, 
a3 wo [ke+o?(1—v?)P , 


do = do, (34.4) 
We denote by do’ the cross section for the process integrated over all 
w and k, (i.e., over the recoil momenta p’). It can be written as 


do’ = { n()do,(w), 


where 


n(@)dw = 


2 3 
Zia fo ( kidk, (34.5) 


na oO 2+ wl —v)P 

We can interpret this formula in the following manner. In-order to 
obtain the cross section of some process due to a fast particle acting 
on a particle at rest (¢ = 0 in our coordinate system) we can replace 
the fast particle by the spectrum of equivalent photons n(w)dw, and if we 
know the cross section for the process due to photons, it is then sufficient 
to multiply it by the number of equivalent photons in the frequency 
interval dw and to integrate over the frequencies. This method is referred 
to as the method of equivalent photons, or the Weizsadcker-Williams 
method (206), (212). The underlying idea was originally proposed and 
applied by Fermi (59). 

The equivalent photon spectrum can also be obtained from a classical 
investigation of the electromagnetic field of a rapidly moving particle. 

The four-potential of the field produced by a uniformly moving 
particle is determined by 


4 
CA= ——ev8(r—v1), CA, = —4ne5(r—vt), 


where v is the velocity of the particle (we employ both here and in 
subsequent formulas of this subsection the usual CGS system of units). 
On expanding the potentials into Fourier integrals we obtain the follow- 
ing expressions for the fields (118): 


k— (kv) v 
Evr, j= _ te 7 ce ellkyytkz2 +k vO) yp (34-6) 
g++ e (1-2) 
Tr C2 
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H(r,)= Ba 


where the x-axis is directed parallel to wv. 
On making the substitution k,— k,, k, >&k,, k, +&k,, where 
&= ] V1—(@?/c), we rewrite (34.6) as 


E\(r, t) = ~ Fb gitar th to-201 dk, 
oo ky. 
E\(r, i) = —55 | ZZ eilkL rts §(2—0t)] fy (34.6) 


Ar, t) = E e| 
where 
v(kv) 


; — 
we il 


ki =k— 


and E, and E, denote the perpendicular and the parallel components 
of E (with respect to the direction of the velocity v) k, = |kj|. 

We assume that > 1. In this case, obviously, |E,| > |E£,|, 1e., 
the field remains practically transverse, just as in the case of a light 
wave. The formula (34.6’) determine the expansion of this field into plane 
monochromatic waves of frequencies w= kv,&=k,c& which are 
propagated in the direction of v. 

We now determine the:number of equivalent photons corresponding 
to these waves. In order to do this we obtain the total flux of electromag- 
netic energy in the direction of wv: 

c 
s= [a | ale Hi), dt, 
where df= dydz = 2nbdb is an element of area in the yz plane, 
b= V/P+2 (this quantity is known as the impact parameter). On 
equating the total flux S to the energy of equivalent photons 


S= { hon(w)do, 
! 


we obtain the number of photons n(w) dw in the frequency interval 
@ to wt+du. 
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On substituting (34.6’) into the expression for S we obtain 


ioe) 


ee 
= —_ dt(E2+ EF 
Sagi far | acepeen 


2 p2 £2 ~ ~ ~ __ ro , 
_ 6 2es | ay [az fae f ak ar’ "vs AK) 


4x 474 Reh? 
oo 
x ily thy) t leg + 2) 182 — vt) (yt kg) 
c Zerk [EE ak x eel ke 
In? oy kA Qn? J (k?+k22 


On noting that dk = 22k, dk, dk, = 2ak, dk, (dw/cé) and on com- 
paring this with the expression for S we obtain formula (34.5). 

The upper limit of the integral in (34.5) can be determined from the 
condition k, <_m. Since n(w) depends on k,,,,, logarithmically, we can 
set k,,., = ym, where 7 is a quantity of the order of magnitude 
unity. On carrying out the integration we obtain 


n(w) deo = = az. - In—. (34.7) 


Formulas (34.4), (34.7) are evidently valid for 


m 
W <~ — 
Vi-vw?  j/1—v? 


> 1. (34.8) 


The fact that the integral for n(w) diverges at large w has a simple physical 
meaning: it is related to the divergence of the expression for the energy 
flux S for small values of the impact parameter b. 

The lower limit for b, and consequently, the upper limit for k,, 
can be evajuated in the following manner. In quantum mechanics in 
order to be able to speak of a definite value of the impact parameter 
b it is obviously necessary that 6 should be considerably greater than 
the transverse dimensions Ay of the wave packet associated with the 
particle: b > Ay. 

On the other hand, according to the uncertainty principle dy > h/Ap, 
where Ap, is the uncertainty in the transverse component of the momen- 
tum of the particle. The transverse component of the velocity of the 
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particle v, must be sufficiently small so that the transverse displacement 
of the particle during the collision time, which in order of magnitude 
is equal to t~b/v~b/c, will be small in comparison with }, v,(b/c)< b, 
1.e., the transverse component of the velocity must be small compared 
to the velocity of light and, consequently, 4p,< mc, where m is the 
particle mass. 

Thus, from the uncertainty relation it follows that Ay »A/mc. 
Therefore, the impact parameter must be considerably larger than 
h/me. 

In discussing the effect of the nuclear field on the electron we must 
obviously interpret m as the mass of the lighter particle, i.e., of the 
electron. We assume that in this case the minimum value of the impact 
parameter is given by b,,,, = (1/y)(f/mc), where in order of magnitude 
7 is equal to unity. The quantity b,,,, corresponds to the maximum 
value of k,, which is given by k,,,, = y(mc/h). 


34.2. Bremsstrahlung from a Fast Electron in the Field of a Nucleus 


By utilizing the method of equivalent photons we shall now obtain 
the bremsstrahlung cross section for the collision of a fast electron with 
a nucleus. In the coordinate system K*, in which the electron is at rest 
before the collision, this process can be treated as the Compton scattering 
of the electron by the spectrum of the equivalent photons of the nuclear 
field. 

The cross section for the scattering of the photon by the electron 
is given in the coordinate system K* by formula (28.18) 


* 


2 
2 * « 
'o OM» WM, Woy . 
AG Sent (Or 9) —=- ] ( * + or sin? 9* do*, 


2\or} \os i 
where wy and w ; are the frequencies of the primary and the scattered 
photons in the coordinate system K*, which are related by expression 
(28.6) . ot 

1+(wy/m)(1—cos6*) ’ 


OW, = 


and 6* is the scattering angle. The bremsstrahlung cross section in the 
coordinate system K* is related to the scattering cross section by 


dot.(og) =f nlwt)def doy....(t,o3), (34.9) 


* 
1 mio 
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where wf in and wy,,,, are the minimum and the maximum frequencies 
of the primary photon corresponding to a given frequency ws of the 
scattered photon. 

Since the scattering cross section is relativistically invariant, in order 
to determine do,,, in the coordinate system K we only need to express 
the cross section, determined by formula (34.9), in terms of the frequency 
®, in the coordinate system K, which corresponds to the frequency wf 
in the coordinate system K*. The relation between the two frequencies 
is given by the Doppler formula w, = w*(1—v cos6*)é. 


On introducing §&;=af/m, &=«o,/mé& and on noting that 
2Z°a dé £ 
not) dot = x z in = 
cos pe — a Sell+C/4)) | 
u— &, 


dé, 1 by b 
d =e see ole 
Oscars = Ture é. ‘ Se ig, + E(—&) &(1—&,) |} 


we rewrite do,,, in the form 


2E20" 
d64,4((2) = 2r2Z2a dé, In ne f+5 } : 
1 1 “$2 
aif) 
_ S& YT oll 
2d-&) | Raa >| 049) 


where the upper and lower limits of integration over &, correspond to 
6* = 0 and x. 

The principal contribution to the integral (34.9’) obviously comes 
from the values of & near the lower limit. On carrying out the calcula- 
tion with logarithmic accuracy, i.e., on assuming that In ()&/&,) is a large 
quantity, and on taking it outside the integral sign, after setting it 
equal to its value at &; = &/2(1—&,), we obtain 


dorsal.) = 4r2Z2a din =(2 4 fa? In» 2612 (34.10) 
w 3 mo 


2 €1 \Ee ej 


where ¢, and é, are the values of the electron energy in the initial and the 
final states, 
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Formula (34.10) is valid if es» m, e, > m. As should have been 
expected, it coincides with formula (29.25). 


34.3. Radiation Emitted in an Electron-Electron Collision 


By utilizing the method of equivalent photons we shall now obtain 
the radiation emitted in an electron-electron collision. 

If a fast electron, which we shall refer to as electron f, collides with 
an electron at rest, which we shall refer to as electron r, then in order 
to determine the cross section for the resultant bremsstrahlung by the 
method of equivalent photons we must, in the first place, investigate 
the scattering of the equivalent photons of the field of the fast electron 
f by the stationary electronr and, secondly, on going over to the coordi- 
nate system associated with electron f investigate the scattering by 
electron f of the equivalent photons of the field due to electron r. 

The second of these two processes does not differ from the process 
discussed earlier of the scattering of the equivalent photons of the 
nuclear field by an electron in its own rest system—the process to which 
the bremsstrahlung of an electron in the nuclear field may be reduced. 

We now show that the contribution made by the first process to the 
cross section for bremsstrahlung accompanying an electron-electron 
collision is considerably smaller than the contribution made by the 
second process. 

On assuming that the photon energies m, and w, before and after 
scattering in the first process are considerably greater than m, we can 
start from the following formula for the Compton scattering cross 
section: 


dO noat, = Trem 
(Here we have not included the term containing sin 0, which may be 
neglected since in the relativistic domain scattering takes place primarily 
into small angles 0 ~ m/w.) 

By utilizing expression (34.7) for the number of equivalent photons 
we can represent the contribution of the first process to the cross 


section for the emission of radiation in the form 


“1 max 


= 22amdw, ( dong o (a + a) , (34.11) 


we wm, \W, We 


da! 


rad 


#1 min 


482 QUANTUM ELECTRODYNAMICS 


where ¢ is the energy of electron f and ,,,,, and @1,,,, are the limits 
between which w, lies for a given frequency w,. These limits can be 
obtained from Ws 
1 1 —(a,/m) (1—cos 6) 

and are obviously equal tO @yiin = 2 and @,,,, = 0. Although 
the method is valid only for w, <, nevertheless since the integrand 
in (34.11) falls off rapidly with increasing ,, the upper limit in (34.11) 
may be taken to be infinite. 

The principal role in the integral (34.11) is played by the values 
of w, near the lower limit. On carrying out the integration with logarith- 
mic accuracy, just as in (34.9’) we obtain 

dot, (,) = Frhom = In a (34.12) 

On setting Z =! in formula (34.10) for the cross section for the 
bremsstrahlung emitted by an electron, we obtain the contribution of 
the second of the two processes described earlier to the cross section 
for the radiation emitted in a collision of two electrons 


dott 


Tad 


dw, &[ € E 2 26, € 
_ 4 2 2 2 1 2 __ a 1%2 . . ’ 
(3) ria > (= + 5, | n mo, (34.12’) 


Comparison of da!,, and dat! shows that dol,, ~~ (m/w.) doll, < doth,. 


rad 
This relation is associated with the fact that in both integrals (34.9) 
and (34.11) the principal contributions come from values of the varia- 
bles near the lower limits, while the lower limit in (34.19), which is equal 
to mw,/2«, is considerably smaller than the lower limit in (34.11), which 


is equal to wy. 


34.4. Pair Production by a Photon in the Field of a Nucleus 

We now apply the method of equivalent photons to the evaluation 
of the cross section for pair production. We start by determining the 
cross section for pair production by a photon in the field of a nucleus. 

We assume that a photon of energy w= ém,&s 1 is incident 
on a nucleus at rest in the coordinate system K. We go over to the 
coordinate system K’, in which the nucleus is moving towards the 
photon with a velocity v equal to 


4 ] E 
= l——, oT See l. 
° V & \ l—v? 2 - 
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In this coordinate system the photon energy is equal to 


, 1—v E 4 
(7 ee 0 1 = em V | ww IN. 


The field of the nucleus in the system K’ can be represented in the form 
of a superposition of pseudophotons, whose spectrum is determined 
in accordance with (34.7) by 


N(W9) dw) = 2 az? ding In ( em . 
rn Wo Wo 
The process of pair production by a photon in the field of a nucleus 
can be treated as pair production in the collision of the incident photon 
with the photons of this spectrum. In other words, the cross section 
for pair production by a photon in the field of a nucleus is equal to 


a= f n(o)doge,, (34.13) 


where g,, is the cross section for pair production by two photons given 
by formula (32.27’) into which in place of x we must substitute 


ee 
m m 

x= 1—-—;+— = 1——. 
(Wo Wo 


For the limits of integration in (34.13) we must take m and &m. On 
introducing in place of m, the variable x we rewrite (34.13) in the form 


vei 
o = 2r2aZ? | dx-xIn inf) In | ~—-- | 42x82, 


|1—x 


0 
On assuming that In és 1, and on retaining only the main terms 
(of order In &) we obtain after integration 
= jor Infé, f~wl. (34.14) 
This expression coincides with formula (32.9). 


34.5. Pair Production in a Collision of Two Fast Particles 

We shall now also investigate the process of pair production in a 
collision of two fast charged particles. We assume that the relative 
velocity of the particles v is sufficiently large, so that € = (1/}/1—v*) > 1- 
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In the coordinate system K,, in which one of the particles A, is at 
rest, the distribution of photons representing the field of the second 
particle A, is determined by 


> 


n,(w@)dw = = 923 In (nr in| “ 
where Z,e is the charge of the particle Ag. 

The process of pair production in the collision of particles A, and A, 
can be regarded as pair production in the collision of the photons 
of this spectrum with the stationary particle A,. The cross section 
for pair production in the collision of a photon with a particle is, in 
accordance with (34.14), given by 


0,(@) ~ B gaz in “), ni ~1, 


where w is the energy of the pair and Z,e is the charge of the particle A,. 
Therefore, the cross section for pair production in the collision of par- 
ticles A, and A, in which we are interested can be represented in the 
form 

= f 0,,() ng(w) do. (34.15) 
The maximum frequency of the photons of the field due to particle A, 
is equal in order of magnitude to ém. Therefore, as limits in this inte- 
gral we must take 2m and &m: 


ém 
° 2 Eém\ dw 28 0) 
_ 2 2 
v= | 2 aziin( mt) D 9 reaZt nr | 


eee w@Z2Z3(Infe, fr. (34.16) 


This formula coincides with formula (32.34). 


§ 35. Scattering of a Photon by a Bound Electron. Emission of Two 
Photons 


35.1. The Dispersion Formula 

In § 28 we studied the scattering of photons by free electrons. We 
now go over to the study of the scattering of photons by bound elec- 
trons. 
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For the determination of the scattering cross section in this case 
we can, as we have done previously, utilize the part of the scattering 
matrix S®) defined by the general formula (28.1), but now in place 
of the function S*(x,—-x,) the expression for S‘®) must contain the 
Green’s function for the Dirac equation for the electron in the external 
field S'® (x,, x9): 


S = ef NEPo)AC) SLC, x) AC) YR} dix dx. 35.1) 


The function S!*)(x,, x,) is defined in the following manner: 


Di pt) p(x), t > ty 
SLX, w=] 2” (35.2) 


— Diy) PO '(%), h<k, 
nr 
where 
iE) _ _ igs); 
Pr) = pene” and phx) = pr We? 

are the positive and negative frequency solutions of the corresponding 
Dirac equation. 

The electron Green’s function S{°)(x,,x,.) can be written in a more 
compact form if we note that 


Loo 0, a< 0, 
] eivt do _ lat 6 0 
Ini [ al—i0)\to ) © > 47% Fah, 
—co — en iat, a<0O, t<0O. 


By utilizing these formulas we can easily show that 


1 f + Yul) Pals) 
(e) =. io( ty—te) it Le 35.3 
Sax) = Zap J doers STU TES, 052) 
where the summation over 7 is taken over all states corresponding 
both to positive and to negative frequencies. 
From formula (35.3) and from the Dirac equation it follows that 


S'\(x,, X_) satisfies 


Vola —iedyreo] +m} SEC x)= 16x), (35.4) 


u“ 
and since S*(x) satisfies 


bee +n] S°(x) = —id(x), 


u 
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the function S‘*)(x,, x,) satisfies the integral equation 
Sx), X_) = S°(X1, X2) — f Sx, X3) eA( xy) S{ (Xg, X2) d*xy. (35.5) 


We now apply these formulas to the determination of the cross 
section for the scattering of a photon by bound electron. 

We consider the scattering of a photon of frequency w,, propa- 
gation vector k,, and polarization e, by an electron in the state 
w(x) = »,(r) exp(—iE,t). As a result of scattering, a photon appears of 
frequency w,, propagation vector k,, polarization e,, while the 
electron goes over into the state w,(x) = yp,(r) exp(—iE,/). 

The frequency of the scattered photon w, may either coincide with 
the frequency of the primary photon ,, or differ from it (in the latter 
case we speak of Raman scattering). On noting that photon states 
under consideration correspond to the potentials 


A(x) = A,(v) ett = EE ee 
20, 


A,(x) = A,(r) ees! wa @ ere) 
V2, 


we obtain in accordance with (35.1) the following expression for the 
matrix element for this transition: 


85 Wes [taf eaide mre, SLX, Xg) 
°f 


thir it (Ey! Op) ott F, +04) 


Kee" *y,(ry) e 


Fwy a) OG, SEM es 2) Ope NI yy (ra) CE Me EP}, 
(35.6) 
A(X) AjlX%q) A(X) Ar(Xq) 
! ! Xi} Xo 
[Sicley,%) \ 
Po(x,) — Pil%) PA) P(x) 


Fig. 46. 


The two terms in this formula correspond to the diagrams shown 
in Fig. 46. The difference between these diagrams and the diagrams 
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representing the scattering of a photon by a free electron consists of the 
fact that in Fig. 46 the external electron lines represent bound states, 
while the internal electron line corresponds to the function SL) (x1, XQ), 
and not to S*(x,—x,). 

On substituting into (35.6) expression (35.3) for S!)(x,, x), we 
write S/?). in the form 


“ a —tkyr a tkyr)- 
(flee 'inh(nlee li 
= poe Dy i dt, [ a, f deo (flee * In lee “1 
i) Oe, E+ 
"OO oo 
x ees + Oy +4) p it fEyto, +o) 


thir —iker 
é,e ln é€-eé fr i -w,to) i ~w,bo 
4 (fle penleye |?) efEy— +) 4 iE 0 + 1, (35.7) 


where 


(miee*|n) = [Pn (Heery, (r) dr. (35.7’) 


On carrying oui the integration over t,, tg and w, we obtain 


Sf), = —2niU,_,, 0(E,+0,— E,—«,)), (35.8) 
where 
| @,@, an fy 0% 


(Pleo lige “19 (35.8’) 
f i 


and the summation is taken over all the states n corresponding both 
to the positive and to the negative frequencies. 

The most important application of this formula is to the scattering 
of a photon by an atomic system. 

We shall first of all consider the nonrelativistic case when the photon 
energies are small compared to the electron rest energy w, < m, 
w, <m. In this case we can assume that the electron energies both 
in the initial and the final states £, and £, differ little from m; |E,—m| <m 
and |£,—m| <m. Moreover, we assume that in the sum (35.8’) an 
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important role is played only by those states n (‘aintermediate” states) 
for which the energies are also nonrelativistic, i.e., ||E,|—m|< m. 

These assumptions enable us to simplify considerably the part 
of the sum U,,, in (35.8’) which refers to negative frequencies. First 
of all, in each term of this part of the sum, which we denote by U$>}, 
we can replace the denominator by 2m: 


U(-) = —Ta » {fee el y(t) (n'- |e" |i) 


i>f 
myo, Wy; al-) 


+ (f\ee™" |n) (ne, |}, 


and after this we can transform U$>}) into a sum over all states, includ- 
ing not only negative, but also positive frequencies. In order to do 
this we must in the expression 


(flee (n) = f B8,e "yO War 
make the substitution 


m—H 
py (nr) > maoEC Yn (© 


n (r), 


where H is the Hamiltonian for the electron. In the approximation 
in which we are interested we have 

Hwaemy, and Hy (r) = +my(r). 
Therefore 


m—H nm—H 


5m Yn = Pn), Yn (r) = 0 


and 


Ul} = ==. - Sr 


m VY a0, 


1— —iker thir 
ete vin n)(n|ae \i) 


n| (n| Zeurin\, 


where the sum is taken over both signs of the frequency. On utilizing 


é; Liz) = enn 
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the rule for matrix multiplication and the definition (35.7’) we can 
rewrite U{-=) in the form 


Ul) = | (4 


my o,0, 


ls a 1 _ie(ky—kj) 0 | 
| é—~—e 7 8, aie 


2 

Yale = EVs 
A A AA 
€,€,+e;e, = 2€,e, 


Finally, on noting that 


and that in our approximation y,y,~¥,, we obtain 
27a 
my. O40, 
We now consider the part of the sum U,_, which refers to positive 
frequencies. In the nonrelativistic approximation in the numerators 
of the fractions appearing in this part of U,,, we can, in accordance 
with subsection 15.1, replace ad by (1/m)Ap+w curl A and ae by 
(1/m)ep-+iy.[k, e], where u = (e/2mc)e is the spin magnetic moment 
of the electron. On carrying out this replacement, and on utilizing 
formula (35.9) for U{=) we obtain the following expression for U,_, 


Crag ELL SCADA 


—) __ 
Ui>) ~~ 


ee, il yt (ny (ye? de. (35.9) 


m E-—E +o, 
A, nr 4; nt * 
+ Del ‘|+ (PAD (35.10) 


where p’ = p+ie[cV] and the parentheses denote matrix elements 
evaluated using nonrelativistic wave functions: 


(L),o = f PF Loy ar. 


We note that the matrix element of the form (35.10) can also be 
obtained in a different manner, viz., if from the outset we utilize the 
nonrelativistic operator for the energy of interaction of the electron 
with the electromagnetic field (cf. (15.3)): 


e , e r e 
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The term quadratic in A in this operator determines the “‘direct transi- 
tions” and in the first approximation of perturbation theory leads to 
the last term in (35.10), while the linear term determines transitions 
via the “intermediate” states, and in the second approximation of 
perturbation theory leads to the sum in (35.10) 

If the wavelength of the scattered photon is large compared to the 
atomic dimensions, then we can take 4,(r) and A,(r) to be constant, 
since exp (ik, ,r) =~ exp(ik,,R) (R is the radius-vector of the center 
of the atom). In this case U,_,, assumes the form 


2nae 1 yo f (pep) mn (Pens, (Pes)in Pep) \ 
me _ PC pin PCi)ns 1 APC Nn PCr) 1g 6 \, 
Oey (0, » E,—E, +0; pee “es | 


(35.11) 


Here the last term differs from zero only in the case of coherent scat- 
tering when o, = o,. 

Formula (35.11) defines the dispersion law, i.e., the dependence 
of the scattering ability of the atom on the frequency of the light. It can 
be represented in a somewhat different form, viz., in such a way that 
instead of the matrix elements of the momentum U,., will contain 
matrix elements of the atomic dipole moment. In order to do this we 
must utilize the relation 

(P).5 = im(E,—E,) (r)s5°5 


and also the commutation relations between the operators for the 
momentum and the coordinate, whence it follows that 


e,€, Oi = I[( pe;) (re,)—(re,) (pe), = id [(pej) jn (Pep )ni— (WE )yn( Penal 
Further, on adding inside the figure bracket in (35.11) the zero term 
0 = wf(re) (re) —(re,) (re)ja =, Ure jn (re )as— (re) in (PED il 
we finally obtain " 


U_,, =2 i(kj—k,)R Jo... (re pn (TEs CATA DEF 
iy mae V0, » EE, +o, + E—E—o, \' (35.12) 


n 


The differential scattering cross section is related to U,.., by 
dk, 


do = 2n|U\.,) O(E,+0,—E,—a,) (2n)?’ 
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On eliminating the 6-function by integration over w, we obtain 


__ | (Qe ) n(Qei)ni (Qe,) (Qe ni {2 
oe 2 eae + Fe | | w,otdo,, (35.13) 


where Q = er is the atomic dipole moment. 
If the scattering system contains not one, but several, electrons, 
then we must interpret Q as the total dipole moment for the system. 
Formula (35.13) holds if the photon wavelength 4 is large compared 
to the atomic dimensions a, % >a. 


35.2. Resonance Scattering 


The dispersion formula (35.13) contains a sum over all the excited 
states of the atom. If the photon frequency ™, is equal to the difference 
between the energies of one of the excited states and the ground state 
of the atom, 1.e., if w, = E,—E,, the scattering cross section becomes 
infinite, which shows that the foregoing formula is not valid for 
w,=E,—E,;. This case is known as resonance. 

We shall not develop here a rigorous theory of resonance, but 
shall confine ourselves merely to explaining the physical reason for the 
inapplicability of formula (35.13) near resonance, and we shall indicate 
an approximate method for discussing the phenomenon of resonance. 
A consistent discussion of resonance scattering utilizing the general 
theory of radiation corrections will be given in subsection 53.4. 

The reason for the inapplicability of formula (35.13) near resonance 
lies in the fact that we have treated y,(x) as stationary state wave func- 
tions, whose time dependence is given by exp (—/E,/f). 

But the excited states are only approximately stationary, since, be- 
cause of the interaction with the electromagnetic field, there exists a finite 
probability for the transition of the atom to the ground state (this 
probability was found in § 27). 

Stationary states can be described approximately (cf., for example, 
(119)) as states of complex energy whose wave functions have the fol- 
lowing time dependence: 

t 
y,~e i (en - 5Pnjt . 
where I”. is a positive real quantity. The probability of finding the atom 
in an excited state is proportional to |, |?, and thus decays according 
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to exp (—I', 1). This shows that I°, = w,, where w, is the emission prob- 
ability determined by formulas (27.14), (27.22). 

At frequencies close to the resonance frequency we may neglect 
in formula (35.13) all the terms except for the resonance term and 
replace in it E, by E,—i/2I°,. Thus, we obtain in place of (35.12) the 
following expression for the scattering matrix element: 


D, (re yg (ree)st 
U,.; = —27a V0, E,—£,—0,—(i/2)f,,” 


where the sum is taken over all the states of energy E,. The correspond- 
ing differential scattering section is given by 


| » (Qe,)/s (Qe,).; P 


40 = Ce Fo) O/T? 


00? do,. (35.14) 

In order to obtain the total scattering cross section we must integrate 
expression (35.14) over the angles, average it over the polarizations 
of the incident photon, and over the angular momentum components 
of the initial state, and sum it over the polarizations of the scattered 
photon, and over the angular momentum components of the final 
states. Such a cross section is determined, in addition to E£,, E, and w, 
only by the level width [°, and by the values of the angular momentum. 
In the case of coherent scattering the total cross section is equal to 


Qj, tL 4 re 
~ 22,41) wo (E,—E,—w)+(L2/4) ’ 


(35.15) 


where j, and j, are the angular momenta of the system in the states n 
and i and w= w,=,. This formula preserves its form also in the 
case when the state n differs in an arbitrary way from the state i with 
respect to its angular momentum and parity. In this case [, =o, 


must be interpreted as the emission probability for the corresponding 
multipole radiation. 


35.3. Compton Scattering by Bound Electrons 


We now investigate the scattering of an energetic photon by a bound 
electron on the assumption that the photon energy is considerably 
greater than the electron binding energy. 
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We denote by ® the state vector describing one bound electron 
in the state y, = y,(r) exp(—iE,1) of energy E, and polarization o,, and 
one photon of energy:w,, momentum &, and polarization e,. Since 
it has been assumed that w, > m we may neglect the electron binding 
energy and approximately write ® as a superposition of states Leys. 
describing the same photon &, and a “‘free’’ electron of momentum p 
and polarization a, whose energy, however, is equal not to Vm + p*, 
but to the energy of the bound electron E,: @= )'C 

po 


pioXkispsa’ 


The expansion coefficients C,,¢ are obviously equal to 


Coie = (hyip?) = f vy (r)u,(p)* et dr = yur (p)*, 


where ye is the Fourier component of the bound state wave function 
yi(r) 
vis J pleated 


and u%(p)exp(ipr) is the orthonormal system of solutions of the 
Dirac equation for free electron satisfying the normalization conditions 
ue (p)u®'(p)* = Sag 

We are interested in the transition to the state in which there exists 
one photon of energy w,, momentum &, and polarization e,, and a free 
electron of momentum p,, energy e, and polarization o,. The matrix 
element for this transition is evidently equal to 


(Lugs py dy? SP) = X Cpa eyinyay SYai:p.0> 


where Lk pp oy is the state vector describing the state containing one 
photon of momentum &,, polarization e,, and one free electron of energy 
&, = ym? + p®, momentum p, and polarization a,. 

The element of the scattering matrix (aejspy.07? SXi:po) between 
the free states k,;p,o and k,;p,.a, (but without the usual relation 
between the electron energy in the initial state, and the momentum p) 
can be obtained with the aid of formula (35.7), in which we interpret 
the states y,(x) as the free electron states y{*)(x) = u? (p')e'?*, where 
the values a’ = 1, 2 correspond to the two polarization states of 
different spin orientation and of positive frequency, and the values 
o’ = 3, 4 correspond to the two polarization states of negative fre- 


quency. 
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—ik; r 


In the case under discussion the quantities (f|e,e |n) have a 


simple form, for example: 
(flee i"'n) = —ie, { ut(p)*au" (p')e” Per dr 
= —i(20)°5(k,Ap’— pu (p,)* neu" (p’). 

Summation over n in (35.8’) reduces to integration over p’, and to 
summation over o’ = 1, 2,3,4. Integration over p’ can be carried 
out immediately due to the presence of a 6-function, and leads to the 
formula 
ie "(2m)" 


2) w, way 


Lngspyoy? SYieip.a) = O(k, + Py — P— —k,)o(E, +o, —&,—y) 


4 é , 
ye Vi feed areru (ke, + pur’ (hs +p) ae,u(p) 
Al E*(k +p) 0, 


ur(p,)*aeu"(p—k,)u"(p— hive ue p)| 
E*(p—k,)--o,—E; 


On noting that 
4 


x us (p) vei p)uc(p)* = ve'(P): 


we obtain 
J on 6 
52), = CO" se 40,—¢,—0,) BY (35.16) 
2) 0,0, 
where 
B% -¥ | us py)* ae; u? (kp + p,)ue (K+ py) ae; p(k, + Py TAD 
of =1 — | Ev (k,- t pp), —E, 
4 HoH py) eee Py Ku (Pr a et PW 035.167 
E*(p,—k,) +o,—E, f 
The transition probability per unit time is equal to 
e1(22)° 2 
dw — 40,0, O(E, OO, €f co,)| Bor |? dp, dk, 
e(22)> wy, . 
_é oe 2F 5(E,+-0,—e,—0,)! Bor? dp, do deo,, 


OO; 
On dividing dw by the flux density of the incident photons, which is 
equal to their velocity, and on summing over final, and on averaging 
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over the initial polarizations of the particles, we obtain the averaged 
scattering cross section 
e 42a)? Os Pes 
aan ars HE, +-0,—e—0,) S$" [Bos [?dp,doda,, (35.17) 


OjOF =1 


where the bar denotes averaging over all polarizations. 

On eliminating the 6-function by integration over the angle between 
k, and k,, we obtain the following expression for the averaged cross 
section expressed per unit energy of the scattered photon: 


4 

=a (fs 5S “Bisa do, (35.17’) 
G,0f =1 

In order to obtain this formula it is necessary to transform from 
the variables p,, , to the variables p, = k,—k,—p, and dw 
= —eé,+w,—E,—w, and to evaluate the Jacobian for this trans- 
formation for dw = 0. 

Since the photon energy is assumed to be large in comparison with m, 
the principal role will be played by small scattering angles #. Therefore 


2 
in the evaluation of > |Bvics|? we can set d = 0. 
aj,,a¢=1 


On selecting for y, the wave function of the ground state of the 
electron in the Coulomb field of the nucleus (cf. § 13) and on expanding 
do into a power series in Za, we obtain (38) 


do = ar?" ( os +eyh | ray 2 (Za) 0(1)(Za)s 
wt \ ow, Os | 2 24 
! C9)" In: (4 oa) do, (35.18) 


35.4. Emission of Two Photons. The Metastable 2s, State of the Hy- 
drogen Atom 

The matrix S®) defined by formula (35.1) can also be applied to 

the problem of the simultaneous emission of two photons. The matrix 

element corresponding to this process can be easily obtained from the 

scattering matrix element S{2), defined by formulas (35.11) and (35.12), 


ivf 


if we replace in (35.12) the potentials A, and A, by Af and A,, and the 


496 QUANTUM ELECTRODYNAMICS 


photon momenta k, and k, by k, and k,. We thus obtain in the dipole 
approximation the following expression for the matrix element for the 
emission of two photons of momenta k, and k,: 


gp rf (renyslrerda . (read (res | (35.19 
Uj-»5 2m V1 @e 2 E,—E,—@, | E,—E,—2 


The probability of emission of two photons of momenta &, and k, 
lying within the ranges dk, and dk, is related to U,_,, by the expression 


dk, dk 
Weg = 270| Us|? O(E,— E;—@, — 0) One 
On eliminating the 6-function by integration over @,, we obtain 
__} (Qe»),,(Ber), 
dw, ke (Qn » 1 Eo, 


wim dw,do,do,, (35.20) 


+ e(Oens \ 


| 
where Q is the atomic dipole moment. 

On integrating (35.20) over the angles, and on summing over the photon 
polarizations, we obtain the probability for the emission of two photons 
of energies w, and w, = E,—E,—«w, 


Qiu 
le y (O17 (O82. 
wren on  B—E,—o, 


(OW*),(O8D)« [2 


+ E,— E,-@s 


' (013)? do, 


(35.21) 


where Q(1) are the components of the dipole moment defined in § 27. 

The probability for the emission of two photons of frequencies 
w, and @, is usually very small compared to the probability for the emis- 
sion of a single photon of total frequency m = w,+@,. An exception 
exists in the case when the emission of a single photon is not permitted 
by the selection rules. This cccurs, for example, if the angular momentum 
of the emitting system (an atom or a nucleus) in the initial and in the 
final states is equal to zero. In this case the probability of emission fora 
single photon is exactly equal to zero, since the photon has no states of 
angular momentum zero. 

We note that states of angular momentum zero are possible in atomic 
systems only in the case when they consist of an even number of electrons, 
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since the electron spin is equal to one-half. This conclusion also applies 
to nuclei, whose angular momentum can be equal to zero only for an 
even number of nucleons. 

For a single electron transitions between states of orbital angular 
momentum equal to zero are also strongly forbidden. 

A typical example in which the emission of two photons is consider- 
ably more probable than the emission of a single photon is the 
251; excited state of hydrogen (7 = 2, /= 0). A transition from this 
state to the 1s,,. ground state (x = 1, /= 0) is possible with the emis- 
sion of one magnetic-dipole photon (ZL = 1, A= 1). However, in the 
nonrelativistic approximation the probability of such a transition given 
by formula (27.22) vanishes in virtue of the orthogonality of the radial 
wave functions with different principal quantum numbers. A non- 
vanishing expression for the probability of this transition is obtained 
only when exact relativistic wave functions are used, and turns out 
to be of the order of 10-7 sec7}. 

The transition 2s,/2 > 15), with the emission of two electric dipole 
photons is considerably more probable. The probability of such a trans- 
ition may be obtained with the aid of formula (35.21). In this case 
we should interpret s both as the principal quantum number n, and 
as the magnetic quantum number m., 

The matrix elements of the dipole moment differ from zero if the 
difference in the orbital angular momenta of the states, between which 
it is evaluated, is equal to unity. Since the initial and the final states 
are both s-states, it follows that the “‘intermediate’” states must be 
p-states with three values of the magnetic quantum number m = —1,0,1, 
while the principal quantum number in the intermediate state may 
take on any arbitrary value starting with 2, ie, n= 2,3.... 

The wave functions for the initial, final, and intermediate states 
are of the form 


vy (r)= Rain, m= —1,90, 1, n= 2,3,..., 
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where R,,(r) is the radial and Y,,, is the angular part of the electron 
wave function. Therefore, the matrix elements of the electric dipole 
moment 


can be written in the form 


e e 
(Qiu if; — Qo, Om and (Qs: a On Onm ’ 


122 yV 12x 


where 


Oo, = f Rol) Ru rar, 
0 
On =f Ro(0)Ru (rede. 
0 
On substituting these quantities into (35.21) we obtain 


; 


~ 1 1 
Dna aa, EAE ~s) 


8a? 
_ , 3 
IW. wg = 577 (,@5)? dw,. 


(35.22) 


The integrals Q,, and Q,, can be evaluated analytically, while sum- 
mation over n can be carried out only numerically. The total probability 
of the transition 2s,,.—15,,. turns out to be approximately given by (35) 


@, =E;~E, 
w= f AW a, © 7 sec 
@,=0 
(more accurately it lies between 6.5 and 8.7 sec”!). 
We note that the long lifetime of the hydrogen atom in the meta- 
stable 2s,,. state was utilized for the experimental observation of the 
radiation shift of the hydrogen levels (111). 


CHAPTER VI 


Retarded Interaction between Two Charges 


§ 36. Electron-Electron and Positron-Electron Scattering 


36.1. Electron-Electron Scattering 
In this chapter we shall investigate processes of interaction between 
two charges which do not lead to emission or absorption of photons. 
We restrict ourselves here to the investigation of such processes 
in the first nonvanishing approximation. Since the first order scattering 
matrix S“) contains only elements corresponding to emission or absorp- 
tion of a photon, we must investigate the second order matrix S®). 


XS 
Dy P; P, Py 


Fig. 47. 


ps Py 


The simplest process of this type is a collision of two electrons. 
It is described by the two diagrams shown in Fig. 47. In accordance with 
the general rules formulated in § 25 we obtain the following expression 
for the matrix element: 

S{?, = fe? (2a)'M 6( py + pi— Pe Po): 

where 
(u2y ,U1) (uy, uy) _ (U7, M1) a7 iM) | (36.1) 

(P2— Pi)” (P2— Pi) 
Here p, and pi are the four-momenta of the initial states of the two 
electrons, p; and p; are the momenta of their final states; u,, uj, U> 


[499] 


M= 
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and uj are the normalized bispinor amplitudes corresponding to these 
states. The normalization volume is taken equal to unity. 

In accordance with the rules obtained in § 26 the expression for the 
differential cross section has the form 


do = (Qn Gayl MP dpa dp 6(pit+pi— P2— P2) O(€1 +€,—£.—€3), (36.2) 


where J is the particle flux density. In the center of mass system of 
the two electrons (p,+p; = pet Pp, = 9), 


J = 2v 


where wv is the velocity of the electrons. 

On eliminating the 6-functions from (36.2) we obtain 

do — —*- | M|? do. (36.3) 
(22)? Os 7 

In the case of unpolarized particles we must average expression 
(36.3) over the polarizations of the initial state and sum it over the final 
polarizations, i.e., we must replace | M|? by 4+.°'|M|?, where »' denotes 
summation over all the polarization states. This summation can be 
carried out with the aid of the method described in § 10 which is not 
significantly complicated by the fact that the matrix element (36.1) 
contains four, rather than two, amplitudes. 

In analogy with formula (10.40) we obtain 


1 1 Ay A 
y MP= 77> S$ m—i »(n—i 
| | 16e, — p v6 Py ( D2) 


Ep €4 &5 


x Spy,,(m—ip;) 7, (m—ip;) 


1 0A — Ay ~AWN— oA 
+ (pp, Spy,,(m—ip,) y, (m—ip,) Spy ,,(m—ipy) y, (m—ip,) 


(P2 
— S m— ? 
(De Po— Py)? C= Pi —p,)? PY,C ip) 7,(m—ipy) ¥,(n— ipy)y, (m— ipa}. 


In this expression we can replace everywhere = = Va ,¥4 bY Var 
Indeed, we are summing over wu (uw = 1, 2, 3,4), ie., we are dealing 
with terms of the type 


3 
Val) Py = 2 Pu) Put Va) Va- 
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But y,= —y, (= 1,2,3); yy= yy and, consequently, 


Pub De = Vale d Yae 
Moreover in order to simplify this expression we can utilize relations 
(10.43), as a result of which we obtain a sum of terms each of which 
contains traces of products of not more than four matrices y,. Their 
values were given in (10.42). 
On carrying out the summation we obtain 


do = £. do| (PF (Pape 2m?(p, p})—2m?(p, ps) 


26? (P2— P1)* 
4 (Pi P+ Po) +2m? (py Pi) —2m?* (P1 Po) 12 A PP 2m* Pi 
(P2—P1)* (Po— Px)? (P2— Pi)” 
or 
[2 (e2/m?)—I}? 4 3 
— p2 2 
do = "9 aelmys — sin? d 


(2[e2/m?]—1)2 sin? 
where v, ¢ and # are the velocity, the energy and the scattering angle 
of the electron in the center of mass system, ro = a/m is the classical 
electron radius. 
In the nonrelativistic limit v< 1, e/m= 1 and, as can be easily 
seen, (36.4) goes over into the Rutherford formula with exchange taken 
into account (139) 


4 (etimt}— 1)" ( .—4 }\, (36.4) 


re 1 1 1 
~ Tév4 Ea  Sosh5/2) <i) coor |”: (36.5) 
We express v and e¢ in (36.4) in terms of the velocity v, and the 
energy ¢, of the incident electron in the coordinate system in which 
one of the electrons is at rest before the collision (vj = 0). From the 
invariance of the square of the total momentum p* of the system it 


follows directly that ee 
é I /e& 
e-Vilae) 
14] 


a ) 
do = 2r2—" 4 3 J (14 4 JJ. (36.6) 


"0 2A(e,/mp? [sin®O sin? Ae, /m)? \ "sin? 


da 


Thus we have (137) 
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where #? is the scattering angle given, as before, in the center of mass 
system. It is related to the scatlering angle @ in the laboratory system 
of coordinates by 


1 
cos? = 2 (5+ 3 sinto} (2+ (f- 7 nto 
m im 


In the nonrelativistic limit ®= 20 and 


da = (22) | I, ! ag [e080 do. (36.7) 


v2} Lsin‘O ~~ cos‘@ —_cos?@ sin? 


The energy lost by the electron as a result of its collision with 
an electron at rest is uniquely determined by the scattering angle in 
the center of mass system. We denote by 4 the ratio of the energy 
transferred from one electron to the other one, which was initially at 
rest, to the kinetic energy of the first electron: A = (€,--€,)/(e,—m) 
= (e,—m)/(e,—m). From the laws of conservation of energy and 
momentum it follows that d = $(1— cos #). On substituting this expres- 
sion into (36.6), we obtain 


nr? dA x—1\" 
to ae eat (| fe 


+ (5!) aay, (36.8) 


xX 


where x = €,/m. 


Formula (36.8) gives the energy distribution of the secondary elec- 
trons arising as a result of the passage of a fast electron through matter. 
For small values of A 


do == 4xr; ot ae" (36.9) 


36.2. Positron-Electron Scattering 


Formula (36.1) for the matrix element can also be applied to posi- 
tron-electron collisions. In this case we must make the following sub- 
stitution: 


t t 
U;—> U2, Py > — py”, 


, f 
Up, P,—> —Ppi?, 
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where p{?) and pi”) are the initial and the final four-momenta of the 
positron and v, and vy are the amplitudes of the corresponding wave 
functions with negative frequencies. Thus we have 


_M= (e744) (U1 YyV2) (1744) (usy,U2) 
(P2—Pi)? (Pi? + Pi)? 


The diagrams which describe the scattering of a positron by an 
electron are shown in Fig. 48. The diagram of Fig. 485 describes the 
virtual annihilation of an electron-positron pair with momenta p, and 
pi). This pair is converted into a virtual photon of momentum 
k = p,+p{*) which again creates a pair of momenta p, and pj»). 


| 
! ——— 
| 
| 


“p 
p?) p? 


(a) 


pi? 


Fig. 48. 


The evaluation of > IMP can be carried out in the same way as in 
the case of two electrons. We give here the result of this calculation 
(24): 


r2 1 e oe 
do = ° a E 4( 10st 
6(e/m)? 3 2 
IS(e/m) [(e/m)?—1f sin” m 
2 ? 1? m\* e 
+251) [10s IS Bota, 
+(S-1) (1+e0s%8) | aa Mg j3+4 (S =1) (e080) 


e?(e7— mm?) sin? - 


2 
+(5 -1) (1400309 | do, (36.10) 
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where ¢ and #@ are the energy and the scattering angle in the center of 
mass system. 

In the nonrelativistic limit (36.10) reduces to the first term of formula 
(36.5), ie., to the Rutherford formula without exchange. The exchange 
(i.e., the annihilation) diagram (Fig. 485) makes a small contribution 
in the nonrelativistic limit. 

For the energy distribution of the secondary electrons we obtain 


da 


2 x ; 
aa Op ae PO: (36.11) 
F(x; A) 

l , Ae 
= GerD if + 2(x—1)(1—A)+(e—1) (i444) 
eae o| | 1 Ae 
+ Ge [20-0 H(x—1) (5 —A+4 ) 
(x—DA ae 
Gap B+4e-Dd-4) +b —AyIp 

where 
x= a and A —-2—" 
m eo) —m 


(the electron is at rest before the collision). For 4 <1 we obtain 
formula (36.9). 


36.3. Scattering of Polarized Electrons and Positrons 

We now investigate the scattering of polarized particles. The dif- 
ference between these scattering cross sections and the formulas given 
earlier for the case of unpolarized beams and unpolarized targets can 
be utilized for measuring the degree of polarization of the particles. 

We have seen (cf. §14) that in the case of scattering of electrons 
by an external field there is no polarization effect in the Born approxi- 
mation. Similarly, in the cases of electron-electron or positron- 
electron scattering the unpolarized beam can become polarized only 
in the case when the target is polarized, while the cross section will 
differ from the formulas obtained previously only when both the beam 
and the target are polarized. 
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We assume that the colliding electrons are characterized by the 
polarizations ¢™ and ¢), By employing the general methods for the 
evaluation of cross sections in the case of polarized particles described 
in § 26 and already utilized in Chapter V, we can obtain the expression 
for the differential cross section 


do = do,(1+ 7 ee0), (36.12) 


where do, is the scattering cross section for unpolarized electrons deter- 
mined by formula (36.4), while 7}, is the tensor whose components 
in the coordinate system with axes parallel to the vectors p,, [pi pi] 
[pilpi Pill, have the values (108) 
Ty, = 4x(2x—1)—(x—1) (x +3) sin? @, 
To. = 4x+ (x—1)(x+3) sin? #, 
T53 = 4(2x—1)—(x—1}* sin? ?, 
Typ = Ty = (x—1) V2(x+1)sin29, 
Ty, = T13 = To3 = Ty. = 0, 
| 4x®(14+3 cos? #)+-(x—1)?(4+ sin? 8) sin? d 
sin? , 


where, as in the preceding cases, # is the scattering angle in the center 
of mass system, x = &,/m, &, is the electron energy in the system in 
which the target is at rest. 

In the nonrelativistic limit 


42 
sin? ? Ca C2) | (36.13) 


do = dos. 


For @ = 2/2 the cross section vanishes in the case of complete polar- 
ization and when the two electrons have the same spin orientation. 
In the extieme relativistic case 


sin? } 


~ Fe ape py: WB sin OEE 


do = do} 


+ sin? 9(C40) Cf) — prey. (36.14) 


We see from the last formula that if, for example, the colliding 
electrons are completely polarized either parallel or antiparallel to the 
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direction of the original beam, the cross section depends very strongly 
on the relative orientation of their spins. For example, for # = 2/2 


do(ty = 1, tf = —1) 

do(E) = 1, 62) = 1) — 
Figure 49 shows the dependence of the coefficients T,,/t on x for 
@ = 2/2 in the case of electron-electron scattering. 


8. 


Tix/U 


Fig. 49. 


For the case of positron-electron scattering we write the cross section 
also in the form (36.12), where ¢ and ¢°) are respectively the polar- 
ization vectors for the positron and the electron, while do, is the cross 
section for unpolarized particles determined by formula (36.10). The 
components of 7), in the same coordinate system have the following 
values: 

Ty = (+1)? 7x+1I+(x+1) (7x?—4x+5) cos 3 

+(x—1) (x+3)? cos? + (x—1)?(x+3) cos? #, 
To. = (x +1)? (x+7)+(4+1) 0?+4x—13) cos 0 
—(x—1) (x+3)? cos? d—(x—1)?(x+3) cos? 2, 
T33 = (x+1) 17+8x—x?)—(x?— 1) (x—11) cos 
+(x—1)? (x+3) cos? d+ (x—1)3 cos? 3, 
Tig = Tey = 27 264+) sind 20-1) 
+(x—1) (x+3) cos #+(x—1)? cos? 8), 
T 3; T13 T 23 T3, = 0, 


‘= a1) con), [(x+1) 9x8—x?—x-+25) 
+4(x?—1) (3x—11) cos 8+2(x—1)? (3x?+12x+11) cos? 3 
+4(x—1)* cos? #+-(x—1)4 cos! 8]. 
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In the nonrelativistic limit do coincides with doo, i.e., the cross 
section does not depend on the polarization of the particles (this depend- 
ence in the case of electron-electron scattering is associated only with 
the exchange effect). In the extreme relativistic limit the dependence 
of the cross section on the polarization differs only by its sign from the 
corresponding dependence in the case of electron-electron scattering 
(36.14) 

sin?6 


_ oR in? FD Cte) 
do do "13 cost)? [(8—sin? #) C(1) Cf 


+ sin? 8 (CY C2) — peg. (36.14’) 


Figure 50 shows the dependence of the coefficients 7;,/t on x for 
3 = x/2 in the case of positron-electron scattering. 


“To /t 


Fig. 50. 


If the incident electron beam is unpolarized (¢" = 0) then in the 
case of scattering by polarized electrons the incident electrons acquire 
a polarization ¢’ related linearly to the polarization of the target 
electrons ¢' 

oi = M61. (36.15) 

We confine ourselves to stating the values of M,,, in limiting cases. 

In the nonrelativistic case we have 


(1 —cos #) cos } 


Mu =~ 91 +3 cost) 


In the case of positron-electron scattering in the nonrelativistic limit 
M,, = 9. 
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In the extreme relativistic case for electron-electron scattering the 
coefficients M,, are equal to 


= (1—cos #) 2 
My = — Bi cost By? (2+-cos #-+ cos? #), 
— (l—cos #)? 
Mo, = —M33 = (3-+.cos? 8)?’ 


M,=0 (GK. 


Fig. 51. 


In the case of positrons the coefficients M,, are of the opposite sign. 
Figure 51 shows the dependence of M,, on x for ® = 2/2 in the case 
of electron-electron scattering. 


36.4. Annihilation of an Electron-Positron Pair into a u-Meson Pair 


As is well known, the “-meson which has an electronic charge and 
spin 4 does not participate in interactions stronger than the electro- 
magnetic interactions, i.e., in nuclear interactions. Therefore, all the 
electrodynamic formulas obtained for the case of electrons are also valid 
for u-mesons. 

We. can also investigate the interaction between electrons and. u- 
mesons. It will differ from the interaction between electrons by the absence 
of the exchange terms, i.e., of the second diagrams in Figs. 47 or 48. 

The diagram of Fig. 485 can be used to describe the peculiar process 
of the annihilation of an electron-positron pair resulting in the creation 
of a p-meson pair. 
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The minimum energy which the positron must have in order to 
create such a pair in a collision with an electron at rest is equal to 


2 
&y= (4), = 4.10% eV, 


Where yu is the y-meson mass. 
We give the expression for the total effective cross section for this 


process (14) 
2% ,m Eo Eo u? 


The maximum cross section (at ¢ » 1.7 &) is less by a factor of approx- 
imately 20 than the cross section for two-photon annihilation at the 
same energy. 


§ 37. Retarded Potentials 


37.1. Interaction Function for Two Charges 


In the preceding section we have utilized the expression for the 
matrix element in the momentum representation for the scattering 
of one charge by another. We shall now investigate this matrix element 
in the coordinate representation. This will enable us to investigate the 
interaction between two charges in the presence of external fields, and 
also to investigate the bound states of the electron-positron system 
(positronium). 

In accordance with the results of § 23 the general expression for the 
second order scattering matrix S) has the form: 


so Ff THOT, OA dxdy, G71) 


where JT is the chronological operator, j is the current operator, 
ju = teN(py,'p) (N is the symbol for the normal product), A is the 
operator for the potential. 

We denote the set of elements of this matrix between states contain- 
ing no photons by °S®), We shall obtain the expression for °S®) from 
(37.1) if we replace in (37.1) the operator T[A,(x)A,(y)] by its expec- 
tation value for the vacuum state of the electromagnetic field: 
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<T[A,()A,(~)Do- In accordance with (17.10) this expectation value 


is equal to 
CTIA, CDA, CMD 0 = 9 D° (x9), 


where the function D° is defined by formulas (17.16), (17.18). 

The operator j,(x)j,(y) consists of products of four electron (or 
positron) creation or annihilation operators. In accordance with the 
foregoing we shall be interested in those matrix elements of S‘) which 
correspond to the presence of two particles both in the initial and in 
the final states. In this case results different from zero can come only 
from those terms of the operator j,,(x)j,() which contain two creation 
operators and two annihilation operators, with all the operators refer- 
ring to different individual electron states. Therefore, all these four 
factors anticommute with each other, while their products in pairs 
commute, i.€., j,(%)J,(”) = J,()J, (x), and the operator T may be omit- 
ted from (37.1). 

Thus, the scattering matrix for two charges is of the form 


1. , 
SO — — | | jy, (9) D°(y—x)j,%) aty dix. (37.2) 


We note the following fundamental fact in connection with the 
structure of expression (37.2). In nonrelativistic quantum mechanics 
interaction between particles is described by the potential energy of 
interaction which is a function of the distance between the particles. 
The operator for the potential energy U (in the occupation number 
representation) has the form 


] nm 
U= xl er, )U (ry, re) 0 (re) dry dry, 


where 0 = p*y is the operator for the particle density. 

In electrodynamics there exists no potential energy of interaction 
which depends on the coordinates of the interacting particles taken 
at same instant of time, since the electrons interact not directly, but 
via the electromagnetic field. The operator for the interaction energy 
is replaced in the first approximation by the scattering matrix °S‘?) 
defined by formula (37.2) which plays an analogous role. The integrand 
in (37.2) contains the coordinates (however, including also the time 
coordinate) of only the electrons, while the electromagnetic field has 
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been eliminated from this formula. Therefore, the function e2D°(y—x) 
may be referred to as the interaction function for two charges. 

We shall see later (cf. § 38) that in the nonrelativistic approximation 
it does, in fact, lead to the expression for the energy of interaction 
between two charges, i.e., to Coulomb’s law and to corrections to 
this law. 


37.2. General Form of the Matrix Element 


We construct the general expression for the matrix element of the 
operator °S"). We first consider the case when both particles are elec- 
trons. 

Let A and B denote the sets of quantum numbers of the initial 
electron states, and C and D the sets of quantum numbers of the final 
states. Then in the operator 


j,i.) = —PN[yp) v, POON [p0) v,9O)] 
nonzero values will come only from 


| re ; _ _ 
— Hz I,C0I,0) > 264425 a5 (Vo) 7, Ya) (oO) 7,20) 


+abazata,(Wo(y) ¥,va()} (Pr) ¥,¥2(%)) 
tad apapaylyo(x) v5 (%)) (Po) v.40) 


+apa,ata(¥o(»)7,Ya(2)) (Yo) y,¥4(%)), 7.3) 
where at and a are the creation and annihilation operators for electrons 
in corresponding states, while y, are the corresponding solutions of the 
Dirac equation. 

By utilizing the fact that all the operators appearing in this expres- 
sion anticommute we can arrange them in the form of the normal 
product afa$a,a,, Whose matrix element is equal to unity. 

We can then pick out the operator product in (37.3) as a common 
factor, with the first two terms appearing with a plus sign, while the 
second two appear with a minus sign. We note further that the first 
term in (37.3) differs from the second only by the interchange of the 
arguments (x) and (y). On substitution into the integral (37.2) they 
will yield identical results since the function D°(x—y) does not change 
when the sign of its argument is reversed. The third and the fourth 
terms in (37.3) also differ from each other only by an interchange of 


arguments. 
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Thus, we obtain the following expression for the matrix element 
SPF 
0S = & f {Py(V)7,Pa(Y) D° V2) Pe 7 Pa) 
—Fo(V) 7,92) D°(Y-DPoO) 7, va(2)} Ay dix. B74) 


In accordance with the general rules for graphical representation 
of matrix elements the two terms of (37.4) correspond to the two dia- 
grams shown in Fig. 52. They differ only by the interchange of the 
indices of the final states. Therefore, the second term in (37.4) is said 


Fig. 52. 


to be the exchange term with respect to the first one, and the second 
diagram of Fig. 52 is said to be the exchange diagram with respect 
to the first one. The minus sign of the exchange term in (37.4) cor- 
responds to the antisymmetry of the two-electron wave function in 
configuration space. 


We write the matrix element (37.4) in the form 
° Si), = SP) op— SP). Dc: (37.5) 


where 
SP oy = & f Fo) 7,¥a(P) DVN Ve 7,valdty dix, (37.6) 


while S$‘)... differs from SY.) by the interchange of the indices 
C and D. 

We now proceed to investigate the interaction between two posi- 
trons. In this case y contains creation operators, while y contains an- 
nihilation operators. Therefore, if we denote (in contrast to the electron 
case) the initial states by C and D, and the final states A and B, we 
obtain a formula which differs from (37.3) by the replacement of the 
electron operators a,, a,, ad, aj, by the corresponding positron opera- 
tors by, bz, bg, bp, and also by the fact that the wave functions y now 
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denote the corresponding solutions of the Dirac equation with negative 
frequencies. On going over from wave functions with negative frequen- 
cies to positron wave functions, and on taking into account that 
(cf. (10.8) Pr Pa) = py? 7,,P1?) we obtain the formula for the matrix 
element which defines the interaction between two positrons 


S22) = & | (pP O70 0) DO DBP Dy, VP (2) 
— PP) (y) ppp (y) D?(y—) PP (x)v,.p'B (x) } dty dtx. 


Naturally, this formula differs from formulas (37.4) only by the relabel- 
ling of the wave functions of the initial and the final states of the par- 
ticles. 

In the case when one of the particles is an electron, and the other 
one is a positron, we shall use the following notation: A is the initial 
electron state, C is the final electron state, B is the final positron state, 
D is the initial positron state. In expression (37.3) we must at the same 
time replace af by bp and a, by b$. 

On bringing once again the product of the operators a and b to 
the form of the normal product afa,b,b} = agbfa,b,, we obtain 


eS{?), = —_ (S'2. cp — S23. nc): (37.7) 


The matrix element (37.7) differs from (37.5) by its sign, and this 
corresponds to the electron and the positron having charges of opposite 
sign. The exchange term in (37.7) (the second diagram of Fig. 52) now 
corresponds to virtual annihilation and subsequent creation of an elec- 
tron-positron pair. 

We shall also apply the fundamental formula (37.2) to the interaction 
between an electron and a proton. In this case j(x) can denote the 
electron current, while j(y) denotes the proton current, or vice versa. 
Let the states A and C refer to the electron, and B and D refer to the 
proton. In the matrix elements of j,(x)j,(y) the exchange terms will 
be absent, i.e., in place of (37.3) we shall obtain 


5,00) 5,09) = 2etadahagaalPo(%) Pa) (Po) 7,¥5() 


and, consequently, 


S22, = —SiBicv> (37.8) 
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where S({2).,, is determined by formula (37.6), as before. The minus 
sign corresponds to the opposite signs of the electron and proton charge. 
The matrix element (37.8) is represented by the first diagram of Fig. 52. 


37.3. Retarded Potentials and Transition Currents 


The matrix element S{?).., can be written in a form which is very 
convenient for applications, and which permits a simple physical inter- 
pretation. In order to do this we shall explicitly write the time dependent 
terms in the wave functions appearing in (37.6) y,(x) = y,(r,)e 749 
and similarly for y,;, yo and yw,. Furthermore, we shall substitute 
for D°(y—x) expressions (17.16), (17.18): 


etk(rimrs)~iw(ti—te) 


. i 
D'(y—x) = aor | a ak de. 


As a result of this we obtain 


Sooo = Gage | Bol 7 Wale) ars | HolC) r,¥ols) dr 


dw WOn—W 4—-w i —Wpt 
x [etomman [| cA dt, { er Optu)t, dt. 
(37.9) 
We first of all carry out the integration over ¢,: 


feer-eatere dt, = 2n6(Wp— Mg+ 0); 


the integration over w now reduces to the replacement of w by 
Wpp == Wy— Wp. We next carry out the integration over k. Integration 
over the angles yields: 


Say de “dx. 


9 


x22 


oo 
etk(rir) An * sing |ry—re| 
J Rw = Tron | 
Integration over x must be carried out taking into account the rule 
for going around the poles of the integrand formulated in § 17, i.e., 
replacing k? by k?—i0; this yields 


oo 


sinx r,—r 
[- | 1 ral “xa% = 7 tla Irirral | 
yw? 2 


0 
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Thus, 
i r 


D'(y—x) = ot il eet) FAlelirimral dey, (37.10) 


82° Iry—r,| 
— 00 


Substituting this expression into (37.9), and introducing for the 
sake of brevity the notation for the “transition currents” (here and 
subsequently the vector indices on y, j, and y have been omitted,) 

Joa (X) = lew (x) ypa() = jca(re’*ea', 
_ on et (37.11) 
Joa(y) = lew, (yy yay) = Jpp(r,)eP8!': 


where 
Seats) = lev (r)yvalr), 
Jon (te) = iepy (re)y pp (re), 
we obtain the expression for the matrix element S..p 


timgpl Iry—rel 


i[, ; 
Si -ep — 4x | Tea(tis Dip (re,t) Ir, —Pol dr, dr, dt (37.12) 
/ 1 9g 


or, On carrying out the integration over /, 


ilopnl Iry—rel 


if, . ' 
Si3:0p = > Jealty)- > — Joa (2) dr, drs, (37.12’) 
VFL 2) 


with mo, = —Opz, Le., Wp—V, = M,—W,, Which expresses the law of 
conservation of energy. For the sake of definiteness we take w, > ¢, 
then wm, <m, and ,, = —@yp > 0. On taking this condition into 


account we can rewrite (37.12) in the form 


Sop = if dt | inp (tes)Aca(te, 1) dts = —e f By) Aca) va) ay, 


(37.13) 
where 
l . e i@ac!* iMac iPy~Fel 
Acalte, ) = jn | Healt) rj —rs| dry 
or 
Lf dca(ti, (— |r!) 
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It is remarkable that formula (37.13) coincides with the expression 
for the elements of the first order scattering matrix S™ in the case of 
the transition of an electron from state B to state D induced by an 
external field whose potential is given by A,,. In these formulas A,, 
is determined by the transition current j,, corresponding to the tran- 
sition of the particle from state A to state C in exactly the same way 
as in classical electrodynamics, i.e., by the formula for the retarded 
potentials (37.14). Naturally, the differential equations for the poten- 
tials of classical electrodynamics also hold: 


L Aca = —Jeas 
O(Aga), — 0 
Ox ; 


iM 

We note that expression (37.12) for S{.,.) is symmetric in the two 
currents. In going over from this expression to (37.13) we have treated 
the current j,, as “experiencing” the external field A,,, and the current 
Jca aS giving rise to this field. Here we have taken the current with the 
positive frequency to be the one which gives rise to the field (we have 
assumed that «,, > 0; the transition takes place from the higher energy 
level to the lower one). If we regard the current with negative frequency 
as generating the field, i.e., if we write (37.12) in the form 


Si3:cp = if j@Aps (x) d*x, 


then in place of (37.14) we obtain Ap, in the form of ‘advanced”’ 
potentials 


1 Vo, t+ r,—r 
Apzs(n, = tn Jp “ip a 2l) 
1 2 


Vo. 

We now go over from the scattering matrix to the matrix for the 
effective perturbation energy for the system of two charges defined 
in the following manner: 


S,., = —22iU,_,,0(,+0,—Wp—p) 
or 
Sap:co = —271U 43, 0p (Ogg + gp)- 
Then we obtain from (37.12’): 


lo4cl Iry—rel 


l . . 
Usp. cp = — tk [ ical ts) Jon) dr, dry. (37.15) 


Ir; —re| 
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Expression (37.15) can also be written in the form 


Us5:cp = — { jon (te) Aca (ta) dre, (37.16) 
where 


l Joa) 4 - 
A _— cAI ®aclr;—rel 
ca(Fs) 4x J |r,—rs| e dr,, 
The potentials A,, satisfy the differential equations of classical electro- 
dynamics for monochromatic fields 


A Agat@b4 Aca = Soar  Fiv Aca—@e4(Adea = 90. (37.17) 
The results of this section provide a rigorous foundation for the 
semiclassical method of treating the interaction between electrons 
and the electromagnetic field (the so-called ‘‘correspondence principle” 
(27)). In this method the quantum properties of the electromagnetic 
field are not taken into account, and the equations of classical electro- 
dynamics are used in which the currents are replaced by the transition 
currents. It can also be shown that the energy flux in the classical 
electromagnetic field corresponding to the potentials (37.14) is equal 
to the probability of emission of a photon per unit time, with the electron 
making the transition from state A to state C, multiplied by the photon 
energy Wyc- 


§ 38. Interaction Energy of Two Electrons to Terms of Order v?/c? 


38.1. The Breit Formula 


In the preceding section we have obtained an expression for the 
matrix element for the effective interaction energy of two electrons. 
It has the form 

U,,; = U 43, cp— Yaz: De? (38.1) 


where A and B denote the initial, and C and D the final states of the 
electrons. In accordance with (37.15) the matrix element Uy, ,.¢p) can 
be written in the form 


U45-cp = & if ve (r1) 5 (r2) 


1—@,%, eyo) Iry—ryl 
ir 


nhl Palti) Pa(r2)dr, are, 
(38.2) 

where a = e?/4z. Here the operator a, operates on the function y,(r), 

while the operator a, operates on the function p,(r.). We note the 
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structure of expression (38.2). It contains an operator which depends 
on the coordinates and the spin variabies of both particles, (1—a,a,)/ 
lr,—r|, and the ‘retardation factor” exp(ilw,¢l |r; rel). The presence 
of this last factor, which depends explicitly on the initial and the final 
energies of the system, does not allow us to introduce in a general 
form the concept of the operator U for the interaction between two 
electrons whose matrix element would be given by U,gp.¢p: 


Use.co = | ve) VE Os) Uva (rps (ta) dry dry. (38.3) 


However, for small velocities (v/c < 1, c is the velocity of light) such 
an operator can be constructed. In order to obtain it we expand the 
matrix element in powers of w/c up to terms of order (v/c)?. As in 
the case of the analogous expansion in § 15 we shall not use in this 
seetion the system of units in which c= 1. This is convenient from 
the point of view that the transition to the nonrelativistic approxima- 
tion can be formally accomplished by expanding in powers of 1/c. 

The expansion of the retardation factor up to terms of order 1/c? 
inclusive is of the form 


i 

—|w4- wg | [rire | 

. | j |w4—W¢ | _ (@4—¢)? ‘p 
1 


Iry—ry! _ Ir:—ro| c 2c? 


ry'. (38.4) 


In order of magnitude the matrix elements of the operators a are equal 
to u/c. Indeed, p*ay = y*ay+y*aq, while y ~¢y/c. Therefore, in terms 
containing a,a, in (38.2) it is sufficient to retain only the first term 
in the expansion (38.4). The remaining terms will have as factors not 
l1—a,a, but simply unity. The second term in (38.4) will vanish after 
substitution into the integral in virtue of the orthogonality of the 
functions y, and w,. The third term can be put into symmetric form 
by utilizing the fact that w,—w, = Wjp—w,, and therefore 


—(wW,—W,)? |r, —r,! = (W4—Wg) (Wg —p) | 1 — Fo | - 

We can then eliminate the frequencies from the expression for 
the matrix element by utilizing the Dirac equation H,y,(r,) = ,y,(") 
and similar relations for the other wave functions. Keeping in mind 
that expression (38.4) is multiplied on the right by y,(r,) y,g(ro), and 


on the left by wé(r,)yp(r.) and integrated over dr, and dr,, we can 
replace in it w, and w, by the operators H, and H, to the right of 
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the factor |r,—r,|, and w. and wy, by the operators H, and H, to 
the left of |r;—r,|, ie., 


(W4—W¢) (Wg—Wp) |r —F2| > |r; —rg|H, H,+H, H,| ry—rs| 
—Hy |r —re| H,—H,| .—r,| Hy = [H,,[He, 1rs—rall]. 


(The square brackets denote commutators of the corresponding quan- 
tities.) 

Since the Hamiltonian operator has the form H = cap-+Pmc?--eA), 
where A‘? is the external field, it contains only a single term, viz., 
ap which does not commute with |r,—r,|. On evaluating the commu- 
tator c®[[o, p,, &2 Pe, |r, —ry/]], we find that in substituting (38.4) into 
the integral (38.2) we can use the substitution: 


__ (O47 Os) | r—rs| > ay a, —(a, 1) (a,n) , (38.5) 
c |r: —rg| 
where 
— VKiT?r, 
7 In—r.| 


On substituting (38.5) and (38.4) into (38.2) we can show that Uyy.¢p 
does indeed turn out to be the matrix element of the operator (33), 
(112), (20) 


a A 1, G.-+ (a, 1) (a, 7) 
[rire | 2 [rie | 


; (38.6) 


for which relation (38.3) holds. 

The first term in (38.6) is the Coulomb interaction between the 
charges. The second term takes into account corrections arising because 
of the motion of the charges. 

Since this expression holds only up to terms of order (v/c)?, the 


. p 
electron wave functions v=| should also be taken to terms of 
x 


the same order, i.e., we must use expression (15.2) 


op 
X= Ime?’ 
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On substituting this approximate expression for y and the operator 
(38.6) into (38.3) we obtain 
dr, dr, 
=r, | 
a 
+e | (lope O I opps Ces ea) a(r) 
dr, dr. 


|ry—Fe| 


U a3:0p = =a | olrdob doa drs(e) os 


+ PE (ry) G4 (Fr) [62 PePp(re)}* [62 Pe Pa (r2)]} 


+ ge [eto Cpderts)+lrpre(iiar.en} 


a dr, 
r| 


Rae af {po (ry) (612) ©) PL) pa(ty)+ [oP ge (r)* i) palry)} 


x {p5 (12) Op (Fg Po) Py (Fo) + [G2 PePp(1o)]* FoPz (Dh 


oe 
—rs|" 
"(38.) 
We now introduce the approximate two-component electron wave 
function ® related to » by expressions (15.7), (15.9): 


a (1- alo (38.8) 


8122 


x {ph (re) (GgM) (Gz Pe) Pz (Fo) + [G2 P2Pp (r2)]* (G24) Vy dir 


In doing this it is sufficient to replace g by @ in all the terms of 
expression (38.7) with the exception of the first one, since they already 
contain the factor 1/c?. 

We now rewrite expression (38.7) in such a way that it assumes 
the form (38.3). In other words, we find an operator U‘) which leads to 


Us5-cp = [ DEQ) PE (r,) UD, (1) Dy (42) dry dry. (38.9) 


(As we have done previously, for the sake of brevity we again omit 
here the spin indices of the wave functions.) 

In order to bring (38.7) into the form (38.9) it is necessary to in- 
tegrate by parts. Since the integrand contains high powers of the quantity 
\r;—r.|"t we must exclude the origin (the point r, = r.). The integral 
over the surface surrounding the origin yields a finite quantity as 
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lr;—ra| > 0. Since the latter depends only on the values of the integrand 
at r; =r, it can also be written in the form of a volume integral of 
an expression containing d(r,—r,). We finally obtain the following 
expression for the operator for the interaction energy of two electrons: 


Ue = 27% O(r) 0 


1 
r mc? g ([rPi]6,—[rp.]o.+2 [rpi]oz 


4m?c? } 


a 1 1 
— 2 [rp,]o,)— ambc® (4 Pi Pet as rope, 


a 6,5, 3(a,r)(o,r) 8x 
wal re 8 — 37 9182 d(r) } (38.10) 


where r=r,—/rp. 


The 6-functions contained in this expression have arisen in the manner 
just explained. In this expression (since the region in the neighborhood 
of r—0 has already been taken into account) we need not pay any 
attention to the seeming divergence of certain integrals arising, for 
example, as a result of substituting the last square bracket of (38.10) 
into (38.9). In order to avoid divergence we can first carry out the 
integration over the angles. 

Naturally, the presence of 6-functions in (38.10) does not indicate 
a strong interaction. Terms involving 6-functions contain 1/c? in their 
coefficients and, therefore, from the point of view of the foregoing 
expansion must be treated as small compared to the first term (the 
Coulomb interaction). 

We shall return to the interpretation of the individual terms of 
the operator (38.10) in the next section when we apply it to a specific 
problem. We note here a certain similarity between this operator and 
the energy of the electron in an external field up to terms of order 
(w/c)? (cf. (15.10), (15.11)). Thus, the second term in (38.10) is similar 
to the last term in (15.10) if A) appearing therein is the Coulomb 
potential A, = e/4ar. This term ts followed in (38.10) by terms of the 
same type as the penultimate term in formula (15.10), if we interpret 
E appearing therein as the Coulomb field E = er/4ar°, The last terms 
in (38.10) correspond to the last term of formula (15.11) in which H 
denotes the field of a magnetic dipole of magnetic moment eo/2mc. 
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We note that the operator for the interaction energy of two electrons 
(38.10) can be obtained from expression (36.1) for the matrix element 
for electron-electron scattering. In the nonrelativistic approximation 
(including terms of order (p/m)?) we can write, on the basis of (10.9’) 
and (10.10), the plane wave amplitude uw in the form 


Ww 


On substituting this expression, and also the approximate equation 


1 ot | (4P1) (qP2) 
eT ant Teg 


q? a 4m? 
into the first term of (36.1) we obtain 


(q= Pi— Pi = Po—P2) 


_ . e 
(UVM) (57 ,Ue) Pe = w,* w,* U*(q)wilre, 


] ] 
(e) = q¢-—-- — --. 
U @=a4 ¢ 4m? ++ 


gin? ([gpilo, —[gp.lo. +2 [gp,]o.—2 [9P2]9;) 


4 GP) (QP) _ PrP (GPs) (922) see), 


m?(q’)" neg? 4m! 4m 


This quantity is the momentum representation of the interaction energy 
(38.10) Ue(r) = f e'9"Ue(g) dq. 


38.2. Schrédinger Equation for a Two-Electron System 


The exchange matrix element in (38.1) U4y.p¢ can be brought into 
the form (38.9) in exactly the same way as Uyp.cp 


Unn;ve = { PB) PE) UID) Pp lra)dry dre, (38.11) 


where U‘?) is the same operator (38.10). 
If we introduce the antisymmetrized two-electron wave functions 


Pay(ri, Ai, ro, Ay) 


=a. A(ty, Ay) Py (tes Ag)—Palty, A) Pare, Ay)], (38.12) 
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where 4, and A, are the spin variables of the particles, and analogous 
functions for other pairs of states, then the matrix element (38.1) can 
be written in the form 


U; = { O*, UP ®,, dr, dry. (38.13) 


If we interpred A and B as arbitrary stationary states of the electron 
situated in a given external field, then the wave functions ®,, form 
a complete system of antisymmetrized eigenfunctions of the operator 
H,+H,, where H, and H, are, as before, the Hamiltonian operators 
for a single electron. 

Due to the existence of an interaction between electrons the state 
described by the wave function @,, is not stationary. If at t= —co 
the electrons were in the state ®,, then at t= ++oo they can turn out 
to be in some other state ®,,; the probability of such a transition is, 
as we have seen, proportional to 
|2 
i 
We can formulate the problem of determining the stationary states of 
a two-electron system taking their interaction into account (up to terms 
of order v?/c?). Such states are superpositions of states (38.12), and 
the wave functions ®, corresponding to them are eigenfunctions of the 
operator 


| [ 03, Uys dr, dr, 


H = H,+H,+U*. (38.14) 


Thus we have obtained the Schrédinger equation for two electrons 


in configuration space 
H®, = E,®,, (38.15) 


where E,, is the energy of a stationary state. In addition to satisfying 
equation (38.15) the wave functions ®, must satisfy the requirement of 
antisymmetry. 


38.3. Interaction between an Electron and a Positron 


We now proceed to the determination of the interaction energy 
between an electron and a positron to terms of order v?/c’?. 

In accordance with (37.7) the matrix element is im this case of 
the form U,,= —(Ugz.co— Uan:nc), Where A and C, as before, denote 
the initial and final states of the electron, while D and B denote the 
initial and final states of the positron described by the wave functions 
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y, and yp with negative frequencies. In place of these functions we 
introduce the positron wave functions in accordance with subsection 
10.3, py) = Cp, and utilize the fact that phy, wh? = vP ype 
Then the matrix element Uy ,.c¢p assumes the form 


Cl iri—ral 


Wahi Pb (re) dry ars. 
(38.16) 


In (38.16), as in (38.2), we have arranged on the left the wave func- 
tions of the final states of the particles, and on the right the wave func- 
tions of the initial states, with all these functions corresponding to pos- 
itive frequencies. Therefore, by proceeding in exactly the same way 
in which (38.2) was transformed into (38.11), we can obtain from 
(38.16) the formula 


— Gh; he 


Uss.cp = =af vite” (r2) — = 


Fal 


Use cn = [DE(r)OP* (r,) UD (r,)OP (r,) dry dry, (38.17) 
where U') is the operator (38.10). 


38.4. Exchange Interaction between an Electron and a Positron 


After expansion in powers of 1/c? the exchange matrix element 


—a,a, —1°4-®p} |rimr! 


Uap: pc = = af ys *(r,) vile) — rs | e wal YS (re) dridr, 
io) 
(38.18) 


assumes a form quite pifferent from the two-electron case. Since wy, 
and w, are negative, the ‘“‘retardation factor’? now contains not the 
difference, but the sum of the particle energies w,—W, = €,+e!?’, 
including the rest energy 2mc?. Thus, (w,—w))/c is not a small quantity 
of order 1/c, but a large one —of order c—and expansion (38.4) ceases 
to be applicable. 


In this case the transition to the low velocity approximation can be 
easily carried out by replacing the energy in the exponential by the 
rest energy ¢,+e!?) » 2mc?. We then obtain 


1-a,a, | 
Usp: pe = @ { po *(r) ve (r2)) ri—re| erimelri—rely (ry) pS (re) dry dro. 
(38.19) 
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We note that in (38.19) the initial and the final states of the particles 
enter only through the wave functions, i.e., this expression already has 
a structure of the form of (38.3). 

The retardation factor in (38.19) contains in the exponent the large 
coefficient 2mc and, therefore, oscillates with a wavelength (1/2mc) 
(1/mc is the “Compton wavelength” for the electron). For this inte- 
gration the important contributions come from the region |r,—ro| 
~1/mc. Since the electron and the positron wave functions (in accord- 
ance with the assumptions that the velocities are small) do not vary 
significantly over such a distance, we can segregate in (38.19) the integra- 
tion over r=r,—r, by setting r; =r, in the arguments of the wave 
functions: 


U 45: no = & J Ly * Dvd verdes (rp 


i2mer 


(vi oderpaled) (pale darss- ra) ary [<a 


The last improper integral can be evaluated in the manner in which 
expressions containing oscillating integrands are usually evaluated: 


ei2mer . ; _ dr nr 
il — dr = lim | et2mer—ar —- _ — 
r 1=0 r (mc) 


as a result of which the exchange matrix element assumes the form 
a (—)* * (pe) ay(—) 
Ua5: po = —a—t, { (v5 (r,) Ya(rs)) (ve (ri) Ys (r,)) 
— (v5 * (ry) apara)) (YE CD ePS? Cd) dr, 
or 
Usa: po = — nf WSC) vl) (Ine) 
< d(r7,—r) var) VG (re) dry drs. (38.20) 


In (38.20) we express the wave functions with negative frequencies 
in terms of the positron wave functions y') = —BCy®)*; 
yi)* = —y'?)CB; we then obtain 


TE 
U gn. pc — — 28 [es Chrys) (ye BCy?)*) 
— (p32, Chay.) (peaBC yP*)} dr, . (38.21) 
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The last expression already contains the coefficient 1/c?. Therefore, 
in the wave functions 
(7 
¥ x 


we can omit y, and to the desired approximation replace g by the 
two-component wave function ®. Each four-rowed matrix 


LL, 
i. = 7 7 ? 
PL, 
where J’, [.,... are two-rowed matrices, can be replaced here 
by J',. Utilizing the explicit expression for the matrices C= a, (cf. § 10) 


and a, we obtain 
Cf > 0, 


Cha, = a,8C > —1, 

Cha, = —aB,C > io,, 

Cha, = —a,fBC > —io,. 
Using these expressions in (38.21), we obtain 


a 


3 [ (OPO. AOE dU +0100 


U = 
AB 
»DC nec? 


+ 0,897] P(r, Ay) PP (r,, A.)} dry, 


where A, and A, are spin variables (6, operates on A,, while o, operates 
on A,). 

In order to put the exchange matrix elements into a form analogous 
to (38.17) we bring the integrand in U,,.p¢ into the form 


DE (A) Pip) * Ap) TP (Ay) PP (Ay). 


It can be easily shown that the operator T must have the structure 

T = ¢\+¢,0,6,, where c, and c, are constants. Indeed, the matrix 

element Uyy.p¢ must be a scalar (in three-dimensional space). The 

operator T, which is a general bilinear combination of four two-rowed 

matrices (1, ¢,, 0,, 0,), guarantees that this condition is satisfied. 
By utilizing directly the explicit form of the matrices o, we obtain 

the following values for the coefficients c, and cy: cy = $ and cg= ¥. 
Thus we have 


U an; pc = f Dt (1 )OP™ (reU *") D (r,) OW) (re) dr dro, 
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where (152), (12) 
ma a 
Ulexch) _ 5 sae B46,5,)5(4—n). (38.22) 


The matrix element for the transition U,_,, can now be written 
in the form 
U,.,= [ D4,U"D,,drdrs, (38.23) 
where the operator 
Ul) — —Ule)4 Ulexch) (38.24) 
is the complete operator for the interaction between an electron and 
a positron and 
D yy (ty Ay 5 Pes An) = Dy (ry, A:) OY? (re, As); 
Dog (ty, Ars Pes Ag) = Bory, AJP? (ry, Ap). 


The functions ®,, (A and D are the quantum numbers of arbitrary 
states of the electron and the positron in a given external field) form 
a complete system of eigenfunctions of the operator H'*)+-H‘*), where 
H) is the Hamiltonian for the electron, and H‘?) is the Hamiltonian 
for the positron (in the presence of an external field they differ by the 
sign of their charges). 

The wave function ©,(r,r,.) of the stationary state of the electron- 
positron system satisfies the Schrédinger equation 

[H(¢r)+H™(r,)+U? 16, = £@,, (38.25) 
and is not restricted by any symmetry requirements. The electron and 
the positron appear in equation (38.25) as nonidentical particles. 

The symmetry of the system with respect to the reversal of the sign 
of the charge of both particles leads, as was shown in subsection 23.3, 
to a definite charge parity. In particular, the symmetric states ®, (x, y) 
= @(y, x) (x and y denote the set of the coordinates and the spin 
variable) are charge-odd, while the antisymmetric states ®,(x, y) 
= —@_(y, x) are charge-even. 


§ 39. Positronium 


39.1. Hamiltonian Operator and the Unperturbed Equation 


The Schrédinger equation (38.25) can be applied to the problem 
of positronium, i.e., to the problem of the bound states of the electron- 


positron system. 
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The operator for the interaction energy between the particles is 
determined by formulas (38.24), (38.22), (38.10), while the Hamiltonians 
for the electron and the positron are determined by formula (15.10) 
with A, = 0 (there is no external field). 

The Hamiltonian operator in equation (38.25) consists of terms 
of different orders of magnitude. We write it in the form H = H®+H™, 
where H includes terms which do not contain 1/c?: 


1 
HO = Fm (Pit Pe a (39.1) 


[ri—re|’ 
while H' is proportional to 1/c?. 

The problem of the positronium energy levels can be solved by 
perturbation theory. The operator H™ can be treated as the unper- 
turbed Hamiltonian, while H™ can be regarded as the perturbation. 

The unperturbed problem is exceedingly simple; it reduces to the 
problem of the hydrogen atom in nonrelativistic quantum mechanics. 
Indeed, we use the system of coordinates in which the center of mass 
of positronium is at rest. Then we have p,; = —p. = p, where p is 
the operator for the momentum corresponding to the relative radius- 
vector r= r,—r,. The unperturbed Schrédinger equation has the form 


pp = mler*}o. (39.2) 


It coincides with the equation of motion for the electron in the hydrogen 
atom, if we replace the electron mass by the reduced mass for two 
electrons m/2. Therefore, the values of the positronium energy are 
smaller by a factor two in absolute value compared to the correspond- 
ing energies of the hydrogen atom, while the orbit radii are twice as 
large. 

As is well known, the unperturbed levels depend only on the prin- 
cipal quantum number n and do not depend on the quantum numbers 
j and /, which define the total and the orbital angular momenta. 


39.2. Perturbation Operator 


We now proceed to investigate the fine structure of the positronium 
levels, i.e., their displacement and splitting due to the perturbing energy 
H™ (10). 
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We write H™) in the form of a sum of five terms 
H® = Vit Vet Vat VatV;, (39.3) 


where V,,...,V,; are defined below by formulas (39.4)-(39.8). The 
term V, is a correction of order 1/c? to the kinetic energy of the particles: 


Pr (39.4) 


1 
Vi = 8m3c2 (pi +p) = —_ 4m3c2 


The remaining terms are contained in the operator for the interaction 
energy U'™.In V, we have combined all those terms from the operator 


U™ in (38.24), which contain no spin operators. The operator V, describes 
the interaction associated with the orbital motion of the particles?: 


1 
eat PiPo+-—> rire}: 


This operator can also be written in the following form from which 
it can be clearly seen that it is selfconjugate: 
eh 1 2 1 21 2 I 2 
Vv, = =2{%) é(r)— aoa pp’. --4xh? d(r) a UP] 


We write V, in still another form which is more convenient for further 
calculations: 


eh ihe? 1 e 1 1feh\* 1 
V.=2 n{ oe ‘) d(r)—— . r Teed“ sa L*, (39.5) 


mec? 63 P mc r 


where iL = [rp] is the operator for orbital angular momentum. 
In V, we have collected those terms which contain both the momen- 
tum operator and the spin operator: 


V3 = | . | a {[rpi]o,—[rp2]o2+ 2[rpi]o,—2 [rp2]o,} . 


2mc 


This operator describes the spin-orbit interaction. It can be written 
in the form 


3(en\? 1 1 
V; =5 me. “als, where $= -5 (6, +4) (39.6) 


is the operator for the spin of the system. 


1 In the following discussion we use the ordinary system of units and introduce 
the constant # into the formulas; e denotes the charge in ordinary Gaussian units. 
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The operator V, describes the interaction between the spin magnetic 
moments of electron and the positron: 


vy, =| eh ) [rece _ eel 4 8x ( eh Js, 5(r). 


“‘2mc r> r3 3 \ 2mec 


If we introduce the spin operator s, then V, can be written in the form 


2 2 
v= 6| eh Tain (2 — bu) sa ( eh ) 22-3) 307. (39.7) 


2mc r? 3 3 \2mc 


Finally, we denote by V, the exchange interaction operator (38.22): 
V; = U'exch), Tt can also be written as 


eh \? 
Vz, = 2 ne s? O(r). (39.8) 


It is very essential that, as can be seen from (39.3)—(39.8), the pertur- 
bation energy H™) contains operators acting on the spin variables of 
the particles only in the form of the total spin of the system s. This 
means that the matrix of the perturbing energy is diagonal with respect 
to the eigenvalues of the operator s?, which are given by s* = s(s+1). 
From this is follows that positronium levels can be divided into singlet 
or parapositronium levels (s= 0), and triplet or orthopositronium 
levels (s = 1). 


39.3. Fine Structure 


The operators V, and V, are diagonal with respect to the orbital 
quantum numbers / and do not depend on the spin variables. The 
interaction described by these operators removes the degeneracy with 
respect to /. In order to determine the correction to the energy level 
we must evaluate the expectation values of these operators (V, and V,) 
in the unperturbed states. By utilizing the unperturbed wave equation 
(39.2) we can easily obtain V,: 


— l a e 1 1 
V —_ — 2 2y»—1 4,—2\_ _ 20 2 
1 gag (ER 2BE per) — (? ~——p ) (39.9) 
The last term vanishes. Indeed, 
| l 2ih 
200? 2 
PP = Aah? Or) + — arp, 


RETARDED INTERACTION BETWEEN TWO CHARGES 531 


Furthermore, we have 


() = 20) 
and 
i _ (ax 1 -f dR, I 
h 3 ("P) Je 2 Or di - Ra 4 =~ RO), 


where R is the radial wave function; since R(0) differs from zero only 
when /= 0, then R?(0) = 47@2(0). Consequently, 


For the evaluation of the different expectation values we can use 
the well-known formulas which hold for the hydrogen atom (taking 
the reduced mass into account); 


— _ 2(0) — 3} 
E= 4n2 P (0) —_ b10 82aen3 
= (39,10) 
= Fane ~ Qatn3 (2141) 


~ 4a3n3l(I-- 1) (2141) 


where & = e?/ag, Gy = fi?/me? (the Bohr radius) and » is the principal 
quantum number. 
On utilizing these values we obtain 


1 1 3 e 1 
— _ 2 oo . —-—__ |» = = ~———-* 11 
Vi = 40 gi (or =) “= ae > 7 OFT) 


Similarly, in accordance with (39.5) and on utilizing (39.2) we obtain 


— eh \” > e { E+-(e?/r) 1 ( eh \° — 
V,= 34(%] wo, J+ 3( Scene : 


r 


We note that /r-? must be taken equal to zero for /=0, in spite 
of the fact that r~? diverges for / = 0 as r - 0. Indeed, in the derivation 
of the expression for U' the terms for which the origin played an 
important role in the matrix elements were treated separately. In the 
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product /r~? the factor / arises as a result of integration over the angles 
which, as we have already noted in § 38, can be carried out first in the 
case of singular terms. 

On utilizing (39.10) we obtain 


v. | 1( 3) (39.12) 
— 2 — . . 
Va= a co a ro 8n3 (aaa H] 


The operator V, is also diagonal with respect to / and s. Its eigen- 
values are equal to zero in singlet states, and depend on the value of 
the total angular momentum j in triplet states. On utilizing the fact 
that 2ls = j(j+1)—/(/+1)—s(s+1), we may directly write - 


3. jG+1)—ld+1)—-2 
— {3 ae, IU rh —~1,140 
V,=! 16° en itty FF SHES 

0 for s=0, or /=0. 


(39.13) 


In the operator V, of (39.7) we treat the two terms separately. 
The second of these is diagonal with respect to s and differs from zero 
only for /=0. It determines the expectation value of V, for /= 0: 


vy, (eV) [25(s-+ 1) —3]®2(0) 
43° Vine} 4 , 
or 
; —1 for s=0O 
- 1, oy. | 
V,= Ga % €0 + for s=1 (i = 0) (39.14) 


The first term in (39.7) has matrix elements different from zero only 
for /~ 0, s= 1, both in the case of terms diagonal and nondiagonal 
with respect to /. From the laws of conservation of total angular mo- 
mentum, spin angular momentum and parity it can be easily seen that 
the only nonvanishing nondiagonal elements of V, are those which 
connect states with the same values of j and M for s= 1 and /= j+ 1. 

For the evaluation of the matrix elements we must write the posi- 
tronium wave functions ®,,,,, in the form 


— JM 
Prism —_ » Cin su Pim Xsp? 


m+h=M 
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where @,,, and x,, are the orbital and the spin functions, as a result 
of which we obtain 


, eli i 
GLADE of 2 ) Dy) Cn Cae U3] 


1 | XyX 1 
x (rm aa 


in] (11'|5,5¢1). 


The last two factors in this expression can be easily evaluated, since 
the angular and the spin functions are of a simple form. After this we 
can easily carry out the summation over m, m’ and yw and express 
(/'|V,|2 in terms of only the radial matrix elements. We shall state 
the result. 

After the application of (39.10) the diagonal elements assume the 
form 


( 1 for j=J, 
l 
_ are, —~— for j=/4I, 
1V,|) = BID GIy 2/+3 (39.15) 
[4-1 . 
| ya for J = [—] 
¢A40,s=1), 
while the nondiagonal elements become 
. . /jG+1 
GUY) = ate, GED Girsii-n. 69.16 


We shall not carry out the evaluation of (j-+1|r-*,j—1) here since 
in the general form this does not lead to simple expressions, while in 
all special cases referring to the discrete spectrum the calculations are 
elementary. In particular, for j= 1 and n = 3 (39.16) vanishes, so that 
the orbital quantum number remains a good quantum number in the 
case of the first three principal quantum numbers. 

Finally, the expectation values of V, differ from zero only for ! 
= 0, s=1: 


(39.17) 
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Thus, of all the terms making up the perturbation energy H‘ 
only V, contains nondiagonal elements belonging to the case /= j-++1, 
l’ = j—1 and s = 1. Therefore both singlet and triplet states for which 
! = j (parity (—1)’) can be classified by their orbital angular momentum. 
We denote the shift of each such level with respect to its unperturbed 
value by w(?**1/,) (the spectroscopic symbol of the term is indicated 
in brackets). Then we have 


1 1 11 

1 \ Qe_ . — 18 

why) eds (ty un (39.18) 
arte 


w(3j,) = w(j)— 83Gb 1) +1) . (39.19) 


Terms of parity (—1)/*1 are superpositions of unperturbed terms for 
which /= j--1. For these terms we have 


V.-V_./jwavy 
w= +S tt V(t | tG+1V,4lj—1)’, (39.20) 


2 


2 1 3 1 \ 
ed ) 1 — 2 —-— . ae — -— ee 
= ( Cj 1),-1) +a*é9 372 6;,10+ 4n3j (27-1) (3 +1 | 


V.=V(PU+Ds)= 6 G+D a) iF (> = 


4n3(j+1) (2743) \2 ° 2j+1 
and (j-+1|¥,,/—1) is defined by formula (39.16). 

These formulas enable us, in particular, to determine the energy 
difference between the ground states of ortho- and parapositronium. 
The dependence of the energy on s for / = 0 is contained only in formulas 
(39.14) and (39.17) which define V, and V;. From these formulas it 
follows that the ground level of orthopositronium lies above the ground 
level of parapositronium, with the energy difference equal to 

1 4 
A= q cow zt! = 8.2-10-4eV. (39.21) 
The first term in brackets corresponds here to the magnetic interaction 
V,, and the second term to the exchange interaction V,. 
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39.4. Zeeman Effect 


We investigate the Zeeman effect in positronium (10). The special 
features of this effect are associated with the fact that the orbital magnetic 
moment of positronium is equal to zero, while its spin magnetic moment 
is not proportional to the spin angular momentum. 

Indeed, since in positronium [r,p,] = [r.p.], the orbital magnetic 
moment operator is given by 


hi 
b= 5 (rs Pal-+ (real) = 0. 


The spin magnetic moment operator 
eh 
B= ame (o,—s,) 


does not commute with the total spin operator s = 4(¢,+,). Therefore, 
the eigenstates of the operators u and s do not coincide in the general 
case. 

We consider the four eigenfunctions Xs, Of the operators s* and s,, 
corresponding to definite values of the spin s and of its component s,: 


4u = a(lja(2), 
1 = BCDB), 


tio = —=[a(1) (2)+ B()a(2)), 
V2 


200 = la) 12)—P Wa) 


where a and # are the two spin functions for one particle corresponding 
to the values o, = +1, while the numbers in brackets denote: (1) an 
electron, (2) a positron. With the aid of these functions we evaluate 
the matrix elements for the operator of the perturbing energy for 
a positron in an external magnetic field H; V') = —p,H. We can 
easily show that all the matrix elements (ss, | V'” | s’s,) vanish with the 
exception of 


eh 
(00 |2.| 10) = (10) 4,|00) = <~ H. 
Thus, the matrix for the energy of interaction with the magnetic 


field contains only elements which connect singlet states with triplet 
states. But, as we have seen, the perturbing energy V which determines 
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the fine structure of the positronium levels does not contain such ele- 
ments. Therefore, in weak fields when (e#/mc)H <|W,—W,|, where 
W, and W, are the values of the energy for the positronium triplet 
and singlet levels, there is no effect proportional to the field. 

In the opposite limiting case of a very strong field the interaction 
between the spins may be neglected and the splitting of the levels will 
be given by +(ef%/mc)H corresponding to states described by the wave 
functions a(1)f(2) and a(2)8(1). 

For the ground state (and also for S-states with n=2 and 3) we can 
easily write the exact formula for splitting in a magnetic field. In 
this case the wave functions for the stationary states are given by 
superpositions of the functions 749, %o9: 


1? = CH xo+Ch? Xo, F= 1, 2, (39.22) 
where i= 1 corresponds to the state which reduces to the triplet state 
in the absence of a magnetic field (C{? = 1, CY = 0, H= 0), while 


i= 2 corresponds to the state which reduces to the singlet state for 
(Ci? =0, Ci) = 1, H = 0). The coefficients C satisfy the equations 


; 1, eh ; 
(EO — W,) Cy) + mc HC} = 0, 


oh (39.23) 
ag ECP HEM —W) Ch” = 0, 


where E is the positronium energy in the field H. 
It follows from (39.23) that 


_ (Ww. 2 tC 
EX = 1S Wo +y/ 4% i Wo) | (en i) . (39.24) 


mc 


The ratio |C{}/C§|? defines the relative weight of the triplet and 
singlet states in a given stationary state of positronium in a magnetic field. 
The magnetic field has an important effect on the probability of 
positronium decay. We denote by w and , the decay probabilities 
per unit time for para- and orthopositronium. In the presence of a magnet- 
ic field the probability of positronium decay in the state y™ is given by 


Ww) = |CPPmTICH Pw,  (CHP+ICHPPE=1). 39.25) 


For the state 7 (triplet state in the absence of the magnetic field) 
even a small value of the coefficient Cy greatly increases the probability 
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of decay, since (cf. § 33) wy > w,. In a weak magnetic field we have 
in accordance with (39.23), (39.24) 


_ ((eh/me) A} 
(Ey— Eq)? 


Cw | 
0 (39.26) 


cpl = 


A measurement of the effect of the magnetic field on positronium 
decay enables us, by utilizing formula (39.26), to determine experimentally 
(45) the energy difference between the ground levels of ortho- and 
parapositronium 4 = E,,—Ep). The experimentally found value of 
A agrees with the theoretical value (39.21). 


§ 40. Internal Conversion of Gamma-Rays 


40.1. Expansion of Retarded Potentials in Spherical Waves 


Because of its electromagnetic interaction with external electrons 
a nucleus in an excited state may make a transition to a state of lower 
energy giving up its excitation energy to the electrons in the atomic 
shells, or producing an electron-positron pair. Processes which are not 
accompanied by emission of radiation have the general name of internal 
conversion of y rays. A similar phenomenon in atomic shells, i.e., an 
interaction between two electrons as a result of which one electron 
makes a transition to a state of lower energy, while the other makes 
a transition into the continuum, is called the Auger effect. 

The phenomenon of internal conversion in atomic shells may be 
investigated on the basis of the retarded interaction between two charges 
described in § 37, one of the two charges being an atomic electron, 
while the other one is a proton in the nucleus. 

We denote the electron wave functions in the initial and final states 
by y, and y,, and the proton wave functions correspondingly by Y; 
and ¥,. In accordance with (37.8) and (37.15) the matrix element 
of the effective perturbing energy is given by 


ei? Irimral 


ir, —rel Ye(re) Ye Pr(re) dr, dr. 
—rs| 


iw|ry 
= —a | ¥2(n) vf) 0—aa) oo (rd vl) dry dry, 
(40.1) 


Up = 4 | Yaln)y, YA) —— 
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where w = E,—E, = €,.—€,, a = e?/4a = 1/137, a, and a, are Dirac 
matrices which operate respectively on the proton and the electron 
spin variables, E, , are the proton energies, while ¢,, are the electron 
energies. 

The evaluation of these integrals is facilitated by the fact that the 
dimensions of the regions within which the proton and the electron 
motions take place are different. For the proton this region is of the 
order of magnitude of the nuclear radius. But for the electron the anal- 
ogous region is of considerably greater dimensions. Therefore, we can 
assume that in the integrals of (40.1) the important contributions come 
from a range of variation of the variables for which r; <r,. Under 
this condition the following expansion holds!: 


etolrimra] 


non] 


1a) 
x > Pin (Fs) Pim (re), (40.2) 
im 


where 


Pim(r) = 8,(@r) Yin ("} ’ 


Ppl) = G(r) Yin (*}, 


Ji34(2) 
Vz 


(40.3) 
&,(z) = (22)?! 


H® (z) 
_ ayarr Ft *l+4 
G,(z) = (22)?/*i / a 


and J,(z) are Bessel functions, H(z) are Hankel functions of the 
first kind, and Y,,, are spherical harmonics. We now show that the 
following expansion also holds: 


elelri—rl 


~ in Dy (1 Abily) (02 Burns (P2)), (40.4) 


LIM 


A, Hy _ 
Iri—ry| 


1 The expansion (40.2) is the addition theorem for cylindrical functions applied 
to the function 


( . 
HY (w ln—r.|) = — i 
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where 
Ariy = g,(wr) Yoim> 


40.5 
Brim = G,(wr) Yom ( ) 


a, and a, are arbitrary vectors which do not depend on the coordinates, 
and Y,,,, are vector spherical harmonics defined in § 4. We note in this 
connection that any vector function can be expanded in terms of a com- 
plete system of vector spherical harmonics Y,,,,. Thus, the vector 


eielri—ral 
a, ———_-_, 
In—re| 
regarded as a function of r,/r, can be written in the form 


ei? |ri—ral 


a — 12 cum fa 
ay |Fy— P| Agr >» CLM (y,, rs) Yan?) (40.6) 


LIM 


In order to determine the expansion coefficients C“'” we multiply this 
equation by Y2,-.,-(f2/r2) and integrate over all directions of the unit 
vector r,/r,. By utilizing expansion (40.2) and also the orthogonality 
property of vector spherical harmonics, and their relation to spherical 
harmonics (cf. § 4) we obtain 


CL (41, Fr.) = (a Ati (r,))G, (wr,). 


Substituting this expression into the expansion (40.6), and multiplying 
it by a, we obtain (40.4). 

Instead of the set of vectors 4,,,, and B,,, (for a given L and 
M,l= L+1, L) we can use the vectors a) defined in (27.6), (27.16), 
and similarly defined vectors B‘) (the difference between BY, and a{%} 
consists of the replacement of g, by G;). The vectors a\}), and B‘4) have the 
property that, as was shown in §4, they arc asymptotically (for wr > 1) 
transverse (for A = 0, 1) or longitudinal (for A= —1). It can be easily 


shown that 
L+1 1 


» (0, AF) (C2 Brin) = >» (aay) (a, BY). 


1=L~1 4=-1 
On substituting these expansions into (40.1) we obtain 


_— _ 2 tw , 
U.. = é ip 


4 
LM 


| 
otadex(Pradar— >) (eatin @BYas]? (40.7) 
A=-1 
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where brackets denote matrix elements of corresponding quantities 
evaluated using electron or proton states: 


(Phida = | VietuPiar, 
(Pima = {vi® aprdr, 
(aa{"),, = [Uraaly, dr, 


(0 Bio = fyfoBYry, dr 
(In the future we shall sometimes omit the subscripts from these brackets.) 
Expression (40.7) can be simplified if we use certain relations obtained 
in § 27. In accordance with (27.8) and (27.10) we have (aa{>)*) 
= (giy)- Moreover, under the condition wR <1, which we assume to 
hold (R is the nuclear radius), according to (27.7) 


L 
aig? = fat 


In virtue of this, three of the four terms appearing in the figure brackets 
of (40.7) can be combined in the manner 


(im) (Pru)— Catan”) (Bint) — (Coat) (Bry) = (aathy) (Bi), (40.8) 


where 


L 2L+1 
\Fitw ‘LM ] Tal OB, p-3.M- (40.9) 

In the future we shall also use the notation 
BI, = —a Bia}. (40.10) 


We note that in spite of the fact that Bi}) and ©, are related by an 
expression analogous to (27.8): 


' 
~1) ° 
Buy = -— VO. 


the matrix elements (@,,,)., and (aB{5})),, cannot be expressed in terms 
of each other in analogy with (27.10’), since the transformations which 
we used in § 27 are inadmissible in this case because of the singularity 
of the function ®,,,. Indeed, due to the presence of a pole at the point 
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r= 0, in the course of integration by parts which is involved in the 
transition from (27.8) to (27.10’) there remains an integral over the 
surface surrounding the pole which does not vanish as r > 0. In other 
words, the operator H is not self-conjugate with respect to the functions 
® ou: 

Thus, the matrix element corresponding to internal conversion can 
be written in the form 


iw 
Upp = 0-7 S) {age nr (Bia + (aly (Bat. (40.11) 
LM 


40.2. Conversion Coefficient 


The expression for the conversion matrix element (40.11) admits 
a simple physical interpretation. Here (aa{}))., and (aa‘)),, are, apart 
from numerical coefficients, the matrix etements for the emission of 
a photon of angular momentum L and parity (—1)¥ or (—1)4+! which 
are proportional to the matrix element of the electric or the magnetic 
24 -pole nuclear moment (cf. § 27). The operators BM) for which the 
matrix elements are evaluated with respect to the electron states can be 
interpreted as the perturbation energy due to the field associated with 
the nuclear transition. The quantities B{*) and ®,,, can be called the 
potentials of the electric or the magnetic multipole. Indeed, the poten- 
tials @,,, and BU) are, as can be easily shown, solutions of the wave 
equation (37.17) having the form of outgoing spherical waves with 
a singularity at the origin. This singularity corresponds to the presence 
at the point r= 0 of a radiating electric or magnetic multipole of the 
L-th order (24-pole). The process of conversion can be interpreted as 
the absorption of these waves by the electrons near the nucleus. 

We note that the expression (B\4)) differs from the matrix element 
of the operator Aory,—&%Azmy,, Which corresponds to the absorption 
of a photon of definite angular momentum and parity only by the re- 
placement of the regular function g, by the function G, which has 
a singularity at r= 0. It should be noted that the potentials of the 
electric multipole (40.9) have the structure of (6.18) which corresponds 
to a definite choice of the arbitrary constant in the general expression 
for the photon potentials (6.17). An arbitrary choice of the constant 
in formula (6.17) for A,y,, which is made possible by gauge invariance, 
is not allowed in this case because of the singular nature of the potentials. 
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Let the angular momentum of the nucleus in the initial state be 
J,, and in the final state J,. Then the matrix element (aa4)),, will 
differ from zero if the condition |J,—J,.|< L<J,+J, is satisfied. 
If wR < 1 then only the smallest possible value of L is important. For 
a given value of L the matrix elements (aa‘®)., and (aa{))., cannot 
both simultaneously differ from zero in virtue of the parity selection 
rule. Cases are possible when both an electric and a magnetic multipole, 
of orders differing by unity, take part in the process, for example 
(wat) Jo, and (aa{!), y)2:- However, we shall not investigate such processes 
here. An estimate of such matrix elements (cf. § 27) leads to the conclusion 
that, generally speaking, they are of different orders of magnitude. 
Therefore, in the majority of cases the process of conversion is deter- 
mined by only a single term from the sum (40.11). The general expression 
for the conversion probability 


w= 2n|U, .,|? 6(E,—E,—e, +2) 
can be simplified as a result of this. 
In the case when the angular momentum of the nucleus changes! 


by L 
| J,—J,| = L 


and parity changes by (—1)*, the conversion probability is determined 
by the potential of the electric 2*-pole and is equal to 


a? 
Wye = ge | aye Jor |? | Briar? 6(E— E2—e, +65). 
In the case when the angular momentum of the nucleus changes 
by L and parity changes by (—1)**? the conversion probability is deter- 
mined by the potential of the magnetic 24-pole, and is equal to 


2 
wf) == oo? | (aay or [* |(BiQ))ar I? 8s —E2— 8, +65). 


The conversion coefficient is defined as the ratio of the probability 
of the conversion process to the probability of photon emission in the 


1 If J; = J,4 0, and the parity changes, then the dipole transition (L = 1) 
is the most probable one. For the case J, = J, without a change of parity cf. § 42. 
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same nuclear transition. In accordance with the results of § 27 the prob- 
ability of emission is given by 


aw 
wa = On | (aa})or|?. 


Therefore, the conversion coefficient in the case of an electric (A = 1) 
or a magnetic (A= 0) 24-pole is given by 


wer ony a 
BY) = = =| | (Bier? 0(E,— E,—, + €). (40.12) 


Whred 
It is assumed here that the electron wave functions are normalized 
so that f[ y*y, dr= ftp dr= 1. 
If the wave function y, (belonging to the continuous spectrum) 
is normalized per unit energy, i.e., if we assume that fyty, dr = 6(e—e’), 
and at the same time retain the former normalization for y,, the expres- 
sion for the conversion coefficient assumes the form 


aw 2 
py = 1 | | viBew, dr | - (40.13) 


40.3. Conversion in the K-shell 


It is important that the conversion coefficient £{”) contains no 
quantities which refer to nuclear properties. In order to evaluate it, 
a knowledge of only the electron wave functions is sufficient. If in the 
initial state the electron is in the K-shel}, then its conversion coefficient 


is equal to 
aw 
p= SD BLD rel. 
K f 


Here A denotes one of the two indices (1 or 0) which indicate whether 
the transition is of electric or magnetic type; 2, denotes summation 
over the two electrons of the K-shell, and 2, denotes summation over 
the possible final states, i.e., those allowed by the selection rules. In 
order to simplify the calculations we can use the fact that for a closed 
shell the conversion coefficient cannot depend on the magnetic quantum 
number of the electron m. Indeed, the latter depends on the choice of 
the z-axis, while a closed shell is spherically symmetrical. We can, there- 
fore, determine BY) assuming M=0. Moreover, since the pertur- 
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bation does not depend on the azimuth the conversion probability 
for M=0 cannot be different for two electrons which differ only 
by the quantum number m= +3. Therefore, 


aw 
PP = SBD. 
f 


The final state must have the energy «, = w—|e,|, where |e,| = —é, 
is the binding energy of the electron in the K-shell (conversion can 
take place if w > |e,|). 

In order to determine the angular momenta of the final states we 
can use the laws of conservation of angular momentum and of parity. 
These laws show that the change in the angular momentum of the 
nucleus will be exactly the same as in the case of emission of a photon 
of angular momentum EL and of parity (—1)* or (—1)**!, and that 
the selection rules for the final state of the electron will be the same 
as in the case of absorption of such a photon. 

This can also be shown directly by a consideration of the angular 
part of the integral in the matrix element (40.11) which coincides with 
the angular part of the matrix element for photon absorption. 

Since for the electron in the initial state (K-shell) we have j, = 4 
and /, = 0, then in the final state in the case of an electric multipole we 
have ,=L ndjp=)t+4—=L+}. 

In the case of a magnetic multipole we have either /,= L+1, 
Jo = 1,—-4 = L+4 or = L—1 and j,=/,+4= L—4. Thus 


B= Fel (BB). P+ BB),. 1 
(40.14) 


a 
b= so {Bey rag,rail +1 (Bre papal sd: 


(The two indices on the matrix elements indicate the quantum numbers 
of the final state of the electron: the first is j,, the second is /,.) 
For the electron wave functions we use the general expression (12.4) 


Main (nae (n) 


where 


a= ~, l= 2j—I, 251 = — (6A) 2 j1_. 


RETARDED INTERACTION BETWEEN TWO CHARGES 545 


In particular, the electron wave function for the K-shell (j= 4 


> 


{= 0, x = —1)can be written in the form 
Ve= ( fanl)u } (40.16) 
f(r) (on)u 


. ; ; I vee 
where wu is a constant spinor normalized as u*u = Tn: On utilizing the 
T 


definition (40.9) for the quantity BY), we obtain 


2L+1 
(BY) = i? 10)jsl, — V/ TT O81. 21. 0p: (40.17) 


On substituting into this equation the expressions for the wave functions 
(40.15) and (40.16) and for the potentials (40.3), (40.5), we obtain 


ro)si= J (steetSi fe Grdrusy, u (40.18) 
where the following notation has been introduced: 
ut = [ Q%,,¥ iodo. (40.19) 


(We note that for /= 0, j=} and u, coincides with w.) 
The second term in (40.17) contains the quantity 


(By oan = +i | fte.G, dr ( [:2%,,,(on)o¥,, » 1,940) 
~i f ex fcG,aredr( [Q%in,6(6N)¥,,2 1,0do)u. (40.20) 


The integrals over the angles in this expression can be brought into 
the form (40.19). Indeed, we expand the vector spherical harmonic 
Y,, 1,9 into a transverse and a longitudinal component 


LS L+1 
Y, 11,0 = Varn Y{” ' Veo Y{. 


Since (on)o = n--i[on], we have 


L _ / L+ 
(an)oY, 71,0 = Vmas"+ Vaio. 


On expressing the longitudinal and the transverse vector spherical 
harmonics in terms of the sphesical harmonic 


1 
Yio) = ni, —i[A¥ We] = Yoo = Vitay” 
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(L= —il[rp] is the operator for the orbital angular momentum), 
we obtain 


(on)oY, po = spat ores) 
Similary — 
a(on)Y, 7 19 = | sates 
Moreover, making use of the fact that the operator Le is self-conju- 
gate, we transform the integral 
[QE sm (n) Lo Y,,(n)u do 


in such a way that the operator Zo acts on the function ,,,,, which 
is its own eigenfunction corresponding to the eigenvalue j,(j.+1)—/, 
(,-+-1)—2. 

We then obtain the following values for the integrals over the angles 
appearing in (40.20): 


[mC OEY; 2-10 u do 


Uy, U 0 for j, = L+4, 
7 VIOL+)) 2L+1 for j,= L—4, 
J 2iiameo(n) Y;,1—1,0 U do (40.21) 
Uj 2L for j,= L+H, 
~ VLOL+1 —1 for j, = L—4, 
(I, = L). 


On substituting (40.21) into (40.20) and (40.18) into (40.17) we 
obtain finally the following expression for the matrix element which 
determines the internal conversion coefficient for an electric multipole: 


(BD) r44, 2 = tay oy (Ri + R.—2iR,), 


1 
Jy= L+ > 
(40.22) 
j2b+! i 
(BY), 4. = wan ale +R,— i rt} 
. 1 
Jjo= L-—, 


2 
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where R, denote the integrals 


R= | gtgxG,rdr, 
0 


R= | ftf.G,rdr, 
° (40.23) 


Ry = | ftgeGpa 0dr, 
0 


R= f oi SnG,-0 dr. 
0 


The quantity uj;u appearing in (40.22) can be easily evaluated if 
in the integral (40.19) we express the spinor spherical harmonic in terms 
of the spherical harmonic in accordance with the formulas of § 4. 
As we have already mentioned, the value of the quantum number 
m, (the component of the angular momentum of the electron in the 
initial state) can be taken equal to 4 for the K-shell. Then m, will also 
be equal to 4. In this case 


1 fl 
4 = —— 
V4 0 
. ] VL+1 for j,=L+4, 
u u = Oe, _ 
‘ls V/4x QL+1) —yL for j,=L-—t. 
On substituting (40.22) and (40.23) into (40.13) we obtain the following 


expression for the internal conversion coefficient for an electric multipole 
in the K-shell: 


and 


(40.24) 


aw L ; 
D — = EE |Ri-+ Ro—2iRyl farts, n=1 
LR 2L+-1 1? | 
--———--— _-'R,-+ R,— i——— R,— i— R,' -4 (40.25) 
Trey Ley 


The matrix element which determines the conversion for a magnetic 


multipole is of the form 
(BP), = if fkexGzrdr f Gym (an) ¥ $9) u do 
—t f Sate G dr f Q* | m,a(an) Y\udo. (40.26) 
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The angular integrals appearing in this expression can also be re- 
duced to an integral of type (40.19). In order to do this we must express 
Y{°) in terms of the spherical harmonic Y,, and utilize the fact that 


24, (an) = —OF.,,(U' = 27-1). 
Thus, we obtain 
oL 
Q* im (anyaY{))u do = — [9 ‘my J == Vint do 
il Sale iC ) LO Jalgms /L(L+ 1) LO 
ioe FVERG+DTE 9 


— VL+) me 
The second integral over the angles in (40.26) differs from the first 
one only by its sign. 
On introducing the notation for the radial integrals 


R= | ftgeG rar, 


(40.27) 
Re= | ek feG,r* dr, 


we can write (40.26) in the form 


. 1 L for j,= L+4, 
(Bie), = — iuu(Re+R) | I poor 
VLL+) | —-(+1) for j;,= L—4, 
where uj‘u is defined by formula (40.24). 
The internal conversion coefficient for a magnetic multipole in the 
K-shell is given by 


H(LAV|Rs+Relinrynezat- (40.28) 


The radial integrals (40.23) and (40.27) which appear in the expres- 
sions for the conversion coefficients (40.25) and (40.28) can be simply 
evaluated only in the limiting case of low nuclear charge Ze and of 
high transition frequencies w. In such a case we can, on the one hand, 
neglect the magnitude of the electron binding energy in the K-shell and, 
on the other hand, neglect the effect of the nuclear charge on the 
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electron wave function in the continuum (final state). In this approxi- 
mation we have 


8x = 2(ZampP?, fe = 0, 


8. = Vo Jui PP, 
* 2 Vr (40.29) 


f= x Vx Fine (Pr) 
“TV o2 ir 


h=2j,-h, p= Ve—m, e€=o-++m. 


The substitution of (40.29) into (40.23) and (40.27) leads to the 
following expressions for the radial integrals 


R, = i+ (2nZam)*!? ye T 


o i? 


R,=0, 
. ; 2e—m) 
Ry = i *(QaZam)e" V wo. Tras 
R, = 0, 
2(e—m) _ x 
— ZL 3/2 e , 
R,; = (4-(2aZam) V - I, ix 
R,= 0, 


where 


= {Jes PN HEY (or)r dr. 


This integral is equal to 


On utilizing these formulas we obtain the following expressions 
for the internal conversion coefficients: 


(L+ 1)w*-+4Lm?* | 2m yo m 


(1) — 3 wee. | 
By 2a(Za) (L+1) 0? 'w w? 


(40.30) 


2m\"t* m 
(0) 3 a , 
35 2a(Za) (1+ am 


(@) 
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If in these formulas we go over to the nonrelativistic approximation 
(wo <m), we obtain 


L (2m\f*3 
(1) — 38 Lf. 
Br a(Za) L+1 (2" | ° 
(40.31) 


L+3 


Bi?) =: a(Za)? (2" 


Formulas (40.30) and (40.31) give a quantitative idea of the nature 
of the dependence of the conversion coefficients on the energy and 
the angular momentum. The coefficients BY) are large for small o, 
and for large L. In some cases BY) can considerably exceed unity. 
However, quantitatively the free electron approximation gives very 
low accuracy even for small Z and large w. The magnitude of R, can 
be evaluated if we use the nonrelativistic approximation for the electron 
wave functions (78). However, the accuracy of such results 1s not very 
great, since even at low energies the electron wave functions differ 
appreciably from the nonrelativistic ones at small values of r, which 
turns out to play the most important role in the integrals R,. 

If we use exact electron wave functions R, can be evaluated only 
numerically (184). 


40.4. Effect of Finite Nuclear Size 


In a number of cases in evaluating the internal conversion coefhi- 
cients we must take finite nuclear size into account. This introduces 
two types of corrections into the evaluation of the matrix element which 
determines the conversion probability. Firstly, in the region r, << R 
(R is the nuclear radius) expansion (40.2) is not valid. Therefore, 
the exact expression for the matrix element for transitions of given 
L will have the following form instead of (40.11): 


iw 
Ui. = a FZ (aay ar | vies Bir Pi(r2) dr, 
11> R 
_ ; _ eivlrimral 
—a [ | He y, 4 (4) (Pel) Vu v1 (r2)] [rr | dr, dr,. (40.32) 
rR 1— Fe 


(In the expressions obtained previously it was assumed that R > 0.) 
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Secondly, the electron wave functions near the nucleus may, as 
we have seen in § 13, differ significantly from the electron wave functions 
in the Coulomb field. As actual analysis shows, the main error is due 
to extending the integral in the first term of (40.32) into the region 
0 <r, < R, and using Coulomb wave functions in this region. The 
latter have a singularity at r = 0, and therefore the region0 <r, <R 
in the case of large Z makes a contribution to the integral comparable 
to that of the region R <r, <co. But the true wave functions have 
no singularities at r= 0 (rw—>0 as r- 0), and therefore, in fact, 
the integral over the region r, < R must be small compared to the 
integral over the region r, > R. Results good for practical purposes 
can be obtained from the expression for the matrix element (183) 


, IW 
U,.7 = —@ (easier | viBiay, drs, (40.33) 


T2>R 


into which Coulomb wave functions can be substituted. Thus, the lower 
limit r, = R should. be introduced into the integrals R,. Taking finite 
nuclear size into account leads to corrections which are inappreciable 
for low values of Z, but which attain values of 30-40% at Z~80-90. 


40.5. Effect of Electron Shells on Radiation from the Nucleus 


In § 27 we have obtained expressions for the probability of emission 
of a photon by a nucleus. The presence of electron shells introduces 
corrections into these formulas. In addition to direct emission of 
a photon by the nucleus, represented by the diagram of Fig. 53, there 


o~N 


Fig. 53. 


also exists the possibility of the process of emission by an electron be- 
longing to an atomic shell, due to its interaction with the nucleus. 
Such a process is represented by the diagram of Fig. 54. 
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Since the latter process is a third order process we can, as a rule, 
neglect it in comparison with the process of direct emission which 
is a first order process. However, this may turn out not to be so when 
the conversion coefficient is very large (110). Indeed, the matrix element 
for the process shown by the diagram of Fig. 54 amounts, roughly 


Nelle 
oN 
(b) 


ys 


(a) 


Fig. 54, 


speaking, to the product of the matrix element for the internal conversion 
process and the matrix element for the emission of radiation. If the 
conversion process is more probable than emission, then the effect 
of the electron shells on the emission by the nucleus may also turn 
out to be important. 

We investigate in greater detail the process represented by the dia- 
gram of Fig. 54, in which the thick lines represent the proton. As 
we have done before we take ¥Y,(x) = V(r) exp(i£,t) and ¥Y,(x) 
= W,(r) exp (iE t) to denote respectively the proton wave functions 
in the initial and the final states. We assume the initial and the final 
states of the electron to be the same, and denote the electron wave 
function by o(x) = yo(r) exp (iépt), and the vector potential of the 
emitted photon by A(x) = A(r) exp (—iwt). The matrix element for 
this process (cf. Fig. 54) will be expressed as follows: 


SQ= ef YA (xy) 7 V4 (x1) D1 — Xe) Po (2) 
XY, SE X25 5) A* (Xs) Yo(%a) dx, dx. dx, 


tet f By (xy)y,, P(x) D°(x1 x5) o (Xs) A(x2) SO, x3) 


XY pPo(Xs) a4 x, d4 x, d'x,. 
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On substituting into this equation the expression for D°(x) in the form 
(37.10) 


co 


—i 
a 1 [ erietesrttortinrs dw" 
82? |ry—rel 


D°(x,—X_) = 
and for S‘*) in the form _ 3) 


S22) = a7 DY walODInC) [s= 


ei” “(ta—ty) 


w+e, —” 


where y, are the electron wave functions in the nuclear field, and n is 
a set of appropriate quantum numbers, we obtain the expression for 
si), 


SP = —2nid (E,—E,—w) U,y, 
1 1 
U.. = (conv) p7 (rad) we 
i 2 U Un (. —&-+w  é —_ 
where 
ef EBs ral 
U iconv) — a | ¥ Pry, 1 (r1)° ror pf Pala) Palla) dry dre 


represents the matrix element for the process of internal conversion 
(40.3) in which the electron makes a transition from the initial state to 
state n, and 
ui) =e [G(r AMy, (ar 

represents the matrix element for the emission of radiation, in which 
the electron makes a transition from the state » to the initial state. 

In the case of states belonging to the continuous spectrum we nor- 
malize wy, per unit energy, i.e., 


fo Oy,,() de = = 6 (En, — En,) Onin’ ny 
where n’ are all the quantum numbers, except for the energy, i.e., the 
quantum numbers for the orbital, spin and total angular momenta, 
In this case U,, will be given in the following form: 


1 1 
(3) (conv) [7(rad)] —I|d. 
UN Jos Un — + E—£y—W | . 


1 1 
(conv) (rad) Lee - 
+ > Us Us (1. + £,—Ey—W ] ° 


554 QUANTUM ELECTRODYNAMICS 


Here the first sum refers to the continuous spectrum, and the second 
to the discrete spectrum. 

The principal role is played by the resonance region which lies in 
the continuous spectrum near the energy value « = e),+w. Therefore 
(198) we have 


Ui?) = in», U (conv) U{raa) (e—é =— E,—E,). 
n 


Thus, the matrix element for the emission of radiation, taking 
into account the effect of the electron shells, has the form 


UM+Ue) = UPL in SU com ees) , (40.34) 


where U“ is the matrix element for the emission of radiation by a nucleus 
not surrounded by electrons. If the conversion coefficient 8 = | U‘°°v)/ 
U™|?, evaluated without taking the effect of the shells into account, 
is large, then the second term in (40.34) may play an important role. 


§ 41. Conversion Accompanied by Pair Production. Excitation of 
Nuclei by Electrons 


41.1 Conversion of Magnetic Multipole Radiation 


If the nuclear excitation energy w exceeds 2m, then in addition to 
the phenomenon of internal conversion in the atomic shells creation 
of electron-positron pairs may also occur. The coefficient of conversion 
accompanied by pair creation can be determined from the general 
formula (40.13) in which for y. we take an electron wave function, while 
for y, we take a wave function of negative frequency corresponding 
to a positron. The matrix element appearing in (40.13) can be reduced 
to integrals over radial wave functions similarly to the way this was 
done in the preceding section in the case of conversion in the K-shell. 

We confine ourselves here to the investigation of only the one case 
when the electron and the positron states may be regarded as free (15), 
(178), (165). Such an approximation is applicable for small Z. 

We choose the electron and the positron wave functions in the 
form of plane waves 


(41.1) 
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where p_ is the electron momentum, p, is the positron momentum, 
and uw and wv are unit bispinor amplitudes. 

On substituting (41.1) into (40.12) we obtain the following expression 
for the differential cor.version coefficient for an electric or a magnetic 
multipole accompanied by the creation of an electron in the momentum 
interval dp_ and of a positron in the momentum interval dp, : 


dp) = 7 oe 6(w—e_ e,) » | [eerut Biiioar (41.2) 


H1, He 


where q= p_tp, and > denotes summation over the spin states 
fy Be 
of the electron and the positron. 
We begin our calculation with the case of a magnetic multipole. 
In this case, in accordance with (40.10), we have 
BOY = —a¥{9G, (wr). 


Further, on utilizing the expansion of exp (igr) in terms of spherical 
harmonics we obtain 


fewvs G, dr =(—1P Yin), 


where v = q/q 
2; L 
L= { G,(wr) G, (qr) r? dr = _ Gai (5) 


wo (a? —q*) 
Thus, we have 


ig — &.___} q\"" iy ad ute ¥!0(v) vl25(wo—e_—€,) 
Ba me? (w2—q?rw \w P+ OP ue EMNOTe Te 
(41.3) 


The summation over the spin states may be carried out in the usual 
manner in accordance with § 26. It yields 


1 
*q VO ov? = 
D, uta Yio = 


HisHa 
+ (p_Y§9)) (py YES) +(p_ Yin*) (ps Yrs}. 
This expression can be simplified. Since p, = 4q—p_ and q¥ it = 0 
we have p_Y{9}= —p, Y{5}. Further, we have p_p, = Px4— p*.. On 
the other hand, from the law of conservation of energy 


wo = V(p? +m) + /q-p_yt 


fr, fla 


{(e_e,+m?—p_p,)\ Yiy)? 
+ 
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we can obtain p,q = we, —3(w*—q’). Therefore 
1 w?— g* 
DS bwrayigel =—— ose |¥{92?—2 |p, vine | 
Ha, fa _ 


We substitute this expression into (41.3) and go over from the variables 
Pp... p_ to the variables q, p,. We write the product of the differentials 
of the momenta in the form 


dp ,dp_ = dp, dq = p* dp, do, q’ dq do,, 


and the argument of the 6-function appearing in (41.3) in the form 


W—E_—E, = WE, — V@+p2 +m —2¢p, cos@, 


where #@ is the angle between q and p. If we take the z-axis along q 
hen do, = dcosd dy, and we can eliminate the 0-function: 


E 
6(w—e, —e_)d(cos#) 9 —-=-. 
( 4—e_)d( ) 74 


Now the angle @ is determined by the law of conservation of energy: 
(w—e,)? = q?+ei—2ap, cost. (41.4) 


Formula (41.3) assumes the form 


dpi) — -.* g\"[ ota |¥(0) |2 
L m0? (w? — q?)? 2 LM 


w 
—2p*|¥{9 sind | de, dqdp,do,. (41.5) 


We now integrate (41.5) over dp, and do,. On utilizing for sin? d 
the value given by (41.4) we obtain the following expression for the 
coefficient of conversion accompanied by creation of a pair with given 
values of the positron energy e, and of the magnitude of the total momen- 
tum q: 


2a g2- 1 pp? w? 
(0) —_ 4 _ 
WBiules, 1) = —— ora av ar—qy + wo phd (41.6) 
On integrating this expression over g between the limits q,in tO Ymax> 
where 


Guin = \p,—p_l, Qmax — \p,+p_\, 
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we obtain the energy distribution of the converted positrons: 


J 


m+ pp_+é,€_ 
dB") = aT jor [pt +p —2(L— I) me] In P4P-TE+ 


mo@ 


1 
— (p.+p_)4—(p, —p_)j*]+ > [((e,¢_+p,p_—m)\(p, + p_)%2-1) 
1 
—(€,€_—p, p_—m*)(p,—p_P-]— 5 Pit p2-2(2— 1) m2] 


We give in explicit form the corresponding expressions for the cases 
of a magnetic dipole (L = 1), quadrupole (Z = 2) and octopole (L = 3): 


w2(L—n— 1) 


(ont 0p | dey, (41.7) 


m+ p,p_+ese_ de 


Mm@ 


dpi (e,) = 


43 


m'+p,p_+é,€_ 
mo 


a 
apy (e,) = =o Jo*eh tpt 28 In 


+P.p(o8—3pt—3p)} de,; (41.8) 


ie" (p +p? —4m2) In TETP Pee 


dp(e,) = 
2 
+5 PsP Loo + 8m8) —20(P% +p) —S(e +08) de. 


The total conversion coefficient 6° will be obtained by integrating 
(41.7) over the range from m to w—m. The result of this integration 
in the general case cannot be expressed in terms of elementary functions. 
Later we shall give the results of numerical integration. However, 
we shall first investigate the extreme relativistic case w S> m when we 
can approximately take p, ~e,, p_%e_. Assuming, moreover that 
(w/m)? s L we obtain the expression for the total conversion coefh- 
cient 


2aT, 20 23 — 4n+5 
(0) 7 a ee 
Pr =a [m m 12 ~ Ter ~ 2 wane ant | (41.9) 
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In the opposite limiting case L S(w/m)* (for which also w > m) 
we obtain the asymptotic expression for f°), 


L Lm 
Bi = — E > +24 |, (41.10) 


where y is Euler’s constant. 

The distribution over the angle y between the momenta of the com- 
ponents of the pair can be obtained on going over in (41.6) from the 
variable g to x, and on integrating the resultant expression over the 
energy €,. The relation between y and g follows from the definition 
of q: 


gq? = pi.+ p2—2p., p_Cos x. 


As an example of the application of these formulas for the conversion 
coefficients we now obtain the cross section for the capture of slow 
neutrons by protons resulting in the formation of a deuteron, an electron 
and a positron. On taking into account the fact that in such a process 
a transition occurs from a !S state to a 3S state, we can easily conclude 
that the transition is of a magnetic dipole nature. Therefore, we have 
o= o,f, where o is the cross section for the process of interest to us, 
while o, is the photocapture cross section, which inthe case of thermal 
neutrons is equal to o, ~ 0.3- 10-74 cm?. The binding energy of the deuter- 
on is given by |e|= 2.15 MeV, ie., @ = 4.2m. Numerical integration 
carried out for this value of w yields for {° the value 3x 1074, Con- 
sequently, we have o = 0.9:1072° cm?. 


41.2. Conversion of Electric Multipole Radiation 


We now proceed to investigate the conversion of electric multipole 
radiation. On substituting into (40.12) 


/2L+I 


Bin = so G(r) Yin — | “C+L Gy (@r) ¥; 1-1, 


L 
L+1 
with the same wave functions (41.1) we obtain 


(BY) = ea q ) a _ [vz Yate 


w(g?—w?) \w 
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Substitution of this expression into (40.12) and integration of (40.12) 
over the angle between p, and gq yields the expression for the differential 
conversion coefficient 

a) aqg?it1 

aps Te?2£+1(qy2?—g??(L+ 1) » lj /L Yiyurv, 


2 


é,€_de,dqdo,dp,, (41.11) 


— V2L+1— ¥, 1-1, yutav 


where 5’, denotes summation over the electron polarizations. On car- 
rying out the summation, we obtain 


w? 
SP L1Yead ee ty pm) + OLD) Se Ks, 
u 
——— -—- W 
x (€,€_—p, p_+m?)— VL (2L-+-1) ra (Yiu Ye aut ViuY 11-1, mu) 


2 
x (_p,te,p)+QL+1) (Y,, pt. mP_-) VP 1a uPs) 


+(Y¥,, 1 -1,mP_) (¥2, 1-1, P+)I- 
The products (Y,,-1,4P,) appearing in this expression can be easily 
evaluated if we use the expansion of Y,,,;-1,y into a longitudinal and a 
transverse vector spherical harmonic. For the longitudinal vector we have 
Yi py = Pi Vimcos?, 
Yi) p_= (q—p, cos BY 
and for the transverse one 
YiuP+ = —Yf, iMP—> 
[Yrs l= |¥iz pi sin’d. 
Substituting these expressions into (41.11) and integrating over dp, 
and do, we finally obtain 
2a git) L (3L+1)a? 1 
apy (e,, q)= n(L+1) Son 5 5 —2Le, €_ o—q 
2Lwre,€ -|+3 quae =| _( 


(we —gq’) ee 1 


1 
+(L+1)m) —, 


(L+le,e_+Lo? 


1 
(2Le,e_+(L+ Deora | de, dq. 
(41.12) 
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—_—_—_—_—_—_—————aen kk eee 


z-OI - L210 
z—-OT - O8T 0 
z-OI - 861°0 
z-OI - 7270 
2-OT - 967°0 
z-O1 - cIe0 


0c 


Eee 


z-OT - SIT'O 
z-O1 - LST'0 
z-OT + 6910 
z-OI - 9810 
z-OI - 9020 
z-OI - 9€7'0 


0c 


e-OT - 0060 
z-Ol - 6€1'0 
z-Ol - 9ST°0 
z-OT - 6L1'0 
2-O1 : 2170 
z-OT - L97°0 


ST 


c-OI - 26L°0 
2-Ol - LITO 
z—OT - 6Z1°0 
2-01 - prI'O 
2-01 - ¥9T'0 
2-OT - €61°0 


ST 


c-Ol - TSb'0 
c-OT - 958'0 
2-01 - 0O1'0 
2—-Ol - [210 
z-OI - ZS1°0 
z-OT - $0¢'0 


Or 


e-O1 - PIO 
c~OT + S870 
e-OT - €L5°0 
e- OT + 9bL°0 
z-Ol : [O10 
z—OI - OST'O 


r-OI - 8L6°0 
e-OI - ZIE'0 
s-Ol - CIPO 
e~OI - 9S°0 
s-OL - [T8°0 
z-OI + £710 


»-OT - €6£°0 
e-OT - LLT‘O 
e-OT - €S7°0 
e-Ol + €L¢°0 
e-OT « 18S°0 
e-OI + 866°0 


s-OI - p80 
r-OI - 899°0 
e-OT - 6010 
e~OT - S80 
s—-OI - ££°0 
e-OT - [L9°0 


ng siuajoyfaoa uoissaauoa yo101 fo sanjo, 


e-OT - ZLE°0 
e-OT - 899°0 
e-OT - OLL°0 
s-OT - 206°0 
z-OT - 80T°0 
z-OT - VETO 


ol 


e-OI - O£T'O 
e-OT - L670 
e-OT + O6£°0 
e-OI - [640 
e~OT - LE9°0 
s-OT - $98°0 


v-OT - 089°0 
s-OI - £07°0 
e-OI - 797°0 
s—OI - 9PE°0 
e-OI - TLb'0 
e-OT - $L9°0 


r-OT + 8hc'0 
e-OT - €OL'0 
c-OT - PPT 
e-OI - POCO 
s—-OI - IOE*O 
e-OT - 69¢'0 


s-OT - 6070 
o-OT - €7¢°0 
r-OT - TIS" 
»-OT * €£8°0 
e-OI- IPlO 
s-OT - LS7°0 


(ng Siuaiiffaos uoissaduoa jv10} fo sanjo,4 


€] dav 


a 

9-OI - C£L°0 
r-Ol + SOTO 
v-OT + €6£°0 
e-OI - OO1'O 
e-Ol - 167°0 


z-O1 - 8¢°0 

s-OI - 6270 
s—OI - €0S°0 
r-Ol + pIT‘O 
r-OI - €L7°0 
v-Ol - OFL'0 


3|§ 
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By integrating over g we obtain the energy distribution of the con- 
verted positrons. For L ~ 1 we obtain 


_ a ie m+e,e +p, p_ 
dB (€,) = ~ ust yor 1) [e2 +e? —2(L—1) m?] In pom + 


(e 4—e_y 


1 
+ 2L+N [p+ p_)*—(p4—p_)*]— a(LaAy 4 mi [(p,+p_ ye 


2 
(PPP 7+ a [(, e+ pyp_—m’) (pat p_ypo™® 
(6,6 —p,p_—m®)(p,—p_)-O] —5 [oh 468 —2(L— 1m 


bot e(r—n-1) 
x (+P (7. Ih dey (AV. 113) 


For L=1 (electric dipole) the differential conversion coefficient 
is equal to 
2 , 
dp (e,) = a (ate) In mire, 8_+ P+P- +2p.p-} de,. (41.14) 


mo 


We also give the expressions for the conversion coefficients for 
electric quadrupole and octopole radiation which follow from (41.13): 


m'+e,e_+p,p— 
mo 


a 
7eq® 


dB (e.) = 


fo" (e2 +-e2 —2m?) In 


Spartea—nohe 
(41.15) 
m?+e€,€_+p4.p_ 
mo 


dBY(e,) = —; foreh pet 4m In 


—p ,p— [2w*—w*m?— 8m'*—(9w?+ 4m*)e, e_ + 4e4 ey de... 


For the total internal conversion coefficient we give only the expres- 
sions which are obtained in the limiting case w < m. In this case if 


(w/m)? > L we have 
L-1 
ae Blin eB ey) zap 
m 12° 4(L+1)QL+1)  & 2(2n+1)(2n+3) 
(41.16) 
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This formula holds for L > 2. For L = 1 we have 
2a 20 5 
(Q) — SS}. 41.17 
p= (in (41.17) 


m 3 

In the opposite limiting case L > (w/m)? > 1 we obtain for ft” 
the same expression as for the conversion coefficient for a magnetic 
multipole (41.10). 

Table 13 gives the values of the coefficients for internal conversion 
accompanied by pair production for the cases of electric and magnetic 
multipoles obtained by numerical integration of expressions (41.7) 
and (41.13). 


41.3 Excitation of Nuclei by Electrons 


The process which is the inverse of internal conversion of y rays 
is the excitation of a nucleus by an electron. In this case the energy 
of the final state of the electron is less than that of the initial state, 
€y <(€,, while the final energy of the nucleus is greater than the initial 
energy E, > E,. By utilizing the results of § 40 we can write the fol- 
lowing expression for the probability of excitation of the nucleus resulting 
in its angular momentum being changed by L and its parity being 
changed by (—1)**4*1, and with the electron making a transition from 
the initial state (1) to the final state (2): 

wid = wh) BY), (41.18) 


where 1’), is the probability of emission of radiation in the transition 
of the nucleus from an excited (final) state into the initial state, while 
6 is the “‘conversion coefficient” equal to 

'g 


2 


Just as in the case of the investigation of conversion accompanied 
by pair production we confine ourselves here to the free electron ap- 
proximation (211), (194). We denote by p, and p, the values of the 
electron momentum in the initial and final states, and by u, and u, 
the amplitudes of the plane waves corresponding to them. In accordance 
with (41.18) and (41.19) the differential cross section for the process 
in which we are interested is equal to 


dp, P 
dof! = Fe whe Gens 8A) >>, | fewrugsindr'» (41.20) 
“ 
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where v, is the initial electron velocity 

{= Pi~Pe2 
and >|, denotes summation over the initial and final electron polari- 
zations (the factor 4 in front of the sum corresponds to averaging over 
the initial polarizations). On comparing formula (41.20) with formula 


(41.2) for the coefficient of conversion accompanied by pair production 
we can easily show that the last factor in these formulas, viz., the factor 


» f ef! (Pi Par y* BY, ar! 
lt 

in (41.20) and the factor 
>» | f ell Put BY, ode] 
ll 


in (41.2) differ only by the following replacement of parameters: p_ — py, 
—Ps— Po, —&4. > €&, and e_ > €,. Therefore (41.20) can be written 
in the following form: 


dol? = 5 wiiyaB(6—er—0)“P* BY p)—pa), (41.21) 
1 


where 5?) is a function which can be determined from the expressions 
for the differential conversion coefficient (41.3), (41.11) if we write 
them in the form 


dB) = b(p_, p.)6(e,+e_—)dp.dp_. 


On going over in (41.21) from the variables p, to the variables ¢ 
and on integrating over the angles we obtain 


d 
dat =) way (Py. Se (41.22) 
Pi 
where 
dp (€,,4) 
(A) — Fh Vt te 
by (Pp... q) de, dq 


and dB‘) is defined by expressions (41.6) and (41.12). 

In order to obtain the total cross section for nuclear excitation 
o) it is necessary to integrate (41.22) over q between the limits Gin 
and q,,,, determined by the conservation laws. Since the total cross 
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section cannot depend on the absolute direction of the initial electron 
momentum, (41.22) can also be averaged over the directions of the 
vector p,: 


om — ya 1 I a 
L 2 Lrad 


a b(ps.4)d9. 


Imin 


pe 4n 
This formula can be written in the form 


se Weed 414)(¢,) (41.23) 
L 8zcp? L 1 


where 


png) = #2 © 


and dB) is determined by formulas (41.7) and (41.13) in which we must 
replace p, and p_ by p, and pg. 


41.4. Monoenergetic Positrons 


If there is an unoccupied state in one of the atomic shells, then 
a pair can be created with the electron occupying this bound state, 
and the positron having a sharply defined energy. We are here dealing 
with the phenomenon of internal conversion involving the emission 
of monoenergetic positrons. In order to evaluate the conversion coef- 
ficient in this case we can make direct use of formula (40.13) where we 
must interpret p, as the electron wave function belonging to the discrete 
spectrum of the shell, and y, as a negative frequency wave function 
belonging to the continuous spectrum normalized per unit energy. 
For the K-shell formulas (40.25) and (40.28) will hold in which the 
continuous spectrum radial functions g, and f, must refer to negative 
frequencies. In the approximation of small Z and of energies large 
compared to the binding energy of the K-shell we obtain the expres- 
sions for the conversion coefficients 


Bi) = 2a(Za)® 


Ce otto (2 ht 

(L-+1) w? rs ee 
am +} 

(0) __ — —__ 

Bi 2a(2a)>(1 my ; 
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As an example we give the value of the ratio of the probability of 
conversion accompanied by the emission of a monoenergetic positron 
(with the electron being produced in the K-shell) to the total probability 
of conversion accompanied by pair production (182). Calculations 
carried out with exact radial functions for w = 1.4 MeV in the case 
of an electric dipole give for this ratio the value 1/3. As w decreases 
this ratio increases. 

The process which is inverse with respect to the production of 
monoenergetic positrons is the following one: when a positron collides 
with an electron belonging to the K-shell of the atom this pair is absorbed 
by the nucleus with no photons being emitted, and the nucleus becoming 
excited. The probability of such a process can be written as 


w= w,B, (41.24) 


where f is the coefficient of internal conversion accompanied by the 
production of monoenergetic positrons, and w, is the probability of 
excitation of the nucleus by a photon of the corresponding energy. 

Since the excitation energy acquired by the nucleus is sufficiently 
great, then as a result of the absorption of the pair the nueleus ean 
disintegrate. For example, the effective cross section for the fission 
of uranium caused by such a process may be of the order of 107% 
em? (157). 


§ 42. Coulomb (Monopole) Transitions 


42.1. Reduction to the Static Interaction 


The general formulas for the probability of conversion or excitation 
obtained in § 40 become inapplicable if the angular momenta of the 
initial and final states of the nucleus are both equal to zero. For L = 0 
expression (40.11) vanishes in accordance with the fact that there exist 
no photon states of angular momentum equal to zero. Nevertheless, 
the matrix element of S) for a transition between two such states is 
different from zero. Such transitions are called monopole or E0-transi- 
tions. 

As we have already pointed out in § 40, the integrals in (40.11) 
extend over the region outside the nucleus, while the general expres- 
sion for the matrix element also contains, in accordance with (40.32), 
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an integral over the region occupied by the nucleus, which, generally 
speaking, differs from zero for L = 0. Thus, the matrix element of the 
effective interaction energy has the form for L=0 


eielri—ral 


where j,, and J,, are the four-vectors of the electron and the nuclear 
transition current density, and the integration is carried out over the 
volume 2 occupied by the nucleus. This matrix element can also be 
written in the form (37.16) 


Uy. = — Ji (r,) Joi (%¥2) —— dr, drz, 


U,.,= — find Ant) dry, (42.1) 
Q 
where 
Au(ts) = | Jalt) eo (42.2) 


The case L=0 implies a spherically symmetric distribution of 
nuclear transition current, whose spatial (J,,) and time (J’,) components 
have the structure 


Jo (Yo) = f (Ye) he; 
Jr (re) = BC"), 
where f(r) and g(r) are certain functions which are independent of 


the angles. The potentials associated with these currents have an analo- 
gous structure 


Aoi (F2) = do(T2)r2 = —VA(r2), 
AX (rs) = Pols). 

On substituting (42.3) into (42.1) we obtain 
Un = +f GietiaVA ar. (42.4) 


Since in accordance with (42.3) the vector potential is the gradient 


of a scalar function, it can be eliminated by means of a gauge trans- 
formation. 


(42.3) 


We introduce the transformed potential y, = y—iw/. On integrating 
by parts the term containing VA in (42.4) and on utilizing the equation 
of continuity divj,, = —iwj®,, we obtain 


U,., = fidg dr =e | ptoys dr. (42.5) 
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In order to obtain the potential g we utilize the fact that q, satisfies 
the equation Ag+ wg) = —g(r), and therefore dy = A(q,+ iwd) 
= —g—w'g,+iwdAd. Since A,, = —VA, it follows from the Lorentz 


condition for the potentials that AA = —iwq, and therefore 
Ay = —g= eVFY,. (42.6) 
Formulas (42.5) and (42.6) can also be written in the form 
dr, dr 
Ui. = af PF (hy) we (re) Ma (Cr) Yr (re) Thor . (42.7) 
1 2 


We see that for L = 0 the transition is brought about by the electro- 
static (Coulomb) interaction between the charges. 
Formula (42.5) can be conveniently written in the form 


Up = | I8Dar, (42.8) 


where @ is the electrostatic potential due to the electron density distri- 
bution and satisfies the equation 


A® = —eyky,. (42.9) 


In this equation the right hand side may turn out not to have spherical 
symmetry. However, in virtue of the spherical symmetry of the charge 
distribution in (42.8) only the symmetric part of the potential will give 
a nonvanishing result. Therefore, the right hand side of (42.9) can be 
averaged over the angles. 


42.2. Conversion and Nuclear Excitation in the Case of an EO-transition 


We now obtain the probability of conversion and nuclear excitation 
in the case of an £0-transition (68), (216), (194). 

The electron wave function does not vary appreciably over the 
volume occupied by the nucleus. Therefore, the night hand side of 
(42.9) can be regarded constant, and we can start from the equation 

1 d?(r®) _ 


+ dr — Ras 


where 
Oo = 2 (0)y, (0). 


The general solution of this equation is given by ® = c,+c2/r—e@,(r?/6). 
The constant c, is unimportant, since the integral (42.8) vanishes for 
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constant @ in virtue of the orthogonality of the nuclear wave functions. 
The constant c, is equal to zero, this being a consequence of the condi- 
tion that @ is finite at r= 0. Therefore 


27 
UL. = 3 00Qo, (42.10) 
where 
2 
=a f WED 2dr, (42.11) 


The selection rules for £0Q-transitions follcw from (42.11). They 
consist of the statements that AJ = 0, and that the parity remains the 
same. Thus, £0-transitions can take place not only in the case when 
the nuclear angular momenta in the initial and the final states are 
both zero, but also in the case when J, = J, ~ 0 with the parity of the 
two states being the same (40). In the latter case in addition to the 
E0-transition Ml-and £2-transitions are also possible, and they, in 
contrast to the E0-transition, can take place not only by means of the 
conversion process, but also by means of photon emission. Transitions 
between states of J, = J, = 0, but of different parity, are possible 
only by means of emission of two photons, or by means of still more 
complicated processes. 

The quantity Qy is the “‘zero moment” of the nucleus similar and 
in order of magnitude equal to the quadrupole moment. Since for 
L = 0 there is no photon emission, it is impossible to introduce a con- 
version coefficient. In order of magnitude Q, ~ Re, where R is the 
nuclear radius. 

The probability of conversion in the K-shell can be expressed as 


w= 220 (22) lQol* lve (0)I? Ww. (ODF, (42.12) 


where y,(0) is the value of the K-electron wave function in the nucleus, 
while ,(0) is the value of the continuous spectrum electron wave func- 
tion in the nucleus normalized per unit energy and evaluated for energy 
&€=o-+le,| and angular momentum j= }. 
In the case of conversion accompanied by pair creation the dif- 
ferential probability is equal to 
3 7 
dw = Co [202 > |@ol* See 6(w—e_—eé,). 


Hy be 
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In the free electron approximation we have 9, = ufv where u and wv 
are the amplitudes of the plane waves of positive and negative frequen- 
cies; 5',,,,, denotes summation over the polarizations of the electron 
and the positron. 

On carrying out the summation we obtain 


) __! A A e_tp,p_—m? 
l@ol® ene SpB(ip_—m)B(ip..+m) = &4€_Tpsp_—m 
—E4 


My €—€4 
and, consequently, 
1 1 
dw = 9 (203 lQol?|p_||p4|de,.do,do_(e_e,—m?+p_p,). (42.13) 


In a similar manner the differential cross section for nuclear excita- 
tion is determined by the formula: 


1 
do = ~~ |Q,)? [pal do, (€, &_-+m? + Py po). (42.14) 
18 [Pi 


The total cross section for nuclear excitation is equal to 


0 = FO PE Ge, tm), (42.19) 


CHAPTER Vi 


Investigation of the Scattering Matrix 


§ 43. Properties of Exact Solutions of the Equations of Quantum 
Electrodynamics. Propagators 


43.1. Stationary States of a System of Interacting Fields 


In the two preceding chapters we have investigated various electro- 
dynamic processes in the first nonvanishing approximation. For the 
investigation of higher order approximations, it is necessary to use 
subsequent terms in the expansion of the scattering matrix. In the lan- 
guage of graphical representation of the scattering matrix this means 
that for a given process we must consider more complicated diagrams 
with the same external lines. 

In investigating higher order approximations it is very useful to 
make maximum use of those properties of the system of interacting 
fields which can be formulated without reference to perturbation theory. 
In this section we shall establish some of these properties. 

The system of interacting fields (the electromagnetic and the electron- 
positron fields) which we are studying can be characterized, like any 
other quantum mechanical system, by a set of stationary states. 

We denote the wave functions (the state vectors) of the stationary 
states of this system by ®, where r is the set of quantum numbers char- 
acterizing this state. The fact that the state is stationary means, by 
definition, that the wave function @, is an eigenfunction of the energy 
operator. Since our system isa closed system, it follows from consid- 
erations of invariance that ®, is also an eigenfunction of the energy- 


momentum operator P,, 


P®, = p,®,. (43.1) 


u 


The four-vector p,,(p, ipo) is obviously contained in the set of quantum 
numbers r. 
(571] 
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The lowest energy state of the system is called the vacuum state. We 

denote it by ®, and assume that in the vacuum state 
P,= 9. 

This value is the only one which guarantees relativistic invariance of 
the ground state of the system. 

We assume that the electric charge of the vacuum is equal to zero. 

For excited states the energy of the system must be positive, py > 0. 
In order for this property to be relativistically invariant obviously the 
following relation must hold: p? < 0. 

We consider a certain Heisenberg operator F(x) which is, in particu- 
lar, a function of the coordinates and the time. It is defined by its matrix 


elements 
(r|F(x)|r’) = (@°, F@) @9), 


where @° is a time-independent wave function in the Heisenberg picture. 

We can easily obtain the dependence on the coordinates of the matrix 
element (O|F(x)|r) which connects the vacuum state with some station- 
ary state r. In order to do this we utilize the result of subsection 22.3. 
It follows from (22.18) that 


(O|F@)[r)=fe™, (43.2) 
where f, is independent of x. Similarly 
(r| F(x) |0) = fie~”*. (43.3) 


If F(x) is a Hermitian operator, we have f’ = f*. 

The operators of the electron-positron and the electromagnetic 
fields (x) and A(x) are of the greatest importance from our point 
of view. 

In accordance with (43.2) the matrix element of q(x) can be written as 


(O|p(x)[r) = E(r) u(p) e'™, (43.4) 


where £(r) is some invariant function of the quantum numbers r, while 
u(p) is a normalized bispinor. 

Since the operator q(x) (cf. § 18) has matrix elements corresponding 
only to electron annihilation or to positron creation, and the charge 
is an integral of the motion, then ¢(r) in formula (43.4) differs from zero 
only if the state r has a single electron charge Q = e. 
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Moreover, for a given p the state r is fourfold degenerate corre- 
sponding to the existence of four linearly independent bispinors. We can 
choose them in the form of eigenfunctions of the matrices ip and Dp. 
As was shown in § 10, the operator ip has the two eigenvalues —M, 
where M = }/—p?, corresponding to the different parities [= -Li. 
For a given J the matrix Xf has the two eigenvalues 2|p|u (u = +4) 
corresponding to different polarizations. 

Thus, for a state r for which (Olp()|7) differs from zero, the set 
of quantum numbers includes p; Q= e; w= +4; J= +i. Moreover 
the state may possess additional invariant quantum numbers. We 
shall call these states single-charge states. It is known from experiment 
that single-charge states cannot have an energy smaller than m,, where 
m, is the electron mass. Therefore, we shall assume, although we cannot 
give a rigorous proof of this assertion, that the four-momentum of 
single-charge states satisfies the condition p? << — m?, 

We identify the state p? = —m? with the state of a free electron. 
Therefore we also assume that the parity in this state can have only 
the one value /= i, and that the set of quantum numbers: p, Q = e, 
I= i, 4 = +3 is a complete set. 

Single-charge states for which p? < —m?* can be interpreted as 
combinations of one electron and a certain number of photons and 
electron-positron pairs. Such a system must be characterized by addi- 
tional quantum numbers and, in particular, may have arbitrary parity. 

In analogy with (43.4) we can write the matrix element (r|b(x)|0) 
of the operator W(x) in the form 


(risp(x)10) = £'@)a(p)e™, (43.5) 
where r stands for the same set of quantum numbers as in (43.4). 
The matrix elements (0}p)|r) and (r’|ep(x)| 0) have nonvanishing 
values for Q = —e. They can be obtained from (43.4) and (43.5) with 
the aid of the transformation of charge conjugation 
(0] bo) |r’) = C+ (0/HG)/), 
(r’ I(x) 0) = Clrip(19), 
where r’ differs from r by a change in the signs of the quantum num- 


bers Q and p. Indeed, (43.6) follows from the relations (cf. subsection 
23.3) @, = AG; D= API; Ab(AAt = C(x). 


(43.6) 
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We now proceed to investigate the matrix elements of the operator 
of the electromagnetic field A(x). On the basis of (43.2) and (43.3) we 
write them in the form 


(0) A, @) | r) =7 (r)a,(k) eike 
(r | A,,(x) | 0) = y'(r) a,(k) eT ikz, 


Here a, is a four-vector which we assume to be normalized just as in 
the case of free fields (cf. subsection 16.3), 1e., a, = e, (2k, 2)”, where 
e,, is a unit vector, and Q@ is the normalization volume. The factor 7(r) 
is an invariant; it can depend on the invariants k? and k,a,, so 
that 7(r) has different values in the case of transverse (k,,a, = 0) and 
longitudinal polarizations. With respect to the transverse states the 
operator A(x) is Hermitian so that 


niry=n*(r) (ka, = 9). (43.8) 


We note that for k?A0 all the matrix elements of the operator A(x) 
have the property of transversality. Indeed, from the equations of 
motion [) A,() = —j,(x) and from relations (43.2), (43.3) it follows 
that 


(43.7) 


K(0/ AC) |r) = (014,017), 
k2(r| A.C) |0) = (r] J, |0). 


Since the current operator j(x) satisfies the condition of continuity 
[dj,,(x)/dx,] = 0, we have k,,(0| i.) |r) = k,(rli,(2)|0) = 0, whence 


k,,(0| A, |r) =0, 


K,(rA,~o|o)-0 (43.9) 


For k? = 0 we identify the state r with a free photon. For k? <0 
the state r can be interpreted as the combination of a certain number 
of photons and electron-positron pairs. All the states r for which the 
matrix element (43.7) is different from zero are uncharged (Q = 0). 

We now emphasize the principal points of difference between the 
matrix elements of the operators \ and A which correspond to exact 
solutions of the equations of quantum electrodynamics, and the matrix 
elements for noninteracting fields discussed in Chapter III. 

First of all, the exact solutions contain matrix elements of the 
operators ~ and A which connect the vacuum state with states for 
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which p? < —m? and k? <0, while in the case of noninteracting 
fields the matrix elements of and A connect the vacuum state only 
with one-particle states, for which p? = —m? and k?= 0. 

Secondly, for p? = —m? and k? = 0 the matrix elements of W and 
A differ from the matrix elements of y and A by the factors &(r) and 
n(r). We write these matrix elements in the form 


(0|p(x)|r) = ZiPu(pyet™*, pp? = —m?, 


3. 
(0| AQ) |r) = Z¥2a(ke*™, k2=0, (43.10) 


where Z}/? and Z?/? stand for the values of &(r) and 7(r) for 
p? = —m®* and k? =0. 


43.2. Propagators and Their Spectral Representation 


In Chapter III we have defined for noninteracting fields the photon 
propagator Df‘, and the electron propagator S¢, as the expectation values 
of the chronological product of the field operators in the vacuum state. 
These functions were the Green’s functions for the d’Alembert wave 
equation and the Dirac equation. 

We now consider similar vacuum expectation values for interacting 
fields. They are also called Green’s functions or propagators. 


The photon propagator which we denote by Gi, is defined as 


Gr, (x—y) = (0] 7(A,,0)4,(9))10}. (43.11) 


The electron propagator which we denote by G%, is defined in a similar 
manner: 


G,(x—y) = (0 T(t.) %,(9)} 0). (43.12) 


The functions GY and G* can obviously depend only on the difference 
of coordinates x—y in view of homogeneity of space-time. 

We shall show that the electron and the photon Green’s functions 
G* and G’ can be represented in the form of expansions in terms of 
Green’s functions for free particles of different masses (99), (124), (76). 
These expansions will enable us to investigate a number of general 
properties of the propagators. 

We begin with the photon Green’s function. Let x9 > yo. Then 
in accordance with (43.11) we have 


Gr,(x— y) = (0|A,,(x) A,(y)|0), where Xo > Vo- 
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By utilizing the rule of matrix multiplication we write G’ in the form 
Gi{x--y)= 3; (0|A,@) |r) (71,0) 10), 


where r is the complete set of quantum numbers characterizing the 
stationary states. On substituting into this equation expressions (43.7) 
for the matrix elements we obtain 


Gi(x—y) = Li n(r) nr) a, (ka, (k) eke. (43.13) 


We note that in accordance with (43.9) the longitudinal components 
of the matrix elements of the operator A, i.e., those which do not 
satisfy the relation a,k, = 0, differ from zero only in the case k? = 

In Chapter III we have obtained an expression for the longitudinal 
part D') of the photon propagator in the case of the free field (k? = 0) 


Ox(x— 
DEM) = 


where y is an arbitrary function. The longitudinal part of the function 
GY will obviously have the same form. Therefore, expression (43.13) 
can be rewritten in the form 


—y) = 2 d*y (x—y) 
Y = 2 2 (A) (a) ik(z—-v) 
Gi,(x—y) » In, 8)| > al (ay een 4 


(43.13’) 


where the quantum number A defines the polarization state satisfying 
the condition of transversality, while s is the set of the remaining quantum 
numbers. Further, for the-sake of brevity we omit the arbitrary term 
0? y /Ox ,Ox,. 

The four-fold summation over k in (43.13’) can be carried out in 
two stages: first the three-fold summation over k is carried out for 
a fixed kj = VkRe+M?, and then summation over M is performed. 
In this way we obtain 


Gy, (x—y) = Z » a (kal (kk) tev) 
k, Ae=0) 
+ DS in(—M4 2D aM (Kae, 43.13") 
M.S k, A(k =—M?) 


(The index s is absent from the first sum, since single photon states 
are characterized only by their momentum and polarization). 
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In a similar manner we obtain for x9 < yo an expression which 
differs from (43.13’’) by the replacement of k by—k. 

On taking into account the fact that the summations over k and 
over —k are identical, we can write for arbitrary times x, and yo 


Gi,(x—y) = Z >, a) (k) al) (k) etF(=—9) 41k! Io— uel 


+ 2)1n(— Mt, s)P Xs a!) (k) al) (ke) ef VFI lo te) (43.14) 


k8=—p?) 


We know the results of evaluating the sums over & and A for given 
values of M which appear in expression (43.14). We have evaluated 
them in § 17, and they are expressed in terms of the functions D*° 
and A‘, 


2, a) (k) al) (k) gikla-y) iV RF + M8 t20—vo| _ Aug yay(X—Y)s 


where A‘iy..(x—y) is determined by the four-fold Fourier integral 


1 k_k 
A ay uv(X—-Y) = ar 6 fle ass ipene dk 
and 
i 
Ain) = Fy i6 


(of. subsection 17.3). For M=0O we have A%,(k) = D°(k). 
The final expression for the photon Green’s function can be conven- 
iently represented in the form of the four-fold Fourier integral 


1 k k, ik(z— 
Gy,(x—y) = cal (5,.- 2 | G’(k)e k(z—y) ak. 


On introducing the notation 


MtdM 
yy Sin M, 5)? = Zo(M*)dM?, 
M Ss 


we can rewrite G’(k) in the form 


G?(k) = Z {D°(k) + f o(M)A5,(k)dM?| (43.15) 
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or 
oo 


_Z {1 e(M?) dM? ; 
Gr(k) = — t= + [emi , (43.15’) 


Thus, we have obtained a representation of the photon Green’s 
function in the form of an expansion in terms of the Green’s functions 
for free particles of different masses. The quantity o(M7?) is essentially 
positive and can be interpreted as the density of states of a given mass. 

We see from (43.15) that @’(k) has a pole at k? = 0, Le., at a point 
corresponding to a real photon. 

The representation (43.15) implies that the function G’(k) has 
definite analytical properties. In order to establish these properties 
we utilize the fact that the function 4%,(k) can, in accordance with (17.41) 
and (17.19’), be separated into a real and an imaginary part 

AC (k) = 1 6(k?4+ M?)—iP 


1 
k2 +M? 
On substituting this expression into (43.15) we obtain a simple relation 
between the real part of G’(k) and the function o 


Re G’(k) = 2Z {6(k*) +0(—k*?) (—k4)}, (43.16) 
where 
(x) = 1, x>0Q, 
0, x <0. 
From this it follows, in particular, that 
=0 2 
Rear f{=% K>% (43.16’) 
>0, kK<0O. 
Further, we obtain 
_ Lf o(Myame ; 
Im G’(k) = ~2P let “et (43.16’’) 


Equations (43.16) and (43.16’) imply the following relation between 
the real and the imaginary parts of the photon propagator: 
1 7 ReG?(k’)dk’? 
I Y a a NT 
mG@”(k) = — { eee (43.17) 


—0o 
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From (43.15) we can also draw some conclusions with respect to 
the asymptotic behavior of G’(k) for large k®. Since o(M?) > 0, and 
if the integral fe?) dit = J converges, then G’(k) ~ (J/k®), where 
k* —» oo, However, if the integral J does not exist, then G”(k) falls off 
as k? + oo slower than 1/k?. 

We now proceed to obtain the expansion of the electron Green’s 
function G*(p) in terms of the free particle Green’s functions. 

In accordance with (43.12) we have for xy > yo 


Gea(x—y) = (Olpa(x)h,(y)|0). 
On utilizing (43.4) and (43.5) we obtain 
Gég(x—y) = 2d ENE Ou, (Dts (D)e?=—™, xq > Yo 
or 
Gig(x—y) = DS) E(p?, 5, DE(p?, 8, I) D) ule? (pyuger (py ei(=-v), 
pe " (43.18) 


where yu is the quantum number specifying the polarization, J is the 
parity, and s is the set of the remaining quantum numbers. 

Just as in the investigation of the photon Green’s function, we re- 
place the four-fold summation over p by the three-fold summation 
over p for a given pp= / ptm, and by a summation over M, 
i.e., we write (43.18) in the form 

Geg(x—y) = DY EE DS ule Due PAV PEM v0) 
M,s,f up 

For x9 <yo we obtain, on utilizing (43.6), an expression which 
differs from (43.18) by the replacement of x—y by y— x. Therefore, 
in the general case of arbitrary x) and y, the function G¢ has the form 


Gig(x—y) => Z, >» ule \(p)uge{p) oipisy)—tY pet me |to—vol 
Pee 
+ » &(—M?,s, DE (—M?, 5,1) 
M,S,T 


x Dy) ule (pyar D eR AY PTH loa (43.18’) 
Po 
Here the first sum refers to the state of a real free electron, so that the 
index s is absent from it, and J/= +i. 
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The sums over p and mw appearing in (43.18’) were evaluated in 
§ 19. Indeed, for /= 7 we have 
SCityap (x—y) 
Poe 
where 


Siu) (ey) = (27 cays [ Stn Pe" ” dp 
and 


1 
Seu) (Pp) = — . 
(0 = ago 
The states with J — —i differ by the fact that for them the amplitudes 


u satisfy the equation (ij—M)u=0, Therefore, the values of the 


sum for J = —i differ from the values for J = i by the replacement of 
Sty, by Sf-m), where 


1 
St_u)(p) = — 
— p+riM+0 

Thus, on introducing the notation 


yy YE(—M?, 5, + I) E(—M?, 5, 4-1) = Z,o(4 M)dM 
M s 


we can write the electron Green’s function in the form 
G(x—y) = 


Z| Sing) (XY) 


mo 


+ [o(M)Stx4)(x—y)dM+ fo( —M) Sey) (xy) dM} 


(43.19) 


The same expansion can obviously also be written for the Green’s 
function in the momentum representation, i.e 
cients in the expansion 


for the Fourier coefh- 
G-Y) = Gem, [Er Herne, 
VIZ. ! 


G(p) = —z,)..- «| en Lf roan (43.20) 
'|p—im,—0 p—iM—0 4 p+iM+0 
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We see from (43.20) that G*(p) has a pole at p?+m? = 0 corresponding 
to the state of a real electron. 

Expansions of the type (43.15) and (43.20) can also be obtained 
for the vacuum expectation values of the commutators (o| [A,, (x), 
A,(y)]j0) and the anticommutators (Ol{ep, (x), p,(9)}10). By preceeding 
in the same fashion as in the derivation of formulas (43.15) and (43.20) 
we obtain 


co 


(O1fA,@), A,OII0) = Z {D,.x—) + fo(MA cacy ,(x—y aM, 


(1b. 0), Hp O)}10) = Z, {Sap @—W)+ | 16D) Serryop(X—9) 


mo 


+6(—M)S-syp(%—y)ldM}, (43.21) 


where the functions 4,,. and.S,,,, are defined by formulas (17.37) and 
(19.5). In particular, for x9 = yo the following commutation relations 
follow from the above expressions: 


(O\[A, (x, 0, A,(», D110) = 0, 


| CO 
(0 |Avcs 1), CA, 0} == —idudee—»Z(1+ foam), 


Ot 


(Of. 0, Dy(. D}10)=745,p5(e-y) Z 1+ f [o(M)+0(—M)] dM}. 


Meo 


On comparing these formulas with the commutation relations (22.5) 
we obtain expressions for the constants Z and Z, 


Z-1 = 14 fo(M*)dM?, (43.22) 
Zz = 1+ | [o(M)-+0(—M)\dM. (43.22’) 


Since 9(M?) is an essentially positive quantity, it follows from this 
thatO<Z<1. 

Equation (43.22) can be interpreted as the condition that the system 
of wave functions for a given value of the momentum k be complete. 
Indeed, in the case of a noninteracting electromagnetic field there 
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exists only one value of the energy kj= |k|, and therefore Z= 1. 
The interaction adds states of energies ky = e+ Me, with their density 
being given by Zo(M?). Therefore the condition for the completeness 
of the system assumes the form (43.22). 

Let us also consider the problem of the transformation of the electron 
Green’s function under the gauge transformation A, > A,+04/0x, 
(116), where y is an arbitrary scalar function. 

The operator of the electron-positron field y transforms in this 
case in accordance with y > pe’. Therefore, the gauge transformation 
for the Green’s function has the form 


G(x, x!) = GIP (x— x’) (1 T (ee) e140) 


where G(° (x —x’) is the Green’s function corresponding to the transverse 
gauge for the electromagnetic potentials, ie., d,= 0 (ef. (17.21)). 

On expanding x(x) in plane waves and on utilizing relations (17.12’) 
we can easily show that the last factor in the expression for G'®) (x, x’) is 
equal to exp(ie?[B(0)—B(x—x’)]) where 


2 
B(x—x') = [EP cmeo are. 


Therefore, the gauge transformation for the electron Green’s function 
can finally be written in the form 


G')(x—x') = Gl (x—x’) exp (ie? [B(O)—B(x—x’)]} (43.23) 


43.3. Connection between Propagators and the Scattering Matrix. 
Integral Equations for Propagators 

The foregoing matrix elements of the field operators A, b,w and 
their products were defined in the Heisenberg picture. They can be 
determined most simply in a unique and relativistically invariant 
manner in this particular picture, since only the operators depend on 
the time, while the wave functions (the state vectors) are constant. 

We now express these matrix elements in the interaction picture. 
In order to do this we use the transformation formulas 


P(t) = S(t, —oo)@°, 
F(x) = S71 (x9,—°°) F(x) S(%o, —oo), 
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or 
F(x) = S“7(F(x)S), (43.24) 


where S = S(co, —oo) is the scattering matrix and T is the chronological 
operator. From this it follows that the matrix element (r| FC |r’) has 
the following form in the interaction picture: 


(r| F(x) |r’) = (©, S47 (F(@)s) o>, (43.25) 


where ®? denotes the constant wave function for the system of fields 
in the stationary state r. Since it is assumed that at time ¢ = —oo there 
is no interaction between the fields, the state vector ®° can be regarded 
as coinciding with ®,(—co), where ®,(1) is the wave function for the 
system of fields in the interaction picture describing the state r. 

In the case of stationary states ®, (00) may differ from @,(—co) = ° 
only by an inessential phase factor, i.e., 


where the absolute value of the quantity 7, = (®°, SH°) = (r|S|r) is 


equal to unity, |A,|= 1. 
Thus, we have 


(r| F(x) |r’) = “sn (r| T(F(x)S)|>") (43.27) 

In the derivation of this formula we have made no distinction between 
the instant at which the interaction between the fields is switched on, 
and the instant when the wave function of the system in the Heisenberg 
picture coincides with the wave function in the interaction picture. 
However, a more consistent approach is a somewhat different one, 
based on the adiabatic hypothesis, according to which at t= —oco 
the interaction between the fields is switched on infinitely slowly, as 
a result of which the wave functions in the two pictures — the Heisenberg 
and the interaction picture—coincide not at f= —oo, but at some 
finite value of the time, when the interaction has been completely 
switched on. However, such an approach does not change the result 
(43.27). We must only keep in mind that for the evaluation of the matrix 
element (r|F(x)|r’) in the Heisenberg picture we must utilize the eigen- 
functions of the total Hamiltonian for the system of fields H, which 
describe the states for r and r’, while for the evaluation of the matrix 
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element (r| T(F@)S) r') in the interaction picture we must utilize the 
eigenfunctions of the unperturbed Hamiltonian Hy which also refer to 
the states r and r’. 

Similarly, it can be easily shown that for a product of two operators 
F,(x) and F,(y) the matrix element connecting the two stationary 
states r and r’ has the form 


(r/7(F.C) F,())Ir’) = (r] 7(F@) FO) 8) 


In particular, the propagators defined earlier can be expressed in the 
interaction picture in the following manner: 


Gép(x—y) = (0) T(y,) Hp) S)|0), (43.29) 
Gi,(x—y) = (0|7(4,) 4,0) §) 0). (43.30) 


r') {S| (43.28) 


(Here, and in future, we omit the factor (0|S|0)~! where the index 
0 denotes the vacuum state for the free fields.) 

We can use these formulas to establish the relation between the 
propagators and the scattering matrix. 

In Chapter IV we have obtained a general expression for the scattering 
matrix in the form of a chronological product of field operators. But 
every specific electrodynamic problem is asscciated with expanding 
the scattering matrix in terms of normal products. The only way of 
doing this is to take the series expansion of the scattering matrix 
and to expand its terms in normal products one at a time. However, 
in principle we can consider an exact expansion of the scattering matrix 
in terms of normal products. Such an expansion must be of the form 


S = » Km, naey Xp Vis sea Vas &,., eney E,) 


XN (PO4),- OR POD. 5 PO ACE), ACS). (43.31) 


For the sake of brevity we have omitted here the spinor indices 
on y and » and the vector indices on A; the quantity K'”) is a spin 
tensor of the 2nth rank and a tensor of the vth rank, i.e., a quantity 
having 2n spinor indices and » vector indices. (The number of times 
that y appears as a factor in each term is, in accordance with expression 
(22.4) for the current, obviously equal to the number of times that » 
appears as a factor.) 
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The expansion coefficient K‘*-”) obviously defines the exact expression 
for the matrix element of a process in which the total number of electrons 
and positrons in the initial and final states is equal to 2n, while the 
number of photons is equal to », 

As an example we consider the Compton effect. By utilizing the 
expressions for the matrix elements of the operators y, ~ and A we 
obtain, in accordance with (43.31), the following expressions for the 
matrix element: 


Si.¢ = 4,(ky) ag (ky)u(p2) {Ki (— Po, Pi, ky, —ke) 
+Ki” (— pe, Pis —k,, k,)} u(p,), (43.32) 


where K":2)(q,, 9.,f,, 2) is the corresponding Fourier component 
of K®:?) 


K22(q,, Garhi, fe) 
_ fK20(, yy Ey, Ey) elattavthibrthes) dy dry dié, dé, , 


while u(p) and a(k) are the amplitudes of the electron and photon 
States. 

The matrix element for any process can be expressed in a similar 
manner. Let there be n, electrons and n, positrons in the initial state, 
and n—n, electrons and n-—n, positrons in the final state. Further, 
we denote the total number of photons in the initial and the final states 


by v. Then we have 


Siyp= [KM G, see a) W(x, sae Xn) 
KYO, es KN P(E, ..-5 &) dix, ... HE,, 


where ¥ is the antisymmetrized wave function (in configuration space) 
for the electrons in the initial state and for the positrons in the fina] 
state, Y”’ is the antisymmetrized wave function for the electrons in the 
final state and the positrons in the initial state, and @ is the symmetrized 
wave function for the photons in both the initial and final states 
PY, 
Y(Yy5 e+6s Yn) = (Pr) «-- U(Pp,)O(—Pyyst) - U(—Pp) N(E)Et 
—iy pir, 
P(X 5 oy Xa) = U(—p}) -- O(— Pp, )U(Dy a1) U(p,) S (Le? 


® = Salky)... alk en, 
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The quantities K° and K*) which are called the electron and 
the photon self-energy functions will be of particular importance for 
us. We denote them in the following manner: 


Kay, V) = 2y6 V3 Kae (E15 $2) = yy (Er, $2). (43.33) 


The quantity 2 depends on two spinor indices a, B and on two four- 
dimensional coordinates, and in the absence of external fields it obvi- 
ously depends only on their difference: X(x, y) = X(x—y). Its Fourier 
components, therefore, depend on only one variable (momentum). 
We denote them by 2(p). 

The quantity [7 depends on two vector indices yw, v, and also on the 
difference of coordinates //,,(x, y) = I1,,(x—y). Its Fourier components 
are functions of one momentum. We denote these components by 
Ty (k)- 

The function 2 is simply related to the electron propagators G*. 
In order to establish this important relation we substitute into the 
expression (43.29) for the function G* the expansion for the scattering 
matrix (43.31): 


Gog(x—Y) 

_— , , va ! ! ry | 
=(0!7{y,@)¥,0)N|1— [2.6 —y vs, dix! dy’ + ---]}0). 
In accordance with the rules of § 24 the mixed T-products appearing 
in the right hand side of this equation can be expanded in terms of 
N-products. Since the vacuum expectation value of any N-product 
is equal to zero, all the terms will vanish, except the first two for which 


explicit expressions have been given earlier. 
Further, by utilizing the equations 


(0; 7(y.2)%p(9))|0) = Sé(x—y), 
(017 {p(X ¥ ON [ps(r')¥,(x')]} [0) = —Ss,(x—x') $5,009). 
we obtain 
G*(x—y) = S*(x—y) + f S°(x—x') S(a'—y') Se(y'—y) dx! dy’. (43.34) 


In the momentum representation expression (43.34) assumes the 
form 


G*(p) = S*(p)+S°(p)S(p)S(p). (43.35) 
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In a similar manner we can obtain the relation between G” and /7. 
On substituting (43.31) into (43.30), we obtain 


Gy, (x—y) = Dé, (x—y)+ f Di (x—x’)T,,, (x —y’') DS, —y) d3 x’ diy’. 
(43.36) 


In the momentum representation relation (43.36) assumes the form 


Gi (k) = Dik + Daa lk) ia (k) DG, (). (43.36’) 


ey 
We have shown earlier (cf. (43.14)) that we can confine our discussion 
only to the transverse part of the function G’(k), which satisfies the 
relation GY,k, = 0, since the longitudinal part is an arbitrary function 
which coincides with the corresponding function in the absence of 
interaction. Therefore, the photon self-energy function must also satisfy 
the condition of transversality, or, in other words, the quantities D®,(k), 


bey 


kk 


Gy,(k) and IT, (k) are proportional to the tensor J,, = a ae 


Gi) = ov(0, "ek 


Dik = 0°05, 


I,,(k) = 11(0)5,, "x". 


Since J,,J,, = J,, equations (43.36) and (43.36’) can be rewritten 
in the form of relations between scalar functions 


G’(k) = D(A) +D°(k) Ti) Dh, (43.37) 
or in the coordinate representation 
G’(x—y) = D°(x—y)+ { D°(x—x'T('—y')D°("'—ydtx'dty’, 
(43.37’) 


We now define the quantities M(p) and P(k) related to 2(p) and 
IT(k) in the following manner: 


14+S°(p)2(p) = (1+iS°(p) M(p))73, 
1+D°(k)I1(k) = (1+iD°(k) P(k)) > 
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or 
5(p) = —iM(p)1+iS*(p)M(p))-3, 


(43.38) 
IT(k) = —iP(k)(1+iD*(k) P(k)) 1. 
Then relations (43.35) and (43.37) assume the form 
G*(p) = S*(p)—iS*(p) M(p)G*(p), 
G’(k) = D°(k)—iD°(k) P(k) G"(k), (43.39) 
. 1 | +iM (p) 
Gp) S*(p) Pi 
|! |! (43.40) 
+iP(k). 


Gi Dk 
Equations (43.39) for the Green’s functions were obtained by Dyson 


(53). In the coordinate representation equations (43.39) assume the 
form of integral equations 


G*(x—y) = S°(x—y)—if S*(x— x") MX’ y") (yy) dx’ dy’, 
(43.41) 
G?(x—y) = D°(x—y)—i [ D°(x—x') P(x’ —y)G7(y'—y) dx’ dy’. 


These integral equations can be rewritten in integro-differential 
form, which enables us to establish their connection with the Dirac 
and the d’Alembert equation. In order to do this we multiply the first 
of equations (43.39) by —1/S°(p) = p—im. We then obtain 


(p—im—iM(p))G*(p) = —1 (43.42’) 


In order to obtain the corresponding equation in the coordinate repre- 
sentation we apply to the first of equations (43.41) the differential 
operator p — im = —iyd/dx,—im. Since (cf. § 18) (p—im) S*(x—y) 
= —dé(x—y), then 


(P—im) G*(x—y)—i | M(x yyy’ = —4 (xy). (43.42") 


If we denote by M the integral operator whose kernel is the function 
M (x—y), i.e., MG*(x—y) =] M(x- y’)G(y'—y) dty’ then equation 
(43.42'") can be rewritten in the following form 


(p—im—iM)G*(x—y) = —d(x—y). (43.42) 
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Equation (43.42) shows that the electron propagator is the Green’s 
function for an equation similar to the Dirac equation (p—im—iM)y = 0 
but differing from the latter by the addition to the mass m of the oper- 
ator M. For this reason the operator M is called the mass operator. 

We transform the equation for the photon propagator in an 
analogous manner. On multiplying the second of equations (43.39) by 
1/D°(k) = ik? we obtain 

i(k? + P(k))G’(k) = 1. (43.43’) 


On applying to the second of equations (43.41) the operator i [J 
= 10?/éx?. and on utilizing the equation (cf.§ 17) —i 1) D*(x—y) = 6(x—y) 


we obtain 
i(—T+P)G"(x—y) = 6(x—y), (43.43) 
where P is an integral operator whose kernel is the function P(x—y),i.e., 
PG?(x—y) = f P(x—y')G"(y'—y) ay’, 


We see that iG’(x—y) is the Green’s function for the equation 
(— [J+P)A = 0 which in macroscopic electrodynamics describes the 
propagation of electromagnetic waves in a medium whose polar- 
ization properties are described by the operator P. Therefore the operator 
P is called the vacuum polarization operator or the polarization operator. 

We can say that the mass operator M describes the interaction of 
the electron with its own electromagnetic field. This interaction consists 
of emission and absorption of virtual photons. In a similar way we can 
say that the polarization operator P describes the interaction of a photon 
with the electron-positron field. This interaction consists of creation 
and annihilation of virtual pairs. 

In conclusion, let us also derive the equation satisfied by the matrix 
elements of the Heisenberg field operators corresponding to a transi- 
tion from vacuum to a single electron or a single photon state. We begin 
with matrix element (0|W(x)|r) = (0|T(y(x)S)|r). On substituting for 
S the expansion (43.31), and on carrying out the same operations which 
lead to the equation (43.34) for the function G* we obtain 


Olb)|r) = Oly@In+ f SO —x)ZX' VOLVO) 1 atx’ aly’ 


Going over to the momentum representation and utilizing the 
notations 


(Olep(x)[r) = u(pye'**, Ol p(x) |r) = ure, 
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we obtain 
u(p) = u(p)+S°(p)2(p)u(p). (43.44) 


We obtain an analogous relation also for the matrix elements 


(r|p(x) |0)= we”? and = (0| A(x) |r) = a(k)e* 
u(p) = u(p)+u(p)2(p)S*(p), (43.44°) 
a(k) = a(k)+ Dk) LH(kK)a(k). 


On introducing the mass and the polarization operators M and 
P we obviously get the equations for u(p) and a(k) 


u(p) = u(p)—iS*(p)M(p)u(p), 


a(k) = a(k)—iD°(k) P(kK)a(k). (43.45’) 


In the coordinate representation these equations are integral equa- 
tions. Since (ip-+-m)y = 0 and (:A =O they are equivalent to the 
integro-differential equations 


(ip +m+M)(0|P(x)|r) = 0, 


(—Cj}+P)OlA(x)|r) = 0. (43.45) 


We see that these equations differ from the equations for the correspond- 
ing propagators by the fact that they are homogeneous, while the equa- 
tions for the propagators contain inhomogeneities in the form of 
6-functions. In other words, the propagators are the Green’s functions 
for the equations for the matrix elements. 


43.4. Electromagnetic Mass of the Electron 


We have previously (cf. subsection 43.1) defined the electron mass 
m, as the energy of the lowest state of the system of interacting fields 
having a unit charge and zero momentum. Obviously, the quantity 71, 
need not coincide with the ‘‘mechanical’’ mass m of an electron which 
is not interacting with the electromagnetic field. Indeed, the mechanical 
electron mass plays the role only of a constant which appears in the 
equations of quantum electrodynamics and which does not directly 
determine the energy levels of the system of interacting fields. The 
difference between m, and m may be called the electromagnetic electron 
mass. 
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We now establish the relation between m, and m. In order to do this 
we make use of the spectral representation of the electron propagator 
(43.20). For values of p? close to —m? we can retain in (43.20) only the 
first term, i.e., 

1 
Spy 
We compare this expression with (43.40) 


= Z7\(p—im,, p?+m— 0. (43.46) 


1 A. . 
Cp p—im—iM(p). (43.47) 


The mass operator in the momentum representation M(p) is a matrix 
which depends on the four-vector p. Such a matrix can be written as 
M(p)= c,-+¢e.p, where c, and c, are scalar functions depending only 
on p?. 

The preceding expression can be written in the convenient form 


—iM (p) = a(p*) (p—im,)—ib(p?). (43.48) 
When p?+-m2>0 we can replace the functions a(p*) and b(p?) by 
their values for p? = —m?. On introducing the notation a(—m?) = ay; 


b(—m?) = 6m, we obtain from (43.46), (43.48) 
or 
m, = m+om, 


43.49 
Zy) = atl. (43.49) 


These formulas express the electromagnetic electron mass m,—m, 
and also the constant Z, in terms of the mass operator M(p). 

We now investigate the expansion of the photon propagator in the 
neighborhood of the point k? = 0. On retaining in (43.15’) only the 
first term we obtain 


1 
——.— = iZ1k?. 43.50 
On the other hand, it follows from (43.40) that 
— i(k?-+P(k)). (43.51) 


Gk) 
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In the neighborhood of the point k? = 0 the polarization operator 
can be written in the following form: P(k)= P(0)+ Bk?. On substituting 
this expansion into (43.51) and on comparing with (43.50) we obtain 


aP 
—1 — _— _ ) 
Ze alt B= {SF} (43.52) 


P(0)=0. 


If the second of relations (43.52) were not satisfied, then the expansion 
(43.50) would also not hold, and the photon Green’s functions would 
have a pole not at k? = 0, but at k?+ P(0) = 0, ie., the photon would 
have a rest mass. The equation P(0) = 0 is associated with the gauge 
invariance of the theory, whose significance lies in the fact that all 
physically observable quantities can depend only on the electromagnetic 
field tensor F,,(k) = k,A,(k)—k,A,(k), and not on the potentials 
A,,(k) themselves. Therefore, physical quantities must vanish when 

= 0. Since P(k) depends only on k?, we have P(0)= 0. 

We can also associate this property of P(k) directly with the trans- 
versality of the self-energy function IT, (k). 

On assuming that the transverse tensor P,, = P(k) (6,,—(k,,k,/?)) 
has no singularities at k = 0, we can write it in the form 


Py (k) = Py (k?) (k? Sw —Kyk,)» 
where the function P,(k?) is finite at kK? = 0. From this it follows that 
P(e?) = k*P,(k*) > 0 = =for k?=0. 

In conclusicn we return to’the investigation of the matrix elements 
(O|p(x)|r) and (O|A(x)|r). We have seen that they satisfy equations 
(43.45). On utilizing the properties of operators M and P for k2?=0 
and p?+m? = 0, we obtain 

(ip+m,)O|PO)|r) =0, 
Li(0|A(x)| 7) = 0, 
ie., the equations for noninteracting fields. Since these equations are 
homogeneous we cannot, of course, obtain from them relations between 
the amplitudes wu, u, a and the corresponding amplitudes for free fields 
u, u, a. However, we have already obtained such relations earlier (cf. 


(43.10)). These relations contain the universal constants Z, and Z 
whose meaning and significance will be elucidated later. 
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§ 44. Structure of the Scattering Matrix 


44.1. Self-Energy Parts of Diagrams 


The higher order diagrams for the scattering matrix have a complex 
structure. Therefore, it is very useful to break up these diagrams into 
parts, and to investigate successively those more or less complex parts 
which may appear in diagrams for different processes. A study of the 


Fig. 55. 
(1) — 
(2) {ey 
(3) ‘ 


(5) 


Fig. 56. 


properties of such parts and the evaluation of quantities corresponding 
to them enable us to obtain solutions for a large number of electrody- 
namic problems in higher order approximations. 

In doing this we must keep in mind that in higher order diagrams 
we may completely leave out of consideration those parts which contain 
no external lines, and which are not connected by electron or photon 
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lines with the principal part of the diagram. Indeed the totality of all 
such parts, which are called vacuum parts, will contribute to the matrix 
element the factor (0|S|0) =: (®8, S®9), of absolute value equal to unity 
by virtue of (43.26). 

Of the greatest importance are those parts of the diagram which 
are called the electron self-energy, the photon self-energy, and the 
vertex parts. We now give their definitions. 


Fig.58, 


We call a part of the diagram which is connected to other parts by 
two electron lines only an electron self-energy part. 

An electron self-energy part is shown schematically in the form of 
a square in Fig. 55. Fig. 56 shows electron self-energy parts of the 
second and fourth orders. 

We call a part of the diagram which is connected to other parts by 
two photon lines only a photon self-energy part. 

A photon self-energy part is schematically shown in the form of 
a square in Fig. 57. Fig. 58 shows photon self-energy parts of the second 
and fourth orders. 
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We denote by 2, the quantity in the matrix element which cor- 
responds to the electron self-energy part W. This quantity is a second 
rank spinor (a four-rowed matrix in the spin variables) which depends 
on the four-momentum p of the incoming or the outgoing electron 
line (the momenta corresponding to the incoming and the outgoing 
lines are equal by virtue of the law of conservation of momentum) 
Ly = 2 y(p)- 

It can be easily shown that the totality of quantites corresponding 
to all the self-energy parts W coincides with the self-energy function 
which we have defined in the preceding section 2(p)= »'2,,(p). 

Ww 


Indeed, the term containing X in the expansion of the scattering 
matrix (43.31) corresponds exactly to the totality of all diagrams 
terminated by two electron lines. 

We consider a diagram containing an internal electron line joining 
two points A and B. In higher order approximations diagrams will 
appear in which there are inserted between A and B various self-energy 
parts W. We can describe the whole set of sueh parts joining A and B by 
means of a single effective electron line. We shall represent it by a thick 
solid line. By definition such an effective line is determined by the 


8 A 8 A 8 A 
oie = —_— + 
Fig. 59, 


graphical equation shown in Fig. 59 where the square represents the 
self-energy function . From this equation we see that the effective electron 
line represents the electron propagator G*. Indeed, Fig. 59 implies the 
relation G°(p) = S°(p)+S*(p) £(p)S*(p), which coincides with (43.35). 
The same result can also be obtained with the aid of the definition of 
the propagator G*(x—y) = (0|7(y~) ¥O)S)!0), since if we expand 
the scattering matrix S into a perturbation theory series we will obtain 
from this definition a set of expressions corresponding to all possible 
diagrams which begin with an electron line at the point A and terminate 
with an electron line at the point B. 

At this point, let us consider the external electron line of a diagram 
which joins the rest of the diagram at the point A (Fig. 60). In higher 
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order approximations diagrams will appear in which between the 
point A and the external line there will be inserted various self-energy 
parts. The set of all such diagram parts can be described by an 
effective external electron line defined by the graphical equation shown 
in Fig. 61. It can easily be shown that the external electron line represents 


Or Orth 


Fig. 60. 


Fig. 61. 


the matrix element of the Heisenberg operator or wb. Indeed, Fig. 61 
implies the relation u(p) = u(p)+S)(p)2(p)u(p), which coincides 
with (43.44). We can also obtain the same result by considering the 
graphical representation of the matrix element (O|W(x)|r) = (O|TyS|r). 

This result is very important since it eliminates the necessity of 
considering those diagram parts which can be replaced by effective 
external electron lines. The matrix elements of the operators) and p 
which correspond to effective external lines are defined by formulas 
(43.10). 

If we cannot break up an electron self-energy part into smaller parts 
interconnected by only a single electron line we call it a compact electron 
self-energy part. Examples of such parts are shown in Fig. 56 (1, 3, 4, 5). 
The electron self-energy part shown in Fig. 56 (2) is not compact, since 
it can be broken up into two compact parts. 

We denote by 2% the quantity which corresponds to a compact 
electron self-energy part W. We also define the entire compact self- 
energy part as the sum of all the compact parts £* = )'2*. 


Ww 
The function 2*(p) is simply related to the mass operator M(p) 
which we have defined earlier. In order to establish this relation we 
construct the self-energy function 2 from the functions 2* correspond 
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ing to the compact parts. This can be done in accordance with the 
schematic diagram of Fig. 62, where the square corresponds to X and 
a rectangle to &*. This schematic diagram corresponds to the infinite 
series 2 = L*4S*S°L*+ S*SeL*SeL*+ |... on summing which we 
obtain 2 = 2*(1—S°L*). On comparing this last equation with 
(43.38) we see that 2*(p) = —iM(p). 

The definitions given above and the resultant relations may be 
transferred completely to the case of the photon self-energy parts and 
photon lines. 


| f= |. Fu: LH H |+- 


We denote by JJ, the quantity which corresponds to a definite 
diagram of a photon self-energy part W. The quantity /7,, is a four- 
dimensional second-rank tensor, and is a function of the momentum 
of the incoming and outgoing photon lines. We call a photon self- 
energy part compact if it cannot be broken up into parts joined by only 
a single photon line. Figure 58 shows photon self-energy paris of the 
second and fourth orders. The self-energy parts of Fig. 58 (1, 3, 4) 
are compact, while the self-energy part of Fig. 58 (2) consists of two 
compact parts. We denote by /7* the quantity which corresponds to 
a compact photon self-energy part W. 

Just as in the case of electron self-energy parts, the totality of all 
photon self-energy parts corresponds to the function /1(k) = )'/7,(k), 

Ww 


which coincides with the photon self-energy function defined in the 
preceding section. 

The totality of all the compact photon self-energy parts corresponds 
to the function [7*(k) = )’I7*(k), which is related to JI(k) by 
IT = [T*+ IT* De IT* + = I — Dir), ie., on the basis of 
(43.38) we have [7*(k) = —iP(k), where P(k) is the polarization 
operator. 

We also define an effective photon line joining points A and B of 
a diagram as the totality of all the photon self-energy parts together 
with the two photon lines joining them to the points A and B. We 
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represent an effective photon line in our diagrams by means of a thick 
broken line. 

The quantity in the matrix element which corresponds to an effective 
internal photon line is the photon Green’s function G’(k). Fig. 63 shows 
the graphical relations between G”, /7 and /1*, corresponding to equations 
(43.37) and (43.39). 


Fig. 63. 


The external effective photon line is related to the self-energy parts 
by the same relations which are shown graphically in Fig. 63 and which 
are equivalent to equation (43.44’). Because of this we can leave out 
of consideration those parts of the diagram which are equivalent to 
external photon lines, since the latter correspond to the matrix elements 
of the operator A which are determined by formula (43.10). 


44.2. Vertex Parts of Diagrams 


We shall call a part of a diagram which is connected to the other 
parts by two electron lines and one photon line a vertex part. In Fig. 64 
the vertex part is shown schematically in the form of a triangle. 


Fig. 64. 


Vertex parts can also be divided into compact and noncompact 
parts. The former are those diagrams which cannot be divided into 
parts interconnected by only one electron or photon line. Noncompact 
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vertex parts can be regarded as combinations of a compact vertex part 
with effective electron or photon lines. Therefore, in future we shall 
use the term vertex part to refer only to compact vertex parts. Figure 
65 shows vertex parts of the third and fifth orders. 

We denote by A, the quantity which corresponds in the matrix 
element to the vertex part Y, and we denote the sum of all the compact 
vertex parts by A = x A, We call the quantity corresponding to the 


totality of vertex parts and to an ordinary vertex diagram (which cor- 
responds to the factor y) the vertex function, and we denote it by J, 
where ['= y+A. 


yo (2) (3) | 
_A_ —_fx< — 
(4) 3 (5) (6) ; 
(7) | (8) 
i Fig. 65 — 


The matrix A, like the matrix y corresponding to a simple vertex 
of the diagram, has one vector index (4) and two spinor indices (a, f): 
A=A,=A,,,9 and is a function of two electron momenta (p,, Pe) 
and one photon momentum (k) corresponding either to external or 
to internal lines, by means of which the vertex part is joined to the 
rest of the diagram: A = A(p,, p2; k). In virtue of the law of conserva- 
tion of momentum these quantities are related by py—p2= k. 

In the coordinate representation A is a function of two differences 
of coordinates of the three points defining the vertex part of the diagram. 

It is useful to divide the self-energy and the vertex parts defined 
earlier into two further classes: reducible and irreducible. We call 
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a part which does not contain within itself any self-energy or vertex 
parts irreducible; in the opposite case we call it reducible. 

There exists only one irreducible electron self-energy part, viz., 
the second order self-energy part shown in Fig. 56 (/). It can be easily 
shown, for example, that the remaining diagrams of Fig. 56 are reducible. 


Fig. 66. Fig. 67. 


Thus, diagram 2is noncompact, diagrams 3, 4 contain self-energy parts, 
while diagram 5 contains a vertex part. Diagram 5 can be represented 
in one of the forms shown in Fig. 66 where the triangles denote vertex 
parts. 

Similarly there exists only one irreducible photon self-energy part, 
viz., the second order self-energy part shown in Fig. 58 (J). 


PORT 


ir ae 


Fig. 68. 


There exists an infinite number of irreducible vertex parts. Of the 
diagrams shown in Fig. 65 diagrams (/) and (2) are irreducible. An example 
of a more complicated irreducible vertex part is shown in Fig. 67. 

By utilizing the concepts of irreducible parts and effective external 
lines we can replace complex diagrams which we encounter in the 
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investigation of higher order approximations by skeleton diagrams 
in which effective lines vertex and self-energy parts have been segregated. 
Each one of these parts represents a set of diagrams of different orders. 

As an example we consider the fourth order Compton effect dia- 
grams shown in Fig. 68. The totality of these diagrams and of the second 
order diagram shown in Fig. 21 reduces to the single effective skeleton 
diagram shown in Fig. 69. This diagram corresponds tothe matrix element 


M= Z, Zea, dy, U2l" (petke, Pos Ka) G*(potka)l (Pi, Pi tk, ; ky) uy. 
(44.1) 


If we have second order approximation expressions for J’ and G 
it is sufficient to substitute these expressions into M and to neglect 
higher order terms in the product in order to obtain the sum of matrix 
elements corresponding to the diagrams of Figs. 21 and 68. 


k, ky 
V9 ‘ 

U 
\ / 

\ 
- mw a ko 
Po Py Pp p-k p p-k 
Fig. 69. Fig. 70. Fig. 71. 


With the aid of the vertex function we can construct a general expres- 
sion for the mass and the polarization operators. In order to do this 
we investigate the internal structure of the exact compact self-energy 
part. It can be represented by means of the skeleton diagram shown in 
Fig. 71. On the basis of this diagram we can write 2*(p) in the form 


E*(p) = ee | 7,G(P- WLP, PKs HG AK. (442) 


Similarly the compact photon self-energy part can be represented 
by means of the skeleton diagram shown in Fig. 71. On the basis of this 
diagram we can write the expression for //*(k): 


e 1 
~ (nyt 3 


sp {7,4 )T,(7, pki NG(p—W ap. (84.3) 
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On substituting (44.2) and (44.3) into (43.39) we obtain two integral 
equations relating the three quantites G*, G’ and I’ 


Gp) = SP) + ere $0) | 7,6XP-BID, PKs GD) 
xX GY, (k) dtk, 
; (44.4) 
GW) = DW + zeae PWSP7, | EW) 
xI',(p, p—k; k) G*(p—k) dtp Gk). 

If there existed a third equation defining the vertex part we would 
have a closed system of three exact equations of quantum electrodynam- 
ics. However, there is no such exact equation, since the exact equations 
of quantum electrodynamics are, in fact, not integral equations but 
functional equations (cf. § 49). 


1*=0 
| 
—_— ofl as 
p p p 


Fig. 72. 


However, we note that for k= 0 there exists a simple relation 
between the vertex part and the electron self-energy part known as 
Ward’s identity (202) 


A,(P; p30) =a (44.5) 


from which on the basis of (43.40) it follows that 


7) 1 
I (yp, p39 = -~— em) 44.6 
In order to prove sananen (44.5) we use the identity 
OS(P) _ ce ; ‘ 
oD, —S°(p ap, (5 ,) (p) = S*(p)y,S°(p). (44.7) 


The function S*°(p) is represented graphically by an electron line. The 
right hand side of this identity corresponds to a diagram consisting 
of two lines with identical momenta and of one vertex (Fig. 72). This 
establishes the relation between the diagrams corresponding to the 
function S‘(p) and its derivative. 
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We now consider a compact self-energy part W, for example the 
one shown in Fig. 73. We choose the momenta corresponding to the 
variables of integration in such a way that the momentum p should 
appear in each segment of the solid line joining the initial and the final 
points of the diagram (Fig. 73), Differentiation of the factors correspond- 


ing to different segments of this line will give us the complete set of 
vertex parts which can be constructed by adding photon lines to the 
different electron lines forming the diagram W (Fig. 74). The electron 
lines forming closed loops will not take part in the differentiation. 
But such loops cannot lead to vertex parts. Indeed, on the basis of 


te eee — 
_ —— <—_~_+ < —— 7 
See a an aa 
Fig. 74. 


Furry’s theorem (cf. subsection 25.4) we need take into account only 
closed loops with an even number of vertices. But differentiation adds 
an extra vertex, and, therefore, all such diagrams may be neglected 
on the basis of Furry’s theorem. 

We have thus shown that the set of all the compact self-energy 
parts gives on differentiation the set of all the nonvanishing vertex 
parts, ie., relation (44.5). 

Relation (44.6) also enables us to obtain an expression for J",,(p, p ; 9) 
in the case p?-+m? = 0, ie., in the case when the vertex part terminates 
by an external electron line. In this case G*(p) is equal to expression 
(43.46), on differentiating which we obtain 


D(p.P30) = ZY. petme= 0. (44.8) 
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44.3. Renormalization of Electron Mass 

The difference between the energy spectra of the free electron- 
positron field and of the electron-positron field interacting with the 
electromagnetic field, which manifests itself in the difference between 
the masses m and m,, introduces difficulties into the solution of prob- 
lems of quantum electrodynamics, since the usual scattering theory 
methods assume that the energy spectrum of the system is independent 
of the perturbation. 

However, in spite of the difference between the masses m and m1, 
it is possible to redefine the unperturbed system in such a way that 
the noninteracting electron will also have the mass m,. This is carried 
out by the following simple method, which is called mass renormali- 
zation. 

We write the Lagrangian density for the system of interacting fields, 
as before, in the form L = L.+L,+L,, but introducing the following 
change of notation. We interpret L, as the Lagrangian density for 
a free electron of mass m, 


L, = p(ip+m)y = plip-+m)ypt omy. (44.9) 
We subtract from L, the term dmyy added to L, 
L, = iepAy—dmipy. (44.10) 
Then the scattering matrix assumes the form 
S— Te Juats) _ Tle tS eaettim Jovats (44.11) 
The matrix elements of S will contain in addition to the ordinary 
three line vertices corresponding to the first term of (44.10), in which 


two electron lines and one photon line meet, also two line vertices (in 
Fig. 75 such a vertex is shown by a cross). In such vertices correspond- 


Fig. 75. 


ing to the second term of (44.10) only two electron lines meet. The addi- 
tional term in L, obviously leads to only one additional irreducible 
diagram representing an electron self-energy part. Every diagram 
containing an irreducible electron self-energy part now has a similar 
diagram added to it in which the irreducible self-energy part is replaced 
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by the self-energy part shown in Fig. 75. Therefore, we can introduce an 
irreducible self-energy part renormalized with respect to its mass which 
consists of a sum of self-energy parts corresponding to Fig. 56 (/) and 
Fig. 75. It corresponds to the function Z@)’(p) = Z)(p)—idm. 

We now consider an arbitrary reducible compact diagram W for 
an electron self-energy part. We can evaluate X,, according to the for- 
mer by identifying m with m,, and by making each irreducible compact 
self-energy part correspond to the function 2’, and not to the function 
2’), After this has been done, the self-energy part of Fig. 75 must 
be added to the diagram as a whole. 

The renormalization of the mass leads to the replacement of the 
mass operator M(p) by M,(p)= M(p)—dém. For p= po, where 
P§ = —m? we have in accordance with (43.48) M,(po) = do(ipypt+m,), 
where a) = Z;!—1. 

The quantity M,(p) can be expressed in terms of the vertex part 
A(p, p; 0)= AG). On utilizing expressions (44.5), we obtain 


Pp 
M,(p) =i { A,(g)dq,+40(ibotm,), (44.12) 
Po 
where the integration is taken along an arbitrary curve joining the 
points po and p. 


§ 45. Renormalization of Electron Charge 


45.1. Physical Charge of the Electron 

We have already seen that because of the interaction between the 
electron and the electromagnetic field the electron mass m, dces not 
coincide with the constant m appearing in the equations of quantum 
electrodynamics. We shall now show that neither is the constant e 
which appéars in the equations of quantum electrodynamics and in 
the scattering matrix the actual electron charge, and we shall obtain 
the relation between the constant e and the charge of the electron. 

The physical charge of the electron can be determined by investigat- 
ing the scattering of electromagnetic waves of low frequency k by an 
electron at rest. This process is a purely classical one and no quantum 
corrections should be necessary in the limiting case k > 0. It is, therefore, 
natural to define the physical charge of the electron e, as the coefficient 
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appearing in the Thomson formula for the effective scattering cross 
section for a photon of k= 0 


We shall show that the exact solution of this problem in quantum 
electrodynamics leads to the Thomson formula with the following value 
of the charge e, expressed in terms of the constant e: 


e, = Ze, (45.1) 
In order to prove (195) this fundamental relation we consider all 


possible diagrams describing the scattering of a photon by an electron. 
We divide such diagrams into three classes (Fig. 76): 1) diagrams which 


Fig. 76. 


can be reduced to the skeleton diagram of Fig. 69. 2) diagrams which 
Tepresent compact electron self-energy parts, to the electron lines of 
which two external photon lines are connected, 3) diagrams in which 
the external photon lines are connected to closed electron loops. 

Diagrams of the latter type give no contribution to the matrix element. 
Indeed, diagrams of this type containing loops with an odd number 
of vertices may be left out of consideration in virtue of Furry’s theorem. 
Other diagrams of this type containing an even number of vertices 
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(cf., for example, Fig. 76 (3, 4)) are related for k = 0 by expression 
(44.5) to diagrams containing loops with an odd number of vertices, 
and, consequently, also give no contribution to the matrix element. 

We now consider matrix elements corresponding to diagrams of 
the first and second type. The matrix element corresponding to a dia- 
gram of the first type can obviously be written in the form 


M, = ZZ, eu, (I, GL, +1, GL) uy a;,42,. 


Since we are considering the case k = 0, then on the basis of Ward’s 
identity the matrix element corresponding to a diagram of the second 
kind is of the form 


_ eL*( 
My = 220i 2) yy, Ge, 
By utilizing expressions (44.5), (44.6) it can be easily shown that 
@L*(p)  — PG" "(p) 
op, Op, op, Op, 
Further, on utilizing the expression 
0G* 
LEP) G*(p)l",, (P, p, 0G" (Pp), 
op, 
we obtain 
OG? ag 
—_— eT eT e eT Gr Ge — G* — GC’. 
Op, OP, la a le ap, op, 
From this it follows that 
oRL* OCG 1 
L,G@I, +L, 6,0, = Ge" ° 
Op, ep, uP, Bp, dp, et Gita = op, ©p, 


Therefore, the sum of the matrix elements M, and M, can be written 


in the form 
M= M. + M. = ZZ,e7u Ge Ct Gu Q1,,4 
1 2 1 2 ép ép 11 2y° 


ry v 


On utilizing the expression 
G°(p) = Z,S°(p) [1 +e, (p®) + Peo (P*)], (45.2) 
which follows from (43.20), and also the fact that 


c,(—m*) = ¢,(—m’) = 0, 
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we obtain for M the expression 


1 eS - 
M = Ze'u,S° Sp ap S¢ 14,40, 


dc - 
+2( $5) Ze u(y, Py ty, Py) U1 4,42, 
p= --m* 


If we choose the potentials a, and a, in such a way that the following 
conditions are satisfied 


a,,P, = 0, a,p,=90 


then the matrix element will assume the form 


— cont a? S°(p) et 
M = Ze*ii,S°'(p) a, dp, S° (p)u, a1 ,4p,- 
On noting that 
a S°(p) 
\P) _ g¢ Se 45° S¢ ; 
2p, 0p, S*(p)y,, S°(p)y, + S°(p)y, S°(D)Y 


we finally rewrite M in the form 
M = Ze*u.[y,S°(p)y,+ ¥, S°(D)y 1414, 42° 


On comparing this expression with expression (28.2), (28.3), we see 
that for k = 0 the exact matrix element differs from its first order 
approximation only by the factor Z. Since with the aid of the first order 
approximation we have obtained in § 28 the Thomson formula for 
k = 0 in which the quantity e played the role of the charge, we shall 
now obtain the same formula in which, in accordance with (45.1), 
the charge will be the quantity e,. 


45.2. Renormalization of Propagators and Vertex Parts 


The foregoing formula (45.1) elucidates the meaning of the constant 
Z. Of great importance is the fact that in the expression for the matrix 
elements of any arbitrary processes the constant Z can appear only 
in the form of the combination Ze? = e?. Our immediate problem is 
to prove this assertion. We shall also prove that the constant Z, 
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does not appear at all in the expressions for the matrix elements (53), 
(203). With this aim in view we introduce the functions 


G2 = Z7'G6*, (45.3) 
Gr = ZG), (45.4) 
which we shall call the renormalized propagators. In addition, we intro- 


duce the renormalized vertex function I" 


Pi= ZT, (45.5) 
and also the function A, 
A, = Z,A. (45.6) 


Between the renormalized propagators and vertex parts we can 
establish a number of relations analogous to the relations which hold 
between the original (unrenormalized) quantities. 

First of all, we prove the relation 


LPi, Pos kt) = y+Ap(Pr; Pos k), (45.7) 
where 


An(P1; Po; k)= A, (Pi, Po 3k) —A, (po, Po; 9) 


and p, is the momentum of the free electron which satisfies the condi- 
tion p?+m? = 0. The quantity A, is known as the regularized vertex 
part. 

For our proof we use the definition (45.6) from which it follows 
that 

A, (Po, Po; 9) = Z,"(Po, Pos %)—Y)- 

On substituting into this equation expression (44.8) we obtain A,(po, 
Py; 0) = (1—Z,)y. Thus formula (45.7) assumes the form 


T.(Pi, Pos k) = Z,y +A, (Pr, Po; *); (45.8) 
i.e., it coincides with the definitions (45.5), (45.6). 


Further, we show that the renormalized function Gé satisfies the 
equation 
Ge(p) = S°(p)—iS*(p) Ma (P)Ge(P), (45.9) 
where 


D 
M,(p) = iZ% =i { (Ay,9, 95 )—Ay, (Po, Po; 0) dg, (45.10) 


Po 
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The quantity 2% is called the regularized electron self-energy part, while 
M,, is called the regularized mass operator. 
In order to prove (45.9) we start with equation (43.39) 
G°(p) = S°(p)—1S°(p) M(p) G*(p) 
and assume that the mass has been renormalized, i.e., we interpret 


S*(p) as S;,,(p) and M(p) as M,(p). 
On substituting for M expression (44.12) we obtain from the preced- 


ing expression 
Z,Ge(p) = S*(p)+S*(p) { Ar, 95 )dqG s(p)—iS*(p) M(p.) Z,Ge(p). 


Py 
In order, to show that this equation coincides with (45.9) we subtract 
it from (45.9). Making use of the definition (45.10) we obtain 


(1—Z,) Ge(p) = S°(p) | — [ Ax (po, Pos 0) dq-+iZ, M(po)| Ge(p). 


Since A, (Po Po; 0) =(1—Z,)y and M(p_) = (Zz*—1)(Ho-+m,)(Cf. 
(44.12)), then it follows that the expression in the braces is equal 
to —(l—Z,)(p—im,). Since S°(p)(p—im,) = —1, we obtain an identity 
which proves the validity of equation (45.9). 
The renormalized function GY satisfies the equation 
Gi(k) = D°(k)—iD°(k) Pp(k) G%(k), (45.11) 
where 


P,(k) = —if Vz,,(@) dq, 
0 


Vr, (9) = Vi, (9)— (M0) Gy (45.12) 


OP 
V.,() = ZV); V,(q) =i. 
0q, 
The quantity P, is called the regularized polarization operator. 
In order to prove the validity of equation (45.11) we substitute into 
it the definitions (45.12). On noting that on the basis of (43.53) we have 


ve . (oro 
aeees, = i7|_ —_ = 2i1—Z)6,, PO)=0, 
| k=0 Ok, Ok, k=0 ( m ©) 

it can be easily shown that equation (45.11) is a consequence of equation 
(43.39). 


v 
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45.3. Three-Photon Vertex Parts 


For subsequent development it is important to note that the quantity 
V (kA) = i[0P(k)/6k7] 2k, = — [al*(k)/0k,] is analogous to the vertex 
part A,,(p) = A (p, p;9)=—-i [0M(p)/dp,,] and that rules can be formu- 
lated for evaluating it in accordance with corresponding diagrams. 

We consider a part of a diagram which is joined to the other parts 
by three photon lines. We call it the three-photon vertex part, and 
denote the quantity corresponding to it by V op (Kis Ke, kg), where k,, 
k,,k, are the momenta of the photon lines leaving the diagram, with 
ki +k ,+k, = 0. The simplest example of a third order three-photon 
vertex part V(k,,k,,k,) is shown in Fig. 77. We recall that such. 
parts have no real significance for finding the elements of the scattering 
matrix, since together with a diagram of the type of Fig. 77 we must 


ky 


Fig. 77. 


always take into account a similar diagram but with the opposite sense 
of circulation along the closed electron loop, and in accordance with 
Furry’s theorem the sum of such diagrams gives no contribution to 
the matrix element. Nevertheless, the quantity V.g(ky, kg, ks) defined 
in accordance with the diagram of Fig. 77 is itself different from zero, 
and we can consider it formally. 

Let k, = —k, = k, ks = 0. Wecan easily show by utilizing expression 
analogous to (44.7) that in this case V,(k,—k, 0) = — 6l1{9(k)/0k,, 
where /7{%)(k) is the second order photon self-energy part shown in 
Fig. 58 (/). Since IT. (k) = [1(k) (6,5 —k, k,/k*), the vector V,, (k) defined by 
V (kK) =4V ap can be expressed in terms of //@(k) in the manner 

OT (k) 
ier 


u 
In order to generalize this relation to three-photon vertex parts 
and to compact photon self-energy parts of arbitrary structure, we 


v3) (k) = 
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introduce one more definition, viz., in analogy with the first order 
vertex part, i.e., with the ordinary vertex diagram which corresponds 
to the factor y, = —d(S*(p))/dp,, we formally define the first order 
three-photon vertex part 


Ww? 


and represent it by the fictitious diagram of Fig. 78 in which three photon 
lines emerge from one point. 

We now consider an arbitrary compact photon self-energy part. 
We must distinguish between two types of corresponding diagrams. 
In diagrams of the first type (for example, in the diagram shown in 
Fig. 79) both external photon lines emerge from the same electron loop. 


Fig. 78. 


Therefore, the external momentum &k refers only to the electron lines 
of one half of the loop (for example, of the upper half-loop of Fig. 79). 
Differentiation of the self-energy part of Fig. 79 gives the set of three- 
photon vertices corresponding to the diagrams of Fig. 80. 


Fig. 80. 


In diagrams of the second type (for example, in the diagram shown 
in Fig. 81) the external photon lines emerge from different electron 
loops. In this case the external momentum must also refer to the photon 
lines (for example, in Fig. 81 the upper dotted line joining the two electron 
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loops). In differentiating such self-energy parts terms will appear con- 
taining 0D°(k)/dk,, = D°(k)2ik, D°(k). In accordance with the defi- 
nition cf the first order three-photon vertex part introduced earlier we 
can likewise represent such terms by diagrams (Fig. 82). 


Therefore we can make each diagram of a photon self-energy part 
correspond to a set of diagrams of three-photon vertex parts V,. Further, 
on introducing V,= SV,,, we obtain V (k) = —[oll* (k)/0k,) 


Y 
= i[¢P(k)/ck,] in accordance with (45.12). 
On defining, by analogy with the quantity I’,(k,k,0), the three- 
photon vertex function 


A ,(k) = 2ik,+V,,(k), (45.13) 
we obtain a relation analogous to (44.6) 
_ o[G?(k)]|~* 
A (kK) = ~~ aK, —-, (45.14) 
We also introduce the renormalized three-photon vertex function 
A. = ZA,,. (45.15) 
By utilizing (45.15) and (45.13) we can easily show that 
A,,, = 2ik, +V py (45.16) 


Formulas (45.15) and (45.16) are analogous to the corresponding 
formulas (45.5) and (45.7) for the vertex function I’. 


45.4. Renormalization of Matrix Elements 

To evaluate the matrix element for a process it is sufficient to con- 
sider the set of the corresponding irreducible diagrams, i.e., diagrams 
which within themselves contain no self-energy or vertex parts. All 
the reducible diagrams will be taken into account if we treat each irre- 
ducible diagram as a skeleton diagram in which the internal electron 
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and photon lines and the vertices correspond to the factors G*, G” and 
I, while the external lines correspond to the amplitudes wy, a. 

Let a given irreducible diagram contain a vertices, F, internal electron 
lines, F,, internal photon lines, N, external electron lines, and N,, exter- 
nal photon lines. Since two electron lines and one photon line meet 
in each vertex, and each internal line appears in two vertices, while each 
external line appears in one vertex, we have 


n= Petae = 2F,+N,. (45.17) 


We can write the expression for the matrix element in the following 
schematic form: 


M~ er { (G4) Fe(Gr)Fy (u)%e (a), (45. 18) 


which merely indicates the number of factors of each type appearing 
in M. On substituting into (45.18) the renormalized quantities 


P=Z,7.; Ge=Z,G%; G’= ZG"; 
u= Ziy?u; a=Z Pa, e= Ze, 


we obtain on taking into account (45.17) 
M ~ et | (T,)(G)"e(G2* (uy (a). (45.19) 


We see that the constants Z and Z, do not appear in (45.19), Le., 
the matrix element can be evaluated with the aid of the renormalized 
quantities I’,, G¢, GY in accordance with the same rules as in terms 
of the original quantities I’, G’, G’, if we at the same time replace the 
constant e (which we can call the primary charge) by the true electron 
charge e,. 

In evaluating matrix elements corresponding to various processes 
it is desirable to utilize the renormalized quantities from the outset. 
In accordance with the results obtained in subsection 45.3, it is sufficient 
for this to have rules for the evaluation of A, and V,, since the quanti- 
ties I’, G2 and G% can be expressed in terms of A, and V, by means 
of formulas (45.7)-(45.16). 

In order to establish such rules we consider first of all an irreducible 
skeleton diagram A. Let this diagram contain n vertices (n is an odd 
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number, for examples cf. Fig. 83). The expression for A can be sche- 
matically written as 


A~e {ry @- (Gn®. (45.20’) 


On replacing all the quantities by the corresponding renormalized 
quantities we obtain 


1 


A, wer [ry G@y@) =, (45.20) 


Fig. 83. 


i.e., A, can be evaluated by means of the same rules as A merely by 
replacing the original functions and the quantity e by the renormalized 
functions and the true electron charge e.. 


Fig. 84. 


In the same way we can easily show by considering the irreducible 
skeleton diagrams of the three-photon vertex function (for example, 
cf. Fig. 84) that the renormalized quantity V, = ZV is related to the 
renormalized functions G%, GY, I’,, 4, by the same formulas which 
relate V to the functions G’, G’, [’ and A with e replaced by e,. 
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45.5. Formulation of Perturbation Theory as an Expansion in Powers 
of e,. 

The foregoing analysis enables us to evaluate the elements of the 
scattering matrix in the form of an expansion in powers of the true 
electron charge e,. 

Each physical process can be made to correspond to a set of irreduc- 
ible skeleton diagrams W with different numbers of vertices N. 

A skeleton diagram W consists of effective external lines and of 
an internal part. We denote the expression corresponding to the internal 
part of the diagram W by K(W). Then the exact value of the matrix 
element will be determined by the quantity K = .)K(W). 

Ww 


In accordance with (45.19) K(W) contains the factor e” and can be 
expressed in terms of the functions I’,, G® and Gz, each of which can 
in turn be represented in the form of a series in powers of e?. If we confine 
ourselves in these expansions to terms proportional to any given power 
of e,, then we shall finally go over from skeleton diagrams to elementary 
irreducible diagrams, i.e., to diagrams in which the vertices and the 
lines correspond to the factors Y,» 5°, D° which no longer contain e,. 


As an example we consider the evaluation of the matrix element 
for the scattering of a photon by an electron. In the first approximation 
i.e., up to terms in e?, obviously only the elementary diagram of Fig. 69 
is retained, and we obtain the formulas of § 28. 

In the second approximation, i.e., up to terms in e!, firstly the ele- 
mentary diagram of Fig. 85 is added; secondly, the diagram of Fig. 69 
must be treated as a skeleton diagram in which J’, and G, must be 
evaluated up to terms of order e?, ie., 1, = y+A?) = y+ Al) — Al? 
and G, = S°+ S22) S°. The vertex part {%) is evaluated in accordance 
with the elementary diagram of Fig. 83 (/). The regularized self-energy 
part 2}?) can be directly expressed in terms of the self-energy part 2“) 
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evaluated in accordance with the diagram of Fig. 56 (/), by means of 
the formula 


, axe 
EP (P) = Z(—)— Bp) — = PY (pp). (45.21) 
17) 


Indeed, it follows from the definition (45.10) that 


0) = [ My) —Ay (oda, 


Dp 
200) g, (22) 
= | So ag — (| — Poy): 
J 0q, u dp =p (Pp, Pou) 


73 


In the third approximation (up to terms of order e8) we must evaluate 
the diagrams of Fig. 86 treated as elementary diagrams. The diagram 


Fig. 86. 


of Fig. 85 should be treated as a skeleton diagram, in which the quanti- 
ties I",, G and GY are evaluated up to terms of order e?. The first two 
have been discussed earlier. For the photon Green’s function G% we have 
similarly in this approximation Gy= D°+D°*IH®) D°. The quantity 
IT!) can also be expressed directly in terms of the photon self-energy 
part /7‘) evaluated directly on the basis of the diagram of Fig. 58 (/) 
by means of 


aT) 
k®=0 


which follows from the definitions (45.12). 
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In the diagram of Fig. 69 when calculations up to terms of order 
e® are being performed we must take into account in the expressions 
for I’, and G, terms of order e!. The expression for J’, has the form 
T,= y+Als + Als), The vertex part (>) contains the factor e4 and, 
therefore, must be evaluated directly in accordance with the elementary 
irreducible diagram of Fig. 83 (2). The vertex part A{®) contains the 
factor e?. Therefore, it must be evaluated on the basis of the skeleton 
diagram of Fig. 83 (1) into which expressions for I”,, Gé and G¥ accurate 
to terms of order e? are substituted. 

In order to evaluate M, up to terms of order e4 we can utilize formula 
(45.10) after substituting into it the function A, on the basis of the dia- 
grams of Fig. 83 up to terms of order e4. From this we can easily 
establish the following rules for the evaluation of 2% in terms of the 
reducible elementary diagrams for the fourth order electron self-energy 
parts 2(), LX) and 24) shown in Fig. 87. 


a b 
C See" OY . 7 x Soe 
SOT \\ y Swirl 
/ fl if 
Fig. 87. 


In the case of diagram J which contains within itself the second 
order self-energy part 2’) it is necessary, first of all, to regularize the 
latter, i.e., to replace it by the quantity 2?) in accordance with formula 
(45.21). Then, after calculating, with this replacement kept in mind, 
the quantity corresponding to the whole diagram which we denote by 
2%", we must once again perform a regularization, i.e., replace 2" by 
the quantity 2% in accordance with a formula analogous to (45.21) 


(4)’ 
Zi (p) = EY (p)—E (p_) — (eo) (p,—Po,)- (49.23) 
le Do 

For diagram // containing the photon self-energy part of the second 
order J7) it is first of all necessary to regularize the latter, i.e., to re- 
place 17) by IT’) in accordance with formula (45.22), and then, after 
having evaluated on the basis of such modified diagrams the corre- 
sponding quantity 2/7)", to regularize it by means of formula (45.23). 
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In the case of diagram /// containing the vertex part A) the following 
more complicated expression is obtained: 


“itr = et f RU. th, t2)--R(Po, hi, ts)—(P,,—Po,,) 


OR t,,¢ 

x [2807 oat) | \ ity dt, (45.24) 
IP 4 Dy 

where 


R(p, th, te) = F,(p, 4) G,,.(ps th, te) H,(p, te) 
—F (Post) G,,,(Pos t1, 0), (P, te) 
—F (Pp; t)G,,,(Po, 9, te) 1, (Pos te), 
F (Pp, 4) = D°(t))y,S°(p—h), 
G, (Ps ts te) = iy, S*(y—h—-h)y,, 
F,(p, te) = S°(p—t,)y, D°(t). 


§ 46. Divergences in the Scattering Matrix and Their Remoyal 


46.1. Divergences in Irreducible Diagrams 

In the evaluation of higher order approximations to the elements of 
the scattering matrix we encounter fundamental difficulties which 
for many years gave rise to the opinion that the applicability of quantum 
electrodynamics is, in general, limited to the first approximation. These 
difficulties consist of the fact that the higher order approximations 
to the matrix elements contain integrals which diverge for large values 
of the momenta of the virtual particles. 

In this section we shall examine in detail the problem of these diver- 
gences and the methods of removing them. In the course of this discussion 
we Shall not investigate the divergences in the region of low momenta 
(‘infrared catastrophe’’) which are encountered in a number of cases. 
The latter are associated with the inapplicability of perturbation theory 
at low photon frequencies, and can be removed comparatively simply 
by the method described in § 30. 

We consider an irreducible part of a diagram. In the general case 
it corresponds to a multiple integral over the momenta of the virtual 
particles J = f F(q, .»» Qn) a'qy. --. a4q,,. The integrand in this integral 
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is a rational fraction. Let us determine the degree of this fraction. 
In order to do this we note that each internal electron line of the dia- 
gram corresponds to the factor S*(p) which contains the inverse first 
power of the momentum, while each internal photon line corresponds 
to the factor D¢(p) containing the inverse second power of the momentum. 
Therefore, the integrand is a fraction of degree —(F,+2F)), where F, 
and F, are the numbers of internal electron and photon lines. We 
now determine the number of variables of integration. The number 
of different momenta is equal to the number of internal lines, i.e., 
F,+F,. But they are not independent, since the three momenta of the 
lines meeting at each one of the n vertices of the diagram are related 
by the law of conservation of momentum. One of the conservation 
laws may be applied to the external lines, so that the total number 
of independent momenta over which the integration is carried out is 
equal to F,+F,—n-+1. If we write the integral schematically in the 


form 
pw [ene 
(q)* 


then on taking into account the foregoing calculation and utilizing 
relations (45.17) we obtain 


K, = F,AF,—n+1 = 3(n—N,—N,)+1, 


N. 
K, — 2n—— —N,, 
where N, and N,, are the numbers of external electron and photon lines. 
Since we are considering an irreducible diagram, the integrand 
cannot be decomposed into factors containing independent variables. 


Therefore, the convergence of the integral J is determined by the difference 
K= k,—4K, = 3 N,-N,—4. (46.1) 


For K > 0 the integral is convergent, while for K <0 it is divergent. 
It is noteworthy that the quantity K depends only on the number of 
external lines. 

It follows from (46.1) that there exists a limited number of types 
of divergent integrals corresponding to the following values of the 
numbers N, and N_: 
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1) 
2) 


Figure 88 shows 


N,= 2, N, = 1, K= ’ 
N,=2, N,=0, K=-—l, 
N.=0, N,=4, K=0, 


N,=0, N,=3, K=—l, (46.1’) 
N,=0, N,=2, K=—2, 
N,=0, N=1, K=—3, 


N,=0, N,=0, K=—4., 


the simplest irreducible diagrams corresponding 


to these divergences. Not all of them can, in fact, appear in the expressions 


(3) 


(4) 


(5) 


(6) 


(7) 


Fig. 88. 


for the matrix elements. Thus, for example, the diagram of Fig. 88 
(7) is a vacuum loop which, as has been explained in subsection 44.1, 
need not be taken into consideration. Diagrams of the type of Fig. 88 
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(4,6) which represent closed electron loops with an odd number of 
vertices, can also be left out of account in accordance with Furry’s 
theorem (cf. § 25). However, we retain diagrams of the type of Fig. 88 
(4) since they determine the auxiliary quantity—the three-photon 
vertex V,—which we have introduced previously in subsection 45.6. 

We see that the principal irreducible parts, from which the expression 
for the scattering matrix in higher order approximations can be construct- 
ed, are divergent expressions with values of K=0, —1, —2. Among 
them are included the irreducible self-energy parts 2?) and J/7®), the 
vertex parts 1("+)), and also the part corresponding to photon-photon 
scattering (diagram of Fig. 88 (3)). 


46.2. Introduction of a Cut-Off Momentum 


The appearance of divergences in the scattering matrix shows that 
the theory is unsatisfactory. It is clear that the perturbation theory 
series is, strictly speaking, meaningless if the second term of the series 
is infinite. Thus, the following problem arises which is of the greatest 
fundamental significance. 

On the one hand, the results of applying first order perturbation 
theory, which were described in Chapters V and VI, are in excellent 
agreement with experiment. On the other hand, in order that the first 
approximation should have some theoretical significance, the subsequent 
approximations should lead only to small corrections. 

The idea of an escape from this contradiction is already suggested 
by classical electrodynamics. As is well known, classical electrodynamics 
is not a logically closed theory. Its consistent application leads to con- 
tradictions, which, for example, manifest themselves in the infinite 
electromagnetic mass of the electron. The content of these contradic- 
tions can be expressed as the inapplicability of the equations of classical 
electrodynamics at distances smaller than the classical electron radius 
e?/mce?. (In fact, because of quantum effects classical electrodynamics 
is already inapplicable at distances of the order of fi/mc.) 

If quantum electrodynamics, like classical electrodynamics, is also 
inapplicable at sufficiently small distances, then without entering here into 
a discussion of the problem whether this limitation is associated with 
deficiencies of the fundamental ideas and equations of electrodynamics, 
or merely with the use of perturbation theory methods, we may, 
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nevertheless, assume that our theory takes the interaction into account 
correctly within the domain of space-time intervals |x?| > 1/L?, where L 
is a sufficiently large quantity. Since in Fourier expansions large momenta 
correspond to small |x?|, this means that the formulas of quantum 
electrodynamics are valid only in the domain of momenta smaller than 
some limiting momentum L. For |p| > L the formulas of quantum 
electrodynamics are incorrect, either because of the inapplicability of 
perturbation theory, or as a result of the fact that the fundamental equa- 
tions of quantum electrodynamics are inapplicable to processes for 
which the domain of small space-time intervals plays an essential role. 

We shall further assume that the domain of very large virtual momen- 
ta |p| > L actually plays no role at all in any process in which the 
particles in colliding transfer to each other momenta Ap small compared 
to L. With this assumption we can carry out integration in momentum 
space over a finite region |p| < L. 

We shall show later that the cut-off momentum ZL can be chosen 
in such a way that, on the one hand, the condition Ap < L is satisfied, 
and, on the other hand, the use of perturbation theory is justified. We 
shall see that the expression for the matrix elements evaluated by methods 
presented in § 45 does not depend on the cut-off momentum L which 
appears only in the expressions for mass and charge renormalization. 
We shall also see that the use of perturbation theory in quantum electro- 
dynamics can be justified over a very wide range. 

Thus, we shall assume that the integrals of interest to us, which 
determine A, X and // and other quantities, are evaluated over a finite 
region in four-dimensional momentum space |p| < L. This region 
must obviously be invariant under Lorentz transformations. 

Instead of introducing a finite region of integration we can also 
use another equivalent method. It consists of introducing into the 
integrand a “cut-off factor’, ie., a certain factor f(q, L) which has 
the properties f(q, L) = 1 for g < Land fq, L) > 0 for g > L, where 
fis made to approach zero in such way that the integral converges. For 
the cut-off factor we can choose, for example, a function of the form 
(second of references (62)) 

pb \ 
fq, L)= (a , 
where n > 1. 
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46.3. Convergence of Regularized Expressions for Irreducible Vertex 
Parts and Self-Energy Parts 

We shall now show that elements of the scattering matrix expressed 
in accordance with formulas of sections 45 in terms of the true 
electron charge e, and the true electron mass m, do not depend on the 
cut-off momentum L, i.e., do not contain any divergences. 

As we have seen, the matrix elements contain the renormalized 
propagators and vertex functions G*, G?, I’,, which can be expressed 
in terms of thé regularized vertex parts A, and V3. 

We begin by considering the simplest third order vertex part 


A (p,, pik) = [RP Po 249, (46.2) 
where 


e 
R(P,; P23 9) = (xi VaS°(Pi—) ¥ 3° (Pa F) ¥3 Dip (Q)- 


The regularized expression for the vertex part is, in accordance with 
(45.7), given by 


AP? (p,, Po; k) = A® (py, Pos K)N—AP (Po, Po; 9), 


where py is the momentum of the free electron: p?-+m? = 0. 

In accordance with the general results (46.1) the integral (46.2) 
diverges logarithmically. Since the momenta p, and p, appear in the 
integrand R(p,, p2;q) in the form of the differences p,—q == t, and 
Po—q=t, 

R(Py; Pos I) = f(t, te, 9), 


the expression for R(p,, p2; q) can be written in the form 


OR 
R(P1, Pa; y= R(Po, Pos a+{( 2] (Pig Po) 
Pry Pi=p’ 
OR 
+ (2* ) — = R ; ; 
OP2,, syn pt Pow) (Pos Pos 7) 


of af 
(Zoe) amr. 
Oty, =p'-+q (Pi, Po,) Ot, , cep (PH Poy) 


where the derivatives are evaluated at some points p’ and p” intermediate 
between py and p, or py and py. Since the function R is a rational fraction 
of degree —4 with respect to qg, then df/dt, and df/dr, will be rational 
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fractions of degree -5, and the integral defining the regularized vertex 
part 


AR) = {{R@, P239)—R(Do, Pos g)} dq (46.2’) 


will converge. (This fact justifies the use of the term “regularized.’’) 
The foregoing proof of the convergence of A‘) can be easily general- 
ized to the case of an arbitrary irreducible vertex part. 
An irreducible vertex part of (2n+1)th order A(2n+1) (Pi; P23 k) 
(cf., for example, Fig. 83 for n = 2 and 4) can be written in the form 
of a logarithmically divergent integral 


A+) (py, , pg; k) = {RO Po, 15 eee y Gn) 4'qy eee d‘q,. 


The variables p, and p, appear here only in the form of linear combina- 
tions with the variables of integration t; = p,—q,3 tp = Pi-91— Ja pees 
Therefore the difference is given by 


OR 
R(Py, Pos G15 +» + In) —R(Pos Pos Vas ++ In) = Sar] 2 L(Pr Pa)» 
i apt; 


where the derivatives 0R/0t, are evaluated at some intermediate points 
f;, and, consequently, the expression for 


Agnth (Py ’ Ps > k) 


= { {Rr Pe, > cr) Gn)—R (Po; Pos N15 sh8 9 qn) } a*q, see da*q,, 


will be convergent. 

We note that if we choose the transverse gauge for D*, ie., Di,(q) 
= D*°(q) (6,,—[4.95/9°)) then the integral (46.2) will be convergent, 
since the terms of highest degree in g will cancel in the integrand (second 
of references (115)). However, such a simplification occurs only for the 
third order vertex part 4‘), and does not occur for other irreducible 
vertex parts. Therefore, in future we shall use the expression for D*° 
in the following form D¢,(q) = 6,,D°(q), since it leads to simpler algebraic 
expressions. . 

We now consider the simplest irreducible third order three-photon 


vertex 
Vin(k) = [ O(k, 9) dig, (46.3) 


1 For each approximation the gauge of the propagator can be so chosen that 
the expression for the vertex part will converge (24a). 
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where 


0,4, )= 3a: Spy.5°(q—k)y, S*(q—hKy, S°(q)- 


In accordance with (46.1) this integral contains a linearly divergent 
part, i.e., it depends on L linearly. However, in view of the invariance 
of the region of integration the terms proportional to ZL must vanish. 
Indeed, we can assume for the investigation of the divergent part of the 
integral (46.3) that k,< q,- If we omit Kk, in the integrand, then after 
the integration and the evaluation of the trace have been carried out, 
there will remain no vector parameter in terms of which the vector 
quantity V,, might be expressed. A nonvanishing result can come only 
from the terms of Q,, linear in k,,, but they will lead.only to a logarithmic 
divergence. 
From the foregoing it follows, in particular, that 


v0) = [{ QO, 4) d'q=0. 
On substituting Q(k, q) in 
a0) oO 
= i ae +{_ = _ 
O(k, q) Q(0, a+(2 } i (sede) Fos 
we can easily show that the regularized expression for the three-photon 
vertex part 


(3) 
y= ve (ae } k= f {20k 2-200, (£2) kha 
is convergent, since the integrand which is proportional to the second 
derivative 0’Q/0q,0q, is a rational fraction of degree two units lower 
than the degree of Q. 

A similar proof can also be given in the case of an arbitrary irreducible 
three-photon vertex part. 

From the fact that the expressions for the regularized irreducible 
vertex parts A) and V{°) are convergent it follows that the expressions 
for the regularized irreducible self-energy parts 22) and J7) are also 
convergent. 

This can also be shown directly by using the explicit expressions 
for X')(p) and /T?)(p). Indeed, in accordance with (45.21) 22 can be 
obtained from 2?) by subtracting the two leading terms of the expansion 
of 2’) into a series in powers of p-py, whence it follows that L©?) is 
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proportional to the second derivative of X'?)(p) with respect to p evaluat- 
ed at some point intermediate between py and p. Since the momentum 
p appears in the integrand of 2?)(p) in the form of a sum involving 
the variable of integration, then the integrand in X'2)(p) will be a rational 
fraction of degree two units lower than the degree of the corresponding 
integrand for 2)(p). Since in accordance with (46.1) the integral for 
2 contains a linear divergence, the integral defining 22) will be abso- 
lutely convergent. 

A similar situation exists in the case of the irreducible photon self- 
energy part //(). It follows from (45.22) that the expression for T‘?)(k) 
can be obtained from the expression for [7 (k) by subtracting the two 
leading terms in the expansion of //')(k) into a power series in k. It 
can be easily shown by repeating the arguments referring to X') that 
this subtraction guarantees the absolute convergence of the integral 
defining 1/2). 

However, here we encounter a peculiar contradiction. For the 
derivation in § 45 of the fundamental formulas defining Gy and P, we 
used the property of the polarization operator P(0)= 0 which was 
proved in § 44. For the derivation of this property we naturally made 
use of the fact that the quantity P(x) is finite. And yet, as we have seen 
earlier, /7)(k) contains a quadratically divergent integral, and after 
the introduction of the cut-off momentum //(0) ~ L?. We thus see that 
the introduction of the cut-off momentum, which makes various quanti- 
ties finite, violates the gauge invariance of the theory. Therefore, strictly 
speaking, the simple replacement of the integrals appearing in the 
theory by integrals taken over a finite region is not justified. 

We can formally avoid this difficulty by means of the following 
device. We consider the quantity P,(k) = P(k)—P(O). In an exact 
gauge-invariant theory P,(k) = P(k). In our approximate treatment 
we will introduce the cut-off momentum not in the integrals defining 
P(k), but in integrals defining P,(k). This will ensure both the finite- 
ness and the gauge invariance of the resulting expressions. 

We encounter a similar difficulty in the discussion of diagrams 
corresponding to photon-photon scattering (cf. Fig. 88 (3)). In accordance 
with (46.1) the expressions corresponding to such diagrams 


M (kas kos ks ka) = [ OCkas kas kas Kear Gus 0 Id AG, 
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diverge logarithmically. The same divergence will also be contained 
in the quantity 


M(0,0, 0,0) = [Q(O,0,0,0, 41-15 9,) O41. Gy. 


On the other hand, the gauge invariance of the theory requires that the 
equation M(0,0,0,0)=0 should hold, since physical quantities can 
depend only on fields, and not on potentials. We see that the divergence 
of the quantity M(k,,k,,k3,k,) is associated with the violation of 
gauge invariance of the theory by the introduction of the cut-off mo- 


mentum. 
In an exact gauge invariant theory the following relation must 


hold 
M,(k,, ke, ks, k,) = M(k,, ko, ks, k,), 


where 


M,(ky, ks, ks, ky) = M(k,, k,, ks, ky)—-M(, 0, 0, 0). (46.4) 


Therefore, we replace the matrix element M(k,, k,, k,, k,) by its regular- 
ized value Mp(k,, k.,k3,k,). The quantity M,(k,, ky, ks, 4), which 
can be written in the form 


Mx(k,, k,, ks, ky) 
= | {Oki, ke Kas Ka, 41> -+5 Gn) —-Q9 (0,0, 0,0, n> 13 n)} d‘q, 49, 


will be finite, since Q(k, ... q, .... -O(0 ... g, ...) is a fraction of degree 
two units lower than the degree of the fraction O(k, ... q, -..). 

The problem of photon-photon scattering will be discussed in 
detail in § 54. 


46.4. Convergence of Regularized Quantities in the Case of Reducible 
Diagrams 
We now proceed to investigate reducible vertex parts. In order 
to obtain the regularized vertex part 1,(Y) corresponding to a reducible 
diagram Y, we must replace it by an equivalent irreducible skeleton 
diagram. 
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We begin with the simplest example of a fifth order vertex part A‘) 
shown in Fig. 89. The irreducible skeleton diagram which is equivalent to 
it is shown in Fig. 90, where the point A corresponds to a third order 
vertex part A“). In virtue of the results of § 45 in order to obtain A®) 
we must first replace 1‘) by A®) in accordance with formula (46.2’), 
and we must then regularize the quantity evaluated in accordance with 
the diagram of Fig. 90, which we denote by A’, by using the general 
formula (45.7). Since we are interested here only in the problem of the 


nature of the divergence of the quantity A‘’, then by omitting the 
spinor matrices we can schematically represent the expression for the 
integral in A)’ in the following form: 


A” (py, po; k) ~ f R(p1, Pas QAP (p—q, P2a—q; k)d*q, (46.5) 


where R is the same function (a rational fraction of degree —4 in q) 
which appears in the integral for A) (46.2) and whose asymptotic 
dependence on gq for |q|? > |p?|, |p.|% is of the following nature: 


R(pi, Po, g)a*g ~ d(Inq?). 


On the other hand, as we shall see later (cf. 47.4), for large 
q A) behaves like In qg?, and therefore the divergent part of the 
integral defining A” is of the form 


A m~ [In g?d(In q?) ~ (In LY, 


ie., A)’ diverges logarithmically. 
Since the integrand in the integral for A‘ differs from the cor- 
responding expression for A") only by a factor which depends on the 
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momenta logarithmically, then by utilizing the same arguments which 
were given earlier in subsection 46.3 we can easily show that the regular- 
ized vertex part A) is convergent. 

We now consider the fifth order vertex parts shown in Fig. 91. The 
irreducible skeleton diagrams equivalent to them are shown in Fig. 


92 where the thick lines correspond to the propagators G¢ and G? evaluat- 


ed on the basis of the second order self-energy parts 2) and //!?). 
Pp 
Since L'2) = f AP@) dq, then asymptotically for large p, 2?) ~p Inp?, 
Po 
whence we obtain for the asymptotic behavior of Gé 


] 

GP) ~ FOF Ein’) 

In order to determine the behavior of G(k) for large values of 
k we utilize the properties of the three-photon vertex part V). Since it 
diverges logarithmically, it follows from dimensional considerations 
that for large k it must be of the form, V,,(k) ~ kK, In(L*/k?). 

From this it follows that V{) ~k, In k*. Therefore 

1 


Mme 2. ee ek 
Ce k(1+-C Ink?) 


(cf. the corresponding expressions in § 47). 


If with the aid of these functions we evaluate the vertex parts A” 
corresponding to the diagrams of Fig. 89-91, they will contain only 
a logarithmic divergence. After regularization in accordance with 
formula (45.7) we obtain a finite quantity. These results can be easily 
generalized to the case of arbitrary reducible diagrams. On replacing 
such diagrams by skeleton irreducible diagrams in which the lines and 
the vertices denote respectively G2, G%, I’,, and on reducing the latter 
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to the simplest irreducible diagrams, it can be easily shown that asymp- 
totically for large momenta |p|? s m?, |k2| > m? 


cx) ~S1e)FIn 2}, 


Gk) ~ Db) fo(m ia } 


4 
mM, 


q" 

I’.(4, 9, 9) ~fo(in), 
where f,, fp and f; are dimensionless polynomials in the corresponding 
logarithmic arguments. Thus, the diagram as a whole will correspond 
to an integral the integrand of which will contain, in addition to rational 
fractions of the type discussed in subsection 46.1, only logarithms of 
momenta which do not alter the character of the divergence of the 
integral. 

In particular, these results also apply to expressions (45.23) and 
(45.24) for the regularized fourth order self-energy parts. It can be seen 
from formula (45.23) that after the removal of the divergence associated 
with the internal self-energy part 2), the divergence in 2(*” can be 
eliminated by subtracting the two leading terms in the expansion of 
this quantity in powers of (p—p,). In the case of the self-energy part 
24) the divergences are associated with the presence of vertex parts 
at points a and b. Formula (45.24) eliminates the so-called overlapping 
divergences associated with them. 


§ 47. Evaluation of Self-Energy and Vertex Parts 


47.1. Evaluation of Integrals over Four-Dimensional Regions 


The integrals which we encounter in the evaluation of quantities 
corresponding to various diagrams are all of the form 


‘4 
pa [ Pee? (47.1) 
QQ, ... 4, 


where a, are polynomials of second order and F(p) is a polynomial 
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of order n with respect to p,,. Such integrals can be conveniently evaluated 
if we first utilize the identity 


1 1 1 
1 __ _ Océ +& + ...-+&—1) 
|! L@ wtf ass [ dbs. fa 1 


Gy dy... Gp ” (aE, +a, 6+ ... +a, &,)" 
1 71 
0 0 


Tne 


dx,-4 
a n _ 47.2 
(ax, Fa,%,-9=X, a) tax OT 


or the equivalent identity 
1 1 


I 
———— = (n—1)! | ub? du, | ub? du... 
QA, ... a, J , 
1 
! 
du 

-1 > 
J tT" [ay uy... Uy tag, ...U,-o61—u,_1) +... -a,(l—m))" 
(47.3) 
where x1 = U,, Xp = Uy Ug, «6, X_—y = Ug... Uy_y ANd x1, Xq, ---, X__-1 


are scalar parameters. On substituting this expression into (47.1) we 
obtain an integral in p-space 


F(p) ap 
[(p—ay+ly 
where a and / depend on the parameters x, ... x,_,. The desired integral 
I is obtained from J(x, ... x,_1) by integration over x, ... x 


n—1‘ 


J, ---) XD = 


(47.4) 


1 zy The 


T= (n—1)! f dx, { dxy... f dx, Jy. X41). (47.4) 
0 0 0 


We call this method of evaluating the integrals I, the method of 
parametrization (second of references (62)), 
First of all we demonstrate the validity of identity (47.3). For n= 2 
it is self-evident, since 
1 


1 =f du 
Ga, [a,u+a,(1—u)}? ’ 


0 
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We now show that if it is valid for some n, then it is also valid for 
n+l. On noting that integrations over the different wu, in (47.3) may be 
interchanged we obtain 

1 1 
— | Lp fu? du f au tt 
Qy ... Anay ‘) ot yee 7 Ata” 
0 0 
where A” is the denominator in the right hand side of formula (47.3). But 


1 _ . up} dug 
nA"G, 4. [Ato +a, 41C1 —Up)]"*? | 
0 


Therefore 


1 I 
- = nt { us 1 du nee { - ’ 
QM, ... 4,444 J ° ° 7 du, 1 [Au +a, 41(1—up)]"*7 


1 


which is what we set out to prove. 

We now proceed to evaluate the integral (47.4). We first assume 
that the integral (47.4) is convergent. In this case we can shift the variable 
p—a-— p, as a result of which the integral assumes the form 


f(p) 
=|->-> d‘p. 47.5 
PTR? C79) 
Obviously, we can confine ourselves to the evaluation of only the scalar 


integral, since if f(p)= p,fi(p?), then K= 0; if f(p)= pp, f(y’), 
then 


PuPy oP?) 4 : 78 w | 2 F2(p) dp 
(p? +1)” (p?+1)" 
etc. 

We now demonstrate the method of evaluating the integral (47.5). 
In this integral the integration over py is performed in accordance with 
the rule for going around the poles (cf. § 17), i.e., along the contour 
C shown in Fig. 93. But this contour can, evidently, be rotated by 
z/2, as shown in Fig. 94. As a result p. will be replaced by ip, and 
p? = p’—p? will go over into p’?+ py? (po is a real quantity). 

Thus, rotation of the contour of integration C by 2/2 corresponds 
to the transition in p-space to the usual Euclidean metric, in which the 
square of a length is equal to the sum of the squares of all four coordinates 
with the fourth coordinate being real. 
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Since 
d'p = id'p' = idp’ dp, = 2n*iq? dq = in*q?dq’, (47.6) 
where d‘p’ is an element of volume in p-space after the contour of 
integration over po has been rotated by 2/2, p’=p,q= V P?+P, 
we obtain the one-dimensional integral 


[ f(p? dtp = in® { f@zaz. (47.6’) 
0 


Fig. 93. Fig, 94. 


In particular, 
met 


lo ta; ~ OD 


ml (47.7) 
(p? i Pe = 20-k) 
D,4'P Wik, 


(p+ 1—2 pk ~~ 20K)” 
We now proceed to investigate divergent integrals of type (47.4). 


Since in quantum electrodynamics no divergences higher than quadratic 
occur, we shall be dealing with integrals of the type 


oD (p*- SpeED 


d‘p 
Jk, D = | Pe 
COO J pap ETE 

d‘p 
2D | ee ep 


P,P, a P 
kD | erie 
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In all these integrals and in other similar divergent integrals we shall 
carry out the integration over a certain finite and invariant region (N) 
characterized by a number N, such that N — co corresponds to the 
whole infinite four-dimensional p space (such a finite invariant region 
may be defined, for example, by the inequalities | p?| < N®, (ps)?/s? < N?, 
where s is an arbitrary time-like four-vector). 

Since integration over py) with p? kept constant does not lead to 
a divergence, the contour of integration with respect to pp (cf. Figs. 93, 
94) may be rotated, just as in the evaluation of the convergent four-dimen- 
sional integrals (47.4), through 2/2, i.e., it may be replaced by a vertical 
straight line. After such a rotation we obtain a four-dimensional Euclid- 
ean p-Space with a real fourth coordinate, whose element of volume 
d‘p’ is related to the element of volume of the initial p-space by formula 
(47.6). The region of integration in this case is a four-dimensional 
sphere, whose radius we denote by L and which we identify with the 
cut-off momentum introduced in § 46. 

In proceeding to the evaluation of the divergent integrals of interest 
to us we begin with the logarithmically divergent integral 


J@ (0.1 
OD = le ean 
On rotating the path of integration with respect to py by 2/2 and on 
utilizing formula (47.6) we obtain 
L 
—= Da?) Gq 
[ceemn [ore J @+D 


The last integral can be evaluated in an elementary fashion and is 


equal to 
1 Le 1 
5 E j ] O72) 
Therefore 
i |) Et l (47.8) 
lane i a } 


Further, we consider the integral 


JNK, D= f oy ~ SR 
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which diverges logarithmically, like the integral JO, /). On rewriting 
this integral in the form 
‘P 
{ae a =| [(p—k)?+1—ke}’ 

we introduce new variables by means of p—k — p. Then the integral 
assumes the form (47.8) but with an altered range of integration, which 
we denote by N’. In accordance with (47.8) the integral J‘?)(k, 1) is 
equal to 27i(In(L’?/J—k?)—1). But L’ differs from L by a finite quantity 
so that if L’ is sufficiently great, In L’ differs from In L by a small 
quantity of order 1/Z, and we finally obtain 


2; L? 
J ogee iP oh ERER = xti(in 1} (47-9) 


We now evaluate the logarithmically divergent integral 


PoP.'P 

Ji) — {fob F _ 

OO |} GE 2pkE DY 

Just as in evaluating the integral (47.9) we can shift the origin of coordi- 
nates by introducing a new variable of integration p—k — p: 


PoP EP (Detk)P+k,)a'p 
J, (PP 2pk-+I8 —2pk+15 2.) (p?+1—k*y3 
On noting that 
PoP:4'P 5, { eee, p?d'p aj fee K g°dq _5 ni | L2 _ 3 
(P+) = (pepe 2) Gepps CoG \ T a) 
Cae °. 


wik,k, 
kak, [ores = 2 1” 


we obtain finally 


d3 27 2 27 
PoP.4'p wi L >| mi keke (47.10) 


(p?—2pk+Is 4 s(n Ik 
We now proceed to evaluate the integral 


p,4'p 
IPD = | oe sete 
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On noting that 


P,P,4'p au, 
(p?—2pk+l1) dk,’ 


(47.11) 


where 


yal Pa dP 
= 5 | (=p HP 


we integrate (47.11) over k, from the point k,=0 to the point k: 


7 ou, __ i 9 1 
2 il 7K. dk, = > 8 {| (l—k + Aart 3] dk, 


where 


The left hand side of this equation is equal to one quarter of the desired 
integral, while the right hand side is equal to 


mi 2 1 


Therefore finally we obtain 


d! L 3 
oF ar pe = Tike (in —3)- (47.12) 
We note that if we had evaluated this integral by introducing a new 
variable (retaining the same range of integration N) p—k —> p, we would 
have obtained wk (In (L?/] — k*) —1); thus as a result of the transform- 
ation p > p—k, 1.e., of the displacement of the origin of coordinates 
by k, the divergent integral (47.12) acquires an increment z?ik,/2. 
Finally, we investigate the quadratically divergent integral 


PoP, 4'P 
Yor (Ks 2) =f (p—2pk+ IP 


On integrating formula (47.12) with respect to / we obtain 


p,a'ip a+ 2 2 2 
pi 2pk4l = Wik, {(Ul—k ) Ind—k?) — I—k?) 
+ (Apt 4)l+e(N, k)}, (47.13) 
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where ¢ is a function of k? and N, containing a constant which diverges 
quadratically as N — oo, It can be easily shown that ¢ is a linear func- 
tion of k*, Indeed, the left hand side of (47.13) acquires a factor n3 
as a result of the transformation k > nk. p > np, |! n®I, where n 
is an arbitrary number, which is only possible provided «e is of the form 


€= 4A4,+k?(a@A,+5), (47.13’) 
where A, is a quadratically divergent constant, while a and b are certain 
numbers (k? is multiplied by the logarithmically divergent constant Apo, 
and not by A,, since only under this condition will both terms in « 


have the same dimensions). 
On differentiating (47.13) with respect to k,, we obtain the desired 
integral 


P,P, 4'P mi 2) |; 2 2 | 

tio _= __ __ __{J/_ A +2 

GS CTY =p Oa IK) In —-R)—(-) +1(Agt B) 

+-k?(aAy+b)+ 4A,}—a7ik, k, [In d—k*)—aA,—b}. (47.14 

In order to obtain a and 6 and to express A, in terms of L we can 
proceed as follows. We write J!2)(k,/) in the form 


d'p 
JO(k, l= K(k, pf Fabs P 47.15 
BN ) ork y+ (p?+1)" ( ) 


where 
PoP,7'P P,P,4'p 
K_(k,l =f oP, @ _[ PoPsOP 
oll) (p?—2pk +1)? (pP+l? 


The second integral in (47.15) can be evaluated immediately: 


4 Oy 
ea a = 6,7 {L2—4l in L421 n+ I}. 


The integral K, (k,/) can with the aid of 


it yn(a—P) 
aS a pz4 dz (47.16) 


be brought into the form 


1 
PoP,P,4'P 
Bor = tk, ©} ip—Ipkz HIP 
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Since 


then by applying once again formula (47.16) we obtain 


1 1 
da 
K k,l = 24k k da. at PuP, PoP, P 
or ( ) m J? ‘| —9 pkzi-+ I} 


The integral with respect to p appearing in this expression diverges 
logarithmically, and can be evaluated in the same way as integrals 
(47.12) and (47.14). By proceeding in this fashion we obtain a, b and 
A,, where a= —1, b= —i and A, = L’. 

In conclusion we give a summary of the integrals which we have 
evaluated: 


2 
= 7 in —1 , 
(p? ee l—-k? 


PotD _ 9: L’ 3 
Cp Ipka le = nik, (inte 3 , 

DoP,Up i i L? Sk*—3) 
(p?—2pk+)* 7° \ rr re 


. LP 11 
+20ik,k (Ine } (47.17) 


= d 


loa 35k IS — 2 I-k 


{ pt _ wi k, 
(p?>—2pk+l2 2 «I—k? 


P,P, a4'p mi LP? 3 wi kik 

oft — rs) en gt. 
lo —2pkths 4 (i a i ae 
47.2. Second Order Electron Self-Energy Part 


We now undertake the explicit evaluation of self-energy and vértex 
parts. We begin by investigating the second order electron self-energy 
part +?)(p). This quantity corresponds to the diagram shown in Fig, 
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56 (1). In accordance with Feynman’s rules (cf. subsection 25.5.) 2 (p) 
has the form 


21(p) = Gn) e Sof 7,5°(p—k)y,, Dk) atk, (47.18) 
where 
C _? ip—m ° _ _; 1 . 
Sp) = im D°(k) = ee 


The quantity 4 in the expression for D°(k) which represents the photon 
‘mass’? has been introduced in order to eliminate the infrared diver- 
gence in the electron self-energy part, which appears as a result of 
regularization (cf. § 30). 

On substituting into (47.18) the expressions for S°(p) and D°(k) 
and on utilizing the formula 


1 a * dx ; 
(k? +2?) ((p—k)? +m?) y ((px—kp+a’P ” 


where 


a’ = (p’+m’*) x(1—x)+m??+2(1—x), 
we rewrite (47.18) in the form 


; , 2m+i(p—k) 
L2(p) = — On sf 4 kf ((k—px) hah 


Further, on introducing the change of variable k + k+px and on 
taking into account the resultant increment of the linearly divergent 
integral (cf. formula (47.12)), we obtain 


> _ 1 2m+ip(i—x) 7, 
Ep) = —G ssf a fas Te a | (47.19) 


We write this expression in the form of an expansion in terms of 
p—im 


Ep) = Z+(p—im EZ +LL(p), (47.20) 


where 2{?) and 2() are constants. On comparing this expression with 
(43.48), (43.49) and (45.21), we see that X{) is the regularized value 
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of the electron self-energy part, 2{) defines (in this approximation) 
the electromagnetic mass and 2(?) defines the constant Z,, Where 


2) = —idm, and Li?) = Zr1—1. 
It follows from (47.19) that 
1 
2e? A a . m(i+ x) 
(2) 4 _.. . = ) 
> aa r im J atk | (Ptr +RO— oF ax} 
0 
a 2n7e7 fl. 1 ¢ 
—jim)D2) 4 F2(p) — ~ — (p—im)— — | d4 
(p im)xs +26 (p) (2x)! 4 (p im) =| d'k 


1 


1 . I ! 
x | (om i612) | at PRR Say | “ 


0 


1 
I—x 


nw . I 4 . 
—im)—— . _ . 2 
+(p—im) —. fa k | ime ed op ax| (47.21) 
0 
For the evaluation of 2{?), 2?) and X2)(p) we utilize 


Tot _ yy eA 
@ #7?) prepa” 


and set in ita = k?+q?, and B = k?+-m?x?+22(1—x). We then obtain 


1 1 1 
— wl Ok —_ [e4+m22 +22 (1 5 | 
+ — ¥)\( p24? 
re? [k++ m?x?-+-2? (1 —x)+2x(1—x)(p?+ m?)] 
0 


A dz 
ix(1—x) (p+) [ m?x2+-22(1—x)+2zx(1—x)(p?+m?*) * (47.22) 


I 


On noting that 


(p+im)[2m+ip(1—x)] — ti 1+x 
mx2+-22(1—x)+ (1—x)z(p?-++m?) mx?+)?(1—x) 


2m?x (1+ 
m(1+x)+(ip—m)(1—~) [ _ won 


+(p—im) mx?-+?2(1—x)+x(U—x)z(p?-+m?) 
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and 
p?+m? = (p—im)(p+-im), 


we obtain the expressions for X@(p), L{?), L{ 


1 
2ip2 |: 
SPO) = —Bae | xl—addx 


ay 
Lm+a)+—m(1—a) I eee) 


x | - : : “mx? —x)+x(1 —x)2(p +m?) _ -dz(p —-im)*, 


6 


(47.23) 
2 aU) dx, 
et x) 
0 = OE etm lt n (1-43) [Agtln imtxt428(1—x))Ja|, 
where 


A,= —2InL+. 


On assuming A < m we finally obtain the expression for the regu- 
larized second order electron self-energy part 


(5) — —i@ (Pim? $1 [,_ 2-3e 

ip—m 1 | 2 4—80-+¢° | 1 i, i} 

-——| ——~-- + . -- Ino|— --——In——]|}; (47.24 
in lsscia CF eo omy 67) 
where 

ptm 
= 


We see that the regularized value of X'?)(p) contains the photon 
‘“‘mass” A. This quantity did not appear in the original expression for 
»)(p) and has arisen as a result of regularization. 
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cee 


In view of the “infrared divergence” this expression is inapplicable 
for |p?| < 4%. For |o| > 1, ie., |p|? s m® formula (47.24) yields 


2 


a3 a., p* 
LO(p) = Fp nz, (47.25) 


The divergent constants 2\*) and 2!) have the form for 4 > 0 


afl, L? 2 9) 3 | 
yo. 7. a fo. (2) jo |. 
® m2 met gp igen (in +5 


(47.26) 


From this we obtain the expression for the electromagnetic mass 
of the electron, 


2 
ém = 3 am (i L + 5} (47.27) 
I n 


Formula (47.24) has been derived on the assumption that the ar- 
bitrary function d, which appears in D‘,(k) (cf. (17.21)) has been chosen 
equal to zero. It can be easily shown that for an arbitrary gauge for 
the potentials the quantity 2) is defined by the formula 


v4 Pp? 2 
D0) = 4, bi) Brat hin (p im) In pm 


7 i imp , 
~3—d?)in=, +a -1}} (47.24') 
where d? = d,(0). 


47.3. Second Order Photon Self-Energy Part 


We now evaluate the second order photon self-energy part I/‘?)(k). 
This quantity corresponds to the diagram shown in Fig. 58(/). In accord- 
ance with Feynman’s rules the tensor //?)(k) is defined by the formula 


uy 


e y,lip—m)y,(i(p—k)—m) , 47.28) 
PO = Gar SP) eect) (p— mem TP | 


This expression can be written as 


T2)(k) = (5, Het }11990) +3, AC) (47.28') 
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where 


1) = 51) TR), 


2 


A(k) = “e TT (k). 


In future we shall be interested in the transverse part of J/°?), which 


is determined by the first term in (47.28’) since only this term has a phys- 
ical meaning. 


LIT (2)- 
First of all we evaluate 4//'2): 


_ ip— m i(p— k)— mon 
ZlLik = 5 toe asi spf 7, pm Vy [((p— kP+m] 


sp {0 4m?+2p (p—k) 4 
= 055" (pm?) {((p—kP +m] 


After having evaluated the trace of 4m?+-2p(p—k) we rewrite 3/7”) in 
the form 

8e? (p—kP +m? +- pk mt — 
3(270)* (p?+m?){(p—k)? +m’ 


_ se d‘p 8e? Ds 4 
= 30a) J pe tme * 3am) GP imy(p Oe Emey *? 


HT) = 


8e? 2 Le J 4 
+ Same Cm —* | (Fm) (pepe OP 


The first of the integrals appearing in this expression diverges quadrat- 
ically and can be written in the form 


dip 
= Im n= pti? 


ptm 


For the evaluation of the second and the third integrals we use the 
formula (cf. (47.3)) 


1 


- 7 1 ={ dx 
(p?-+m®)[(p—k)? +m] -” [p?—2pK,+1,}* ’ 
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where K,= kx and /, = k?x+m?. Moreover, on utilizing the values 
of the integrals (47.9) and (47.12) we obtain 


fe xf ao +1.) 


— — ai [ dxJ— Fae 
ae Ina titln I+ ex x), 


1 
. i 3 k? 
= cen nldanf S-a 
0 ~ 


Therefore 
2 


Be? n? i L 
417 (2) a (k) = 3(2)! ie —_ m In mm 


, Le k? 
— me —#e) { (—in + 1+ inf +A xa» |} dx 
0 


1 


—e x (-n +5 tints ax |) xt (47.29) 


0 
kik 
We now evaluate | 15 y IT2)(k): 


k ip— m pi(p— i- m 


me Eke TT) (k) = an yi Sp pam “(p— Keim” 


On noting that 
Sp {k(ip—m) k [i( p—K)—m) = 4(k2m?-L ie p? +e (kp)—2(kpy) 
we obtain 


xu 


» IT) (k j=. 


am d'p + 3k p—2(kpy lk? a}. 
ay perm | J (ppm) ((p—ky +n] 
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The integrals appearing in this expression are equal to 


[as it (Ce—ne nine), 
- ap 
(BF mi) (pe me] 


—in? { dx{—In(L2/m?) 


+1 In(I+(k2/m2)(1—x) x}] 


da! . ; 
| pawetlt pcan patency 


+ §+In(1+@/m?)(1—a),)], 


___ PuPy 4D ; 
p?-+- m’) [(p—k)?+ m'*] 


=— aie bw» as [ (vm? +-se2x(1 —x)} In (L2/(m? -- k?x (1 —x)}| 
4. 1(5k2x2—3(m?-+k2x))—4 1] 


1 
+ ink, k, { x? dx [in |.22/(rm2-+ Ax —x)}| —4] 
0 


Therefore 
kk 4 in? e 
_ (2) — 1(y2 2 
ke Me (k) (200)! E (L m ) 


1 
— | (rte 3k?x(1 —x)) In(1 + (k?/m?) x(1 — sax] . (47.29') 
0 
On utilizing (47.29) and “ > we obtain the expression for /7(k) 


IT®)(k) = ye ® - nat Ky IT (k) 


ey 


827 ie? 


— chars In (1+ (K2/m?) x(1 —x)) dx 


(2)* 
k? 2/2) > 
Elin (L?/m?) ‘)}. 
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This expression must be regularized. To achieve this we must subtract 
from //)(k) the quantity //') (0) +k? (dT) (k)/0k?),2..) which is equal to 


all) (k) Smrie® k? i 5 
TT) ee | oo — _ 
(0)+ ( a ). ; Qn 6 [in me a (47.30) 
Therefore the regularized expression for JJ (k) has the form 
1 
827 ie? 
IT2)(k) = Sark { xd-» In [1-+(k?2/m?)x(l—x)]dx. (47.31) 
0 


On comparing expression (47.30) with (43.53) we obtain the second 
perturbation theory approximation for Z~ — (e?/e?) 


a i? 5 
ZA ——_ —_- _- 
1+ 37 (in mi ), 


whence 


a Lc? 5 , 
Z=1 {in 3). (47.30) 


On introducing’ into (47.31) the new variable x= 4(1+ 7) we 
rewrite /7{?)(k) in the form 


1 
TI2(k) = ia. 2 2 1 kh 2 , 
R (k) = Gok (1—7?) In 1+ 4 aa (1-0) dyn. (47.31) 
-—1 


But 


1 
1 k* 4 4 
2 {1 gr — 7 TQ 2 
fn inf 3 a nt) | ay g taf 6 cot 6) cot? 6, 
-1 


where 9 is related to k?/m? by the expression | 


k? 
int O—= ———., 
sin Ame 


Therefore 


iy? 2 2 
(ky = I (1—0 cot 0) \. (47.32) 


ML 
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We give the expressions for /7!?)(k) in two limiting cases. 
If |k?| < m?, then 


2 
IT2(k) = oe (47.33) 
If |k?| > m?, then 
Tp) = i |e) nL (47.34) 


If we have the expression for ne we can determine the second 
approximation to the photon Green’s function and the increment 
dA‘) of the external potential of the electromagnetic field due to the 
polarization of the electron-positron vacuum (cf. subsection 50.3). 

The Fourier component of the increment of the external potential 
A‘?)(qg) due to vacuum polarization is determined by 

6A Q) = DDH MALY @). (47.35) 


On substituting into this expression instead of IJ{%)(g) the regularized 
value (47.32) we obtain 


1] —2q? 1 
(e) = a 2 q —_— —__ (e) 
6Al! (q) It gq? (4,9, -4 20a 3q? ——( 6 cot 8) 5|4 (q). 
(47.36) 


On applying to 6A‘°) (x) the operator — L!, we obtain the increment 
in the external current j{°)(x) due to vacuum polarization. The Fourier 
component of this increment is equal to 


Oj (q) = 4? 6A\XQ) 
— *( 5 gem 1—6 coté Ate) 47.37 
= 5449p) ae —6co 5 (q). (47.37) 
It can be easily shown that 6j{°)(q) satisfies the law of conservation of 
charge: 
4, n° (gq) = 0. (47.37') 


On noting that the Fourier component of the external current density 
is given by j{°(q) = q?A‘e)(q) and that q,A\ (q) = 9 we can rewrite 
the expression for 6j‘°)(q) in the form 


4 2 
bj (GQ) = —— a [a —6 cot) | j(q). (47.38) 
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On expanding the quantity which appears in the square brackets 
into a series in powers of q,, and on confining ourselves to fourth order 
terms we obtain 


Din (@) = Fee PIL). (47.39) 


On going over from the Fourier components to the functions themselves 
in terms of the coordinates and the time, we obtain 


910) = — jerae Git). (47.40) 


a 
‘Sam? 

If in the expansion of (47.38) in powers of q, We retain terms of 
the sixth order, then in place of (47.40) we obtain (199) 


Z 
dj6? (x) = ceo ates 5} i (x). (47.41) 


| Sam 


47.4. Third Order Vertex Part in the Case of External Electron Lines 

We proceed to evaluate the third order vertex part A‘)(p,, ps; q). 
This quantity corresponds to the diagram shown in Fig. 65 (1). In 
accordance with Feynman’s rules A‘)(p,, p,; g) can be written in the 
form 


2 
AQ Dis Pai) = Gere | SCP Ky, SPs KY, DW a. (47.42) 


We shall see later that the vertex part A‘?)(p,, p,;q), like 2 (p), 
will contain after regularization an infrared divergence. (If p, and p, 
are momenta of a free electron, then A‘?)(p,, pg; g) contains an infrared 
divergence before regularization.) Therefore, for the evaluation of 
A'3) (py, P2; g) we shall use, as we did in subsection 47.3, the expression 
for D°(k) 

1 1 


PMO =F aE 


where A is the photon “mass’’. On substituting the expressions for 
D°(k) and S*(p) into (47.42) we obtain 


A?) (py, P23 9) = tay . {y,(ip2—m)y,,>,— my, J 


— [YG D2—M) 7 26% yA VV oV pCPr—M) VI 9 VyVoV pV eV vax» (47-43) 
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where 
_ [ d'k ae 
“ ) (= 2p k-+ pti’) (2p, k-+ pit’) (+P) 
k,dtk 


» (47.43) 


(k2—2p, k-+ p? +m?) (k2—2 pak -+ p?- m?) (k? +2?) 
Pp 2 


| | Kok ake 7 

J Cea ap kt pit im?) (P—2p,k-+ pi-pm) (PLR) 

Of these three integrals only the third diverges (logarithmically) for 
large |k|. 

In the region of small k (for A = 0) only the first integral can diverge, 
and only in the case when p, and p, are momenta of a free electron. 
For this reason we can set A= 0 in the evaluation of the integrals 
J, and J,,. 

We investigate first of all the case when p, and p, are momenta of 
a free electron. In this case the integrals J, J,, J,, can be evaluated 
simply. 

On taking into account the fact that p? = p? = —m?, and on util- 
izing the formulas 


1 
(K?—2p, k) (P—2p,k) J (ie i Jk)? 


; - 1 -f 2x dx 
(k°—2p,k)? (kK? +?) (?—2p,k +1)” 
where 
Py= YPR+U—Y) Pa» Pp = XPy 1, = (1-2) 4, 
we write J, J,, J,, in the form 


1 


y= [a y {284% [ emap PEED 
fo [ 2x dx iF @ st pF" (47.44) 


1 1 
kk atk 
J,.= |d c dx 
ot [ ay f 2xas (ee —2p,k)* 


w 
I 
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The integrals over k appearing in the foregoing expressions are, in accord- 
ance with (47.17), equal to 


atk __ wi ] 
|e 2 ‘Lp? 
i a 
| ap, pe 


Kkid@k oi LP? 3 wi 
| (K?—2p,k) 4 ra In pe Sy | app Pees 


On carrying out the integration over x we obtain 


1 
d a 
J= —7i il ” (in /—p2— Ind), 
0 Py 


* pd 
J,= —ni [ Pai? , (47.44’) 
a PY 


1 
mi L? ] PyoP 
J. = ——- | 46,-} -1 - Qfvolutl dy, 
oo al " Stl} ps 4 
In order to evaluate these integrals we note that 


—p2 = —fatqd—y)P = m+ ged —y)y 
= m*[1—4y(1—y) sin? 6]; | g=po—py, (47.45) 


where 0 is related to q by the expression 


—q? = 4m? sin? 6. (47.45’) 
Further, in place of y we introduce the new variable & 
tan & 
2y—1 = ——.. 
yr] tan 0 
Then 
pt me 0088 _ tans pd 47.46 
Py m cos? E? Pug ) tan 9 (Pi, Pag) 2 (Pig tPrq)s ( ) 


and the integral J assumes the form 


6 6 
207i cos € A 
I= sin 20 fos cos 6 ag i m at| 
0 0 
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Since 


fr ct de [ Beant a 


then we finally have 


J= i Etanédé+6In I. (47.47) 


a sin er: 77 
The integrals J, and J, can be evaluated immediately after (47.46) 
and (47.45’) have been substituted into them: 
wei 


Jo = im sin a (PistPeo)s 


J_= wi f (in Eh) (Pi, +Pag) (Piz +P 21) 
2 ot m 4 


2m? sin 26 


+ (6+ teh 6 cot ay. (47.48) 


We now return to formula (47.43) defining A‘? (p,, pe; q) and 
simplify the coefficients appearing in front of the integrals J, J,, J,,. 

We investigate first of all the expression which appears in front 
of J; obviously it can be rewritten in the form 


7,(ip,—m) Vu (ipy—m)y, = 2P1Y ,P2—2im (y,Pot Pe? J] 
—2im [y Pit Piy,)—2m*y,, 

Since in the evaluation of the matrix elements the quantity A\®) (p,, p2; 9) 
is always multiplied on the left by u,, and on the right by u,, where 
u, and u, are spinor amplitudes for an electron of momenta p, and p,, 
then in the last expression the matrix ip, appearing on the right, and the 
matrix ip, appearing on the left, can be replaced by —m (if the matrix 
ip, appears on the left instead of the matrix ip,, or the matrix ip, appears 
on the right instead of ip,, then before carrying out this replacement 
we must make the substitution p, = pp—Q, P2= p,+q). After such 
transformations the factor in front of J assumes the form 


7,(ip2—m) y,,ip,—m) y, = 4m*y, —2qy 4. 
The last term on the right hand side of this expression can be replaced 


by 2q*v,. Indeed, on noting that 14 = —4y,+24,, and on multi- 
plying this equation on the left by g, we obtain gy, g = —9’y,+29,q° 
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But the last term gives no contribution in the evaluation of the matrix 
elements since wqu, = U,(pP,—p,)u,—=0, and can therefore be 
neglected. Thus, finally, the coefficient appearing in front of J in the 
expression for A‘)(p,, p.;q) can be written in the form 


y,(ip,—m)y ,(ipi.—m)y, = 4m? y +24¢?y,,. 
The factors appearing in front of the integrals J, and J,. can be 
subjected to an analogous transformation: 
Vy EPo—M)V,%oPytV Vo? iPr —m) y, = ~4m4, +21 (GY oY ou)» 
VeVoV wVeVy = 20 Vo 


On substituting these expressions and the values of the integrals (47.47), 
(47.48) into (47.43) we obtain the expression for A\®)(p,, p2; q) 


A (p,, P23 Q) = On Je {ar +299)7,0+ [simtre Pd, —2(Pi+De)7,4 


A A can 1 A a aA Aw A A 
+2947 (Prt P)t Prt dr ci+b0| Ki +297,9 Ky4y Koh, 


where 


wi O i 
aT — ge 
A m? sin 26’ Ky 2q? (1—6 cot 8), 


rei L 1 
K, = who cot 6+ ne 4] . 
In this expression we can replace, as we have done previously, the 
matrix ip, appearing on the right and the matrix ip, appearing on the 
left by —m. As a result of this we obtain 


0 
ey 20 m 2 vl 
(3) -g\)— B 4 a 
Ay? (Pas Pas 1) (2x)? tan 26 rs A ch tan 26 Stan é dé 


6 1 1 aa 26 
- . 7.4 


It remains now to regularize A‘) (p,, p,; q). In order to do this we 
must subtract from A!°) (p,, p,;q) the quantity A{ (po, po; 0), where 
Po is the momentum of a free electron. Since in the case under consid- 
eration p, and p, are momenta of a free electron, then in order to regu- 
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larize A’) (p,, po; q) it is sufficient to subtract from it its value at 

q = 0. This value is obviously equal to 

e 1, 9 m 

A Py, P23 0) = aoe ajc gti m| ==y,L®, (47.50) 
The quantity L) is related to Z, by Zz? = 1+ L"). It can be easily 


shown that 
L®) = — Xe. (47.51) 


The regularized value of A‘? (p,, Ps; g) is of the form 


, 6 
3 ye 20 _ mis\ 2 f 
AR (Pi; Pos 1) = “A baess 7H | (in 7 y ian 20, Etané dé 


6 26 
—v7 tan oh Bay nd WV) sa6 736 (47.52) 


For |p*| > m?,|q?| > m’ 


(3) —__% |q?| mit 2|9°| 
At (Pr, Pes q) 2, inl In 7 +Gln 4m? (" (47.53) 


47.5. Third Order Vertex Part in the Case of One External Electron Line 

We now consider the third order vertex part in the case when only 
one electron line represents a free state, while the second line represents 
a state which may or may not be free. Insofar as the photon line is con- 
cerned, we assume it to be an external line. Under these assumptions 
the vertex part can be written in the form 


ie i(p+k—@)— 
ADP, pth) = f keen mies 
i(p—q)—m_—d'q 
Vu Igy GRAB” (47.54) 
where 


k2=0, pt=—m, (ptk?+m? = 2pk = um. 


In evaluating A‘)(p, p+-k; k) we must keep in mind that on the side 
of the free electron line, ie., on the right hand side, the matrix A‘) (p, 
p+k;k) is multiplied by the bispinor u which satisfies (ip--m)u = 0. 
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This fact enables us to utilize, for example, a relation such as pap 

= 2impa+m*a, since 
papu = impau = im (2pa—ap) u = im (2pa—ima) u. 

Moreover, we must keep in mind that A)(p,p+k;k) always 
appears in the matrix element in the form of the product A(e, where 
e,, is the photon polarization vector which satisfies the condition ek, = 0. 
This enables us in the course of further calculations to utilize in the 
expression for Ate, the relations 


kek =0, 
kept pek = Aep)k—xm’é, 
imek-+ pké = um?e—2Aep)k, 
ime p— pek—m*s = —2m®é+ ke. 
On utilizing these relations we can write A{*e, in the form 


AD(p, p+k; ke, = Gs oe oe (278%, See + Uimey,—y ek + Pye) I, 


—2[pké+2im(ep)] Jo}, 
where 


(1 > Vo. qs q,a'q 
(q°—2qp) (q?—2gp—2gk-+-um*) q° 
and the symbol (1, ¢,, 9,9,) denotes 1 in the case of Jo, g, in the case of 
J, and q,q, in the case of J,. 
All these integrals may be expressed in terms of the Spence function 


Joo, or = 


2 


rey = finatoSt, A-)=-%, 


VIZ.: 


Jy = + Fe), 


J 2 1 
tj = (Jo— aa 2Jo+ _— In |2 {| —2 |e ke 
° x—1 x—1 a 


x— 


5,. 2 


(4—2) 0 $649 In eel — 2a | 
(x—1)? % x—1 


1 
thik xe {1264 
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—9x+6 


ea S injxl+ ty —5f 


HAP Tk Pd) 5 53 [et 


1 3x—2 | 
+ PPA 2h (x—1)? inlet} 


where A, is a logarithmically divergent constant. 

In accordance with the general theory the expression (47.54) diverges 
logarithmically for large q. In order to regularize the vertex part A‘) (p, 
p+k;k) we must subtract from it the value of A) (p, p; 0) corre- 
sponding to k = 0: 


, e 

HQnp\ 4 
As a result of this we obtain the following expression for the regularized 
vertex part A‘ (p, p+k; k): 


| 11 m 
ABX(p,p;0) = Aah pint), 


A | ~ n—2 
(3) . = oe — P “aa 
Ann? PTH) 2n 2, th m } en mth x 
In |x| pk—k > 
+ ( a mY AP, a ay 


+ cag (2p, emty,) (Fe 1)— FO). (47.55) 


=i cht inn) 


On noting that 
(kp—pk)y = —xumty —2imky,+4kp,, 
we can write AG\(p, p+k; k) in the form 


a A A 
Agn(P, P+k; k) = 5— (Ay +imBky,+imCp,+Dkp,), (47.56) 


where 
A= in 24 OO 1 RDF), 
— 
cn 
D=——+_ ~— Mee In|xe| — = Fe—-)-F-) 
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§ 48. Functional Properties of Green’s Functions. Limits of Applicability 
of Quantum Electrodynamics 


48.1. Expansion Parameters of Perturbation Theory 


We have seen that the perturbation theory series of quantum electro- 
dynamics, which are formal expansions in terms of the parameter 
e, have meaning only when we introduce the cut-off momentum L. 
When L-oo the use of perturbation theory has no sense, since even 
the second term in the expansion becomes infinite. It is therefore elear 
that the true perturbation theory expansion parameter must depend 
not only on e, but also on L. We now consider the problem of finding 
this parameter. 

With this aim in mind we investigate the structure of the perturbation 
theory series which determines the vertex function [(p,p.; k). In § 46 
we have shown that the terms of this series can be expressed in terms of 
logarithmically divergent integrals, i.e., that they contain In L. Since 
the vertex function is a dimensionless quantity it can depend only on 
the ratio of L to some quantity having the dimensions of momentum. 
Therefore, we can write the series for 1(p,, p,; k) in the form 
TL? 


m 


00 
Ip; pik) = Dd a,/", where /= In—, 
n=-0 

and the coefficients a, are functions of p?/m?, p}/m?, k*?/m? and e. Let 
us determine the nature of the dependence of a, on e. First of all, we note 
that, as we have shown in § 46, irreducible diagrams of arbitrary order 
correspond to quantities proportional to In L. On summing the contri- 
butions of all the irreducible diagrams we obtain 


co 
a, = » ay, (e)"*2, 
r=0 


Reducible diagrams are equivalent to irreducible skeleton diagrams 
whose vertices represent certain lower order vertex parts which also 
depend on /. In the general case the vertex part of the (2n+1)th order 
which is proportional to (e?)", is a polynomial of the nth degree in /. 
Thus, 


fo} 
a, = » An, (€?)"** 
r= 
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and 


T(py, pps k) = x Sy (e?)"(e1)", (48.1) 


T=0 n= 
where the coefficients a,, depend on p?/m?, p/m? and k?/m?. 
The series (48.1) contains two parameters e? and e?/, and the criterion 
for the applicability of perturbation theory is the smallness of both 
these parameters 


2 
e<l, el=e In < 1. (48.2) 


The, perturbation theory series for the propagators G*(k) and Gk) 
will obviously have a structure analogous to (48.1). If we write these 


functions in the form 
G%(k) = s(k)S*(k), 


Gk) = dk) DW, (48.5) 
where s(p) and d(k) are dimensionless factors, then 
X= DD Sul”, 
—_ (48.4) 
d(k) = »» Dd (e2)"(e2/)", 


where s,, and d,, depend only on k?/m?. 

We note that asymptotically the functions d(k) and s(k) cannot 
depend on m. Therefore the cut-off momentum can appear in the expres- 
sions for d and s only in the form /, = In L?/|k?}). 

In this case the series for s(k) and d(k) will be of the form (48.4) 
where / has been replaced by /,, and s,, and d,, are constants 


st) = S)sttety (et ing) 


nT 


(48.4’) 


[? \n 
atk) = Yar | a , 
n.7T 
where |k?| > m*, while d°, and 5° are constants. 
The expression for the vertex function in the asymptotic case can 
also be written in an analogous form. 
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48. 2. Zero Order Approximation in the Expansion in Powers of e 


The foregoing results ensure good applicability of perturbation 
theory up to very high momenta satisfying only the condition In(| p?|/m?) 
< l/e?. 

Indeed, we can intrcduce the cut-off momentum L in such a way 
that L? > |p?| and e* In(L?/m?) < 1 will hold. The criterion for the 
applicability of perturbation theory (48.2) will then be satisfied, and 
if the fundamental assumption made in subsection 46.2 is valid, we can 
then utilize the methcd of renormalizations developed in §§ 45, 46 which 
leads to results independent of L. 

Therefore, in electrodynamics problems do not arise in practice 
which require the applications of methods differing from perturbation 
theory. Physically of considerably greater importance than the inac- 
curacy of perturbation theory will be processes of interaction of electrons 
and photons with electrically charged fields, for example meson fields, 
which have additional strong nonelectromagnetic interactions. Never- 
theless, from a fundamental point of view the problem of the existence 
of exact solutions of the system of equations of quantum electrodynamics 
is of considerable interest. 

We consider the problem (115) of obtaining the zero order approxi- 
mation for the propagators in the form of a series in terms of the one 
parameter e, i.e., we shall attempt to eliminate the second condition 
(48.2). The solution of this problem is equivalent to summing the series 
(48.1)—(48.4) over n for r= 0. For large momenta |p?| > m? this approx- 
imation can be easily found by utilizing the property of the renormal- 
izability of the propagators. 

In order to do this we consider the renormalized photon propagator 
G?(k) = Z71G*(k). We write it in the form (48.3) 


Gz (k) = d,(k) Dk). (48.5) 
Then 

d.(k) = Z d(k). (48.5’) 
In accordance with the proof given in § 45 the function d,(k) does 
not depend on L if it is regarded as a function of k and of the renormalized 

charge e2 = Ze®. We call this property renormalizability. 
The quantities Z and d(k) are functions of the cut-off momentum. 
We emphasize this by providing these quantities with an index L and 
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by denoting them as d,(k) and Z,. Since L may be chosen arbitrarily, 
then for a fixed true electron charge e2 the following equation, which 
expresses the renormalizability property, must hold: 

Zi) d,(k) = Zz d,(k), (48.6) 
and we shall use this equation to solve the problem which we have 


formulated (76), (29), (192). 
We make the preliminary remark that as a result of (48.4’) we have 


d,(L) = 1. (48.7) 
We now set k = Ly. Then it follows from (48.6) and (48.7) that 
Zr) = Zr1d, (Lo). (48.8) 


If L is close to Lo, so that e?(L?/L?) < 1, then we can utilize for d, 
the first term of the perturbation theory series. In accordance with 
(47.30’) we have in this case 


e2 
d, (Zo) = 1— a2 (/J—1,), (48.9) 
where 
Li? Le 5 _ 
[= In Lo = In er = Z Te? 


We emphasize that (48.9) is the first order approximation in terms 
of the parameter e?/ and the zero order approximation in terms of the 
parameter e?. On substituting (48.9) into (48.8) we obtain 

e 


ZA-Zpi= Z7? 153 (—1,). (48.10) 


From this relation follows the differential equation for Z, 


dZ;} e? 
ee ey ooo 10° 
dl 127? ~* (48.10") 
On integrating this equation we obtain an expression for Z, which 
is valid for e? < 1, but for arbitrary L. This expression is the desired 
zero order approximation with respect to the parameter e?. 
On integrating (48.10’) we obtain 


Z,= — <4 Z,= —< 
Tame 6 OF A 14 
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The constant c may be obtained from the condition that when e2 L>0 
the zero order approximation with respect to e2 is given by Z,= 1. 
Thus, c= 1 and 
e Le ne 

In , Zpi=14- —- (48.11) 


1272 me 1 2 me 


Z,=1 


On substituting (48.11) into (48.8) we obtain the expression! for d,(k) 
1 
ee ne , 
1 ioe 
Ty Tan? | "ie 


d,(k) = (48.12) 


The expression for the renormalized function d,(k) can be easily obtained 
directly from formula (48.5’) on setting k = L. Since in accordance 
with (48.7) d,(k)= 1, then 

d,(k) = Z;}. (48.13) 
On substituting into this equation the expression for Z (48.11), we 
obtain 


1 
d(k) = ze (48.14) 
1s a9 Be 


We can also easily obtain the zero order approximation for the 
functions G*(p) and J’, (p, p,0) for |p?|/m? > 1. 

These functions have their simplest form in the case of the trans- 
verse gauge for the function D*,: 

kk 
Ds, = (5. «| D°. 
As we have noted in § 46, in this case the expression for the vertex 
part A™ contains no divergences. 

This means that the series (48.1) for the vertex function contains no 
terms proportional to e?/. By utilizing the method which we employed 
earlier for making the transition from the approximation e*/ <1 to 
the approximation e? <1, it can be easily shown that Z, contains 
no terms proportional to e?/, Le., 


Z,=1, (48.15) 


1 This result is due to Landau, Abrikosov and Khalatnikov (115). 
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Thus, the electron Green’s function and the vertex part are given 
for e? < 1 and for arbitrary L by the same expressions which correspond 
to free fields. (This conclusion is valid if we take d,= 0.) 

We can also obtain an expression for the electromagnetic mass 
of the electron if we take e® <1 and L arbitrary. In accordance with 
(47.27) for small e?/ we have 


On integrating this expression, and on denoting by m(Z) the value 
of the mass corresponding to a given value of the ratio e2/e?, we 
obtain (115) 


m(Z) = m(Z*, (48.16) 


where m(1) is a constant which evidently has the meaning of the mass 
in the absence of interaction (Z = 1), i.e., of the ‘“‘mechanical’’ mass. 

The quantity e(k) = Z,4e, may be regarded as the effective charge 
corresponding to the interaction in the domain of momenta smaller 
than k, since e(k) can be chosen as the primary charge for the descrip- 
tion of interactions in this domain. 

Formula (48.11) which we can write in the form 
e 


OO > 1 (eep12nty in em?) 


(48.17) 
shows the increase in the effective charge with increasing |k|, i.e., with 
decreasing distances. 

Since momenta of the order of k correspond to space-time distances 
A~1/k, we obtain the following simple picture of the spatial distri- 
bution of the electron charge. The primary charge e gives rise to po- 
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larization of the vacuum, i.e., to a certain spatial distribution around 
the electron of charges of opposite sign which leads to a partial screening 
of the electron charge. Therefore, for processes in which distances 
smaller than A play no role the effective charge falls off in accordance 
with formula (48.17) as 2 ~ I/k increases. For A~1/m the effective 


e(r) 


Fig. 95. 


charge assumes its minimum value e,, which we call the physical charge 
of the electron determined, for example, from experiments on the 
scattering by electrons of light of long wavelength (cf. § 45). 

Schematically the dependence of the effective charge of the electron 
on the distance z is shown in Fig. 95. 


48.3. Integral Equations for the Zero Order Approximation 

We have previously obtained asymptotic expressions for G’, G® 
and I’ for e? < 1 and arbitrary L. In doing this we utilized the renor- 
malizability of these expressions which was proved by methods of 
ordinary perturbation theory employing an expansion in powers of 
e? In(L?/m?). It is therefore desirable to give a proof of these results 
without assuming the renormalizability property a priori. 

In § 44 we have obtained two integral equations connecting the 
three functions G’, G’ and I’. As we have already noted, there exists 
no third exact equation which would make this system complete. How- 
ever, We can obtain an equation which is valid in the zero order ap- 
proximation in terms of e? (115). In order to obtain this equation it 
is sufficient to make use of the skeleton diagram of the vertex part 
shown in Fig. 83 (/). 

Indeed, diagrams which are not taken into account by this equation, 
for example, the diagram of Fig. 83 (2), contain intersecting photon 
lines which in perturbation theory lead to terms proportional to (e?/)” 
for n > 1, while the diagram of Fig. 83 (/) contains only terms ~ e?/. 
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In order to obtain the desired integral equation it is sufficient 
to utilize the formula 


DP (pis Pos k) = ¥,+4,,Prs Pos *) 
and to obtain the expression for J, on the basis of the skeleton diagram 
of Fig. 83 (/) by making each of its vertices correspond to a vertex 
function LP , and each of its lines to the Green’s functions G® and G”. 
We thus obtain the equation 


TP, Pas &) 
2 
=y,+ aay | PalDe 4, Pe! —q)G*(p.—-) 


XP (Pi — P29 kK) G*(p1—- 9) Pus Pr — 15 NG2g(Qa'g. (48.18) 


Together with the equations (44.4) we now have a complete system 
of zero order equations for the propagators G® and Gy”. 

It can be easily shown that the expressions for G° and G” obtained 
in subsection 48.1 are asymptotic solutions of these equations. This 
result is an independent proof of the renormalizability property of the 
Green’s functions. 


48.4. The Renormalization Group 


In subsection 45.4 we have seen that the elements of the scattering 
matrix (cf. formula (45.19)) are not changed if we go over from the 
original values of the charge e and the propagators G°(p), G’(k), 
DP’ (Pr; Pe ;k) to the renormalized values e,, Gé(p), G3(k),I"..(Pis Pei &) 
related to the original values by 


e. == Zile, e== Z, G*, GY “= ZG’, Pic — ZL", (48.19) 


We have utilized these transformations in order to remove in a unique 
and physically meaningful way those divergences which are encoun- 
tered in quantum electrodynamics. However, the role played by equa- 
tions (48.19) is not limited to this, since they are related to more general 
transformations admitted by the equations of quantum electrodynamics, 
the investigation of which enables us to obtain a number of general 
functional properties of the propagators?. 


1 A detailed investigation of the functional properties of the propagators 
is given in (30). 
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We start with the renormalized equations of quantum electrodynamics 
containing no divergences and consider the two systems of finite quan- 
tities €,, Gi(p), G¥(k), L1(p1, pe; k) and e, Gs(p), G3(k), [2(p1, Pe 3k). 
If these quantities are related by the expressions 

= 2741, 
G3 = 22° Gi, 
Gt = 23'G, 


2 52 5-25-11 52 
€5 = 212, °23° ey, 


(48.19) 


where Z,, Z), Z,; are arbitrary quantities, then on repeating the calcula- 
tion carried out in subsection 45.4 we can easily show that the elements 
of the scattering matrix calculated with the aid of both systems of 
these quantities will be the same. 

The transformations (48.19) obviously form a group which we 
call the renormalization group, or the group of multiplicative renormali- 
zation (191), (76), (29). We follow (29) in the following discussion. 

On taking into account Ward’s identity we can without loss of 
generality set z, = z, and rewrite the group (48.19) in the form 


Gi > G§= 2,Gi, 
Gi > Gh = 26%, 
Kyo l,=2z74, 


e? > e2 = zrte?. 


(48.20) 


We first of all establish the functional equations of the renormali- 
zation group. For the sake of simplicity we use the transverse gauge 
for the electromagnetic potentials in which d, = 0, and we introduce 
in place of Gr(k) and G*(p) the quantities d(k*), a(p?), b(p*) which 
depend only on the square of the momentum: 


an) = 5? 
. (48.20') 
ey _ _. a(p?)p + imb(p*) 
G*(p) = — pene 


It is convenient to transfer the arbitrary factors which in virtue of 
(48.20) appear in the functions d(k*), a(k*), 6(k*) into the arguments 
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of the functions by assuming that for a certain value of k? = /? these 
functions assume the values 


d(2)=1, a(2)= a, b(A2) = by. 


We write d(k?), a(k*), b(k*) in the form f(k?/A?, m?/A?, e*). Therefore 
the normalization condition for d(k*) is of the form 


It follows from (48.20) that 
k? om? [ke ms, 
ed (Ge qe? e = a {as > 472? a 


where z and z’ are two values of the factor z corresponding to the values 
of the charge e and e’. On assuming here that k? = A? we obtain 


2 2 
Z= va(? m a 


—,-=-, e@ 
Ae of] M2? 
Therefore 
RP mm | ke we em | 
ae. Wie? é€ ‘jae. Fe? e = ae We? | (48.21) 
and 
2 2 2 2 
ed| _ ar | — ea > a o}. (48.22) 


Thus the quantity ed does not depend on the choice of A and is, as 
is said, an invariant of the renormalization group. This quantity is 
called the invariant charge. 

For the actual charge e, the function d which we denote by d, (k?/m? ,e?) 
reduces to unity for k= 0. Therefore, it follows from (48.22) that 


On setting k? = /? in this expression we obtain 


ax ad(™, a. (48.23) 
m 


This relation defines the dependence of e, on the magnitude of A. 
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On introducing the notation k?/A?= x, m?/A2= y, A2/2’% = 1, 
we rewrite (48.21) in the form 


d(x, y, e) = ed(t, y, eya(®, “, e-d(t, y, e) (48.24) 


This relation is the functional equation for the function d. 

In a similar fashion we can obtain the functional equations for 
the functions a and b, which determine G*(p) (cf. (48.20’)). On intro- 
ducing for these functions the common notation s(p2/A?, m?/2?, e”) 
we obtain the functional equation 


S(x,y, €) s(, =, ed(t, y, | = (ty, al, =, edt, y, e)). 
(48.25) 


If we regard relations (48.24) and (48.25) as equations determining 
the unknown functions d,s, we can set ourselves the problem of finding 
their most general solution. Such a solution contains arbitrary functions 
of two arguments and therefore, generally speaking, is not of very great 
interest. However, in the particularly interesting domain of high mo- 
menta |k?|, |p?| > m* considerable simplifications occur, since we can 
omit the variable y from the set of arguments of the unknown functions. 
In this case, as we shall now show, the invariant charge is determined 
by only one function of one argument. 

On setting d(x, 0, e?) =: d(x, e?) and on introducing for the in- 
variant charge the notation g(x, £) = &d((x, 4), we rewrite the function- 
al equation (48.24) for the function d in the asymptotic region of 
large momenta in the form 


g(x, = 2(*, g(t, p) (48.26) 


It can be easily shown that the most general solution of this equation is 
g(x, )=f(Of7(9), (48.26’) 


where f(x) is an arbitrary function and xf-! is the corresponding 


inverse function. 


1 The assumption that the variable y can be omitted does not follow auto- 
matically from the fact that the functional equations (48.24) and (48.25) exist. 
A basis for this assumption can be found in perturbation theory. 
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Thus, for | k?| s> m? the invariant charge is given by the expression (76) 
ke ke —1f¢ p2 2 2 
ed\7 1 & =f we (e?)}, | k2| > mm. (48.27) 
The general solution of the functional equation (48.25) for the 
function s in the region of large momenta has the form 


(2 ; | = ae re), |p?| > m, (48.28) 
m m 


where A and F are arbitrary functions. 

We can easily establish the physical meaning of the function d. 
In order to do this we note that the potential g(r) produced by the 
charge e is related to the photon propagator by 


ie ike 
PO =-gor | 6 (k, O)e'* dk. 


On taking the Laplacian of g(r) we obtain the charge density o(r) at 
a distance r from the charge 


o(r) = —Ag = aig { BOK, 0) e'*" dk 
48. 
ie (48.29) 
~ (2x) 
The quantity o(r) obviously represents the charge density of the 
cloud of pairs surrounding the charge e. We see that this density is 
determined by the Fourier component of the function d(k). 
For large values of |k?| the function d(k) is defined by formula 
(48.27). On utilizing this formula we obtain the following expression 
for the charge density o(r) at distances small compared to fi/mc: 


i K p-1(02)\ pikr 
00) = aye | Ge! (€) et dk. 


[ack , O)e'* dk. 


we rewrite e(r) in the form 
o(r)=C { fk’? e*'dk' , (48.30) 


where C is a constant, r’ = r(m/ V fe). This relation shows that 
the form of the charge distribution at distances small compared to ft/mc 
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does not depend on the magnitude of the charge e which appears only in 
the scale factor. 

Relation (48.27) also leads to important consequences with respect 
to the “bare” charge ep. 

On noting that in accordance with (48.23) e? = e2d,(cc, e”), and 
on taking into account that e?d(k?/m?, e”) is a positive increasing func- 
tion of k?/m? we can draw the following conclusions. If as k2/m? > co 
the function f((K2/m)f-(e2)) — oo, then e? is infinite, and the singularity 
at the center of the charge distribution is stronger than a 6-function 
corresponding to a finite point charge. However, if as k?/m? > co 
the function f((k?/m?)f-1(e2)) tends to a finite limit then e2 is equal 
to this limit which does not depend on the value of e?. 


48.5. Derivation of Asymptotic Expressions for the Green’s Functions with 
the Aid of the Differential Equations of the Renormalization Group 
The arbitrariness arising in the solution of the functional equations 
(48.24) and (48.25) which manifests itself, in particular, in the fact 
that arbitrary functions appear in (48.27) and (48.28), can be removed 
if we seek solutions of equations (48.24) and (48.25) which in the limit- 
ing case of sufficiently small e? (for arbitrary values of the arguments 
x,y) reduce to the well known perturbation theory series. With this 
aim in view we shall first of all obtain the differential equations for 
the renormalization group which describe the infinitesimal transforma- 
tions of the group (29). 
On differentiating (48.24) and (48.25) with respect to x and then 
on setting t= x we obtain the desired equations 


e? d(x, y, e”) 
x 


0 y 
_ 2 2) — 2 an 
ay Od Ye) = (2, ¢ dtx,y, 6] 


(48.31) 


d 2) — l J 2 5| 
Zins(x,y,2)=ty(2 e d(x, y, e*) 


where 


oo.e)= (4 d(é, 2) , 


yy, e) = — (5 Ins(é, y> 2) 
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Thus, in order to obtain the functions d,s over the whole range 
of variation of their arguments we must know the functions @ and y 
which are defined by the values of the functions d, s in the infinitesimal 
neighborhood of the point x= 1. 

The functions y and yw can be obtained by using perturbation theory. 
Since the quantity e? appears in the definition of these functions in 
the form of the invariant charge e?d, the method of obtaining d and s 
with the aid of equations (48.31) requires that the condition e?d < | 
should hold. 

We now show how the asymptotic behavior of the functions d(k?) 
and s(k?) can be obtained for |k?| > m? with the aid of equations (48.31). 

On omitting in (48.31) the variable y we obtain 


Se d(x, &)= © oes ©) ole d(x, &)), 
(48.32) 
4 in s(x ye guess e)| 
dx > x > 3 
where 
7) 
r= (2a, 9} , 
1 (48 32’) 
a) 
z) = {| Ins(é,z } 
y(z) ( ag inst ) a 
Integration of these equations yields 
etd(z,e*) dz _ nx 
z9(z) 
vate. (48.33) 
S(x, e”) _ . (z ), 
5(%, &) mer? 
e*d(Z,e*) 


where e? d(x, e?) = z(x). 
We obtain first of all d(x, e?). 
In order to find g(z) we use the perturbation theory expansion 


4 


1 l 
d _ e _. - —. |n2 wae 
(x,e) = 1 +5 we nx 6x2 (as Inx-+ 6x2 In 7 + (48.34) 
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From this in accordance with (48.32') we obtain the expression for g(z), 


Zz 3z 
y(z) = a(t+ 16x27 z<i. (48.34’) 
Substitution of this expansion into the first relation (48.33) yields 
e 3e 2 
Inx = l—d1— x Ind+e*O(e?, ed), 


‘127? 127? 


whence 


2 


d(x,e)= 1—.£ -Inx+ 3e In 1.8 _Inx + (48.35) 
, 127? 1622 127? i . 


On confining ourselves to the first two terms of this expansion we 
obtain 


e k? 
e"d(x, e?) = --—— 2 where x= P (48.35’) 
1— Dat Inx 


which coincides with the result (48.14) obtained previously (with e,->e). 

We note that from the method used for the derivation of formula 
(48.35) it follows that 1—(e?/122?)lnx <1. Therefore, the logarithm 
appearing in the third term of this formula is negative and, consequently, 
the sign of the third term agrees with the sign of the second term. This 
circumstance is not accidental, and is a manifestation of the general 
situation which we shall discuss in greater detail in subsection 48.6. 

As has been pointed out already, the method of integration of 
equations (48.32) is based on the assumption that e’d <1 since only 
under this condition is the expansion (48.34’) valid. Therefore, formula 
(48.35’) holds when the following inequality is satisfied: 


a 2 


I— 


ie 


3a . 
whence it follows that |k?| < mee. This inequality is at the same 
time the condition for the applicability of the series (48.35). 
We see that in comparison with the usual perturbation theory 
series 2 


fo= 2 Sam e2(ntm) In” x, x= — 
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the series (48.35) has been rearranged and has the structure 
fo) = Serf, (2 nx), 
where f, are functions of e Inx. 

We can also obtain similar improved expansions of the functions 
a(x, y, e), b(x, y, e®) which determine G°(x= p?/A?, y = m*/2?). 
In order to do this we must have the expansions of the functions a, 
b by means of ordinary perturbation theory. They can be obtained 
if we substitute into the expression G* = S°+S‘°2'S® the expansion 
(47.24) or (47.24’) in place of 2. For d, = 0 we obtain 


Be fy | x+y | 
2) — a . ye. 
a(x, y, e”) 1 eam y | c(y) ’ 
a | (48.36) 
3e7 Jxty _ | x+y l 
2) — a } | > 
b(x, ye) = 1 = an Pee) 


where c(y) is a function of y. On utilizing these expressions, and also 

the relation (48.33) and the definition (48.32’) of the function yp(z), 

we can obtain the asymptotic formulas valid for large momenta (x > y), 
3e" 


~ Bape e)—I}+..., 


In a(x, e?) = 
9 (48.37) 
In b(x, 2) = 4 Ind-1(x, e)+..., 


where d(x, e?) is defined by the expansion (48.35). 

With the aid of equations (48.31) we can also obtain the behavior 
of the electron Green’s function in the region p?~~ —m?, In this region 
the function G?(p) has a singularity which is called the infrared singu- 
larity (the existence of this singularity can be seen, in particular, from 
formula (47.24’) for 2?) at x0). 

In order to investigate the infrared singularity of the function 
s we use the second of equations (48.31) and set y = —1 in it. Integra- 
tion of this equation yields 


s(x, —1, &) -{* a lo, ; 
5(%,—1, 8) Oe eens(8, — feta’, 1.8) ee? 


(48.38) 
where x = —(p?/m?). 
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We determine the quantity which appears in figure brackets in the 
integrand in the region x ~ x, ~ 1. By utilizing the usual perturbation 
theory expansion (48.36) we obtain in the case of the transverse gauge 
(d, = 0) 


é l 3e2 x’ 

—Ins , oss 2d ‘,—1 2 Ry — 7 omy , 
. [: yr Ox )h i rp? wl (48.38) 
On substituting this expression into (48.38) we obtain the principal 
part of the integral in the region x ~ ] 

s(x, —1,e) 3e? x—1 

S(Xo, —l, e) 8x 0 Xo— 1 > 
whence 

3e? 


s(x, -1,2@)~@(x—-1) ™, (48.39) 


2 _ Bet 
(4, | we (ptm) pa —m?, 
m 
In the general case of an arbitrary gauge we would have obtained, 
for 2) as can be easily seen by evaluating | ins(e—t, ead]| 
6) x f=1 
with the aid of formula (47.24’), an expression which differs from 
(48.38’) by the replacement of 3 by 3-d?. Therefore, for d? 0 the 
infrared singularity of s has the form (1) 


ez 
a? 


Pp — (3-42) — 
ol re e? | pe (p?--m?) “, Where p?x~ —m?. (48.40) 


It can be shown (77) that the Green’s function must have a singularity 
of this type not only for an electron, but for any charged particle of ar- 
bitrary spin. 


48.6. The Problem of Closure of Quantum Electrodynamics 

As we have repeatedly noted, the theory which contains a cut-off 
momentum L is not a closed one. The possibility of its practical ap- 
plication was based on the assumption that we can choose L in such 
a way that the region of momenta ,;k| > L does not play an important 
role. But only the limit L — co has a rigorous meaning. 
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The perturbation theory method based on the smallness of the 
parameter e® In (L?/m?) is obviously unsuitable in principle for the 
investigation of such a limiting transition. We have previously (cf. 
subsection 48.2) obtained expressions valid for small e? and arbitrary L. 

For sufficiently large L?/k® formula (48.17) assumes the form 


e 32 
—d = 48.41 
4a uk) In (L?/k?) ( ) 
In this case the renormalized charge e, = Z1/"e turns out not to depend 
on the initial charge 

e 32 


de = Wem) (48.42) 


Formula (48.42) is very instructive. The cut-off momentum L which 
appears in the theory as an auxiliary parameter turns out for In (L?/m?) 
> 1/e? to be uniquely related to the physical charge e,. If we take for 
e2 its actual value e2/4% = 1/137 then we obtain L = me(7/2)137, 
Large values of L lead to e2/4% < 1/137, and in the limit L > we, — 0. 

Thus, although the solutions obtained previously provide a formal 
possibility for a limiting transition to the exact theory (L — oo), this 
transition cannot be actually carried out as it leads to a physically 
incorrect result — the vanishing of the electron charge. 

We shall apply the method described in subsections 48.2 and 48.3 
only in the case of small initial charge (e? < 1). Therefore, for the 
time being we can only conclude from the foregoing that in a consis- 
tent theory the primary charge e cannot be small, ie., that at very 
small distances a strong interaction must occur. 

However, arguments can be given which show that the relation 
(48.42) must be valid for arbitrary values of e® (122). 

In order to do this we consider the system of equations (44.4) which 
define the Green’s functions. We note that in the first of equations 
(44.4) defining the electron Green’s functions G* the charge e* and the 
photon Green’s functions G’ appear only in the form of the product e?G”. 
The vertex function J’ cannot be defined by means of an exact integral 
equation, but it can be characterized by the set of irreducible skeleton 
diagrams which correspond to expressions containing e? and G’ also 
in the form of the product e*D” (cf. (45.20’)). Therefore, we can say 
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that the quantity e’d(k) = ie®k*G’(k) is defined by an equation of the 
type (43.43’) 


(2 +P.0)| e'd(k) = 1, (48.43) 


where P,(k) is an operator which is independent of the parameter e?. 

Formula (48.41) gives a solution of this equation for large values 
of L?/k? and small e?. This solution corresponds to neglecting the term 
1/e? in (48.43) as a result of which the equation no longer contains e?. 
Therefore, it is natural to suppose that for large e? we can neglect this 
term with even greater justification. In actual fact the situation is more 
complicated, since the operator P, in (48.43), being an integral operator, 
includes the region of integration over k close to L where the approxi- 
mation (48.41) is not valid. However, this difficulty is associated only 
with the sharpness of cut-off in momentum space. This could be avoided 
by introducing other types of cut-off. We could investigate, for example 
(154), a method of cut-off in which photon momenta are confined to 
a considerably smaller region of integration than electron momenta. 
In this case expression (48.41) remains valid over the whole range 
of variation of k and is a solution of equation (48.43) valid for arbitrary 
values of e? (with the exception of very small ones). 

A pictorial interpretation of the results (48.41) and (48.42) consists 
of saying that at small distances a strong polarization of the vacuum 
occurs. If the initial charge extends over distances of the order of 1/Z, 
then at large distances 1/k (for In (L?/k*) & 1) the effective charge 
e(k) defined by formula (48.41), 

2H) 1 ea = 3nfin(L2/), 
4n 4n 
will be small for arbitrarily large values of the primary charge e. However, 
if the initial charge is a point charge (Loco), then it turns out to be 
completely screened at any arbitrary finite - distance. 

We, therefore, conclude that quantum electrodynamics is not a closed 
theory. It cannot in principle take into account interactions at distances 
smaller than 1/L, where L is in any case greater than the value given 
by formula (48.42). Therefore, we should expect that the value of the 
cut-off momentum must have a deep physical meaning, expressing 
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a significant change in the properties of space-time or in the prop- 
erties of interactions at small distances. 

As we have mentioned previously, in the case of electrodynamics 
this question is not of great importance, since these distances are 
so small] that in the case of phenomena associated with even much larger 
distances we must take into account phenomena which do not formally 
enter into the content of quantum electrodynamics (for example, 
meson processes). 

The lack of closure of the formal structure of quantum electrodynam- 
ics is of greater importance for theories modelled on quantum electro- 
dynamics for the investigation of strong (meson-nucleon) interactions. 
In such theories a relation of type (48.42) must also hold (155), and 
for a large value of the renormalized charge e? ~ 1 this yields L ~ m, 
where ™ is a quantity of the order of magnitude of the masses of the 
particles participating in the interactions (mesons, nucleons). Such 
a value of L corresponds to distances of the order of 10-!4-10-13 cm, 

Of course, the method of investigation based on introducing a cut-off 
in momentum space cannot have a rigorous foundation, since it is, 
in fact, based on a nonlocal interaction of the type 


[PCOAGO) plz) 64 (xy) by(x—=) dx dy dz, 


where 6, and 6, are functions of effective width of the order of 1/L 
which go over into 6-functions for Loo, 

But it is not possible to formulate a noncontradictory system of 
equations with such an interaction for finite L. Therefore, it cannot 
be proved that solution of these equations followed by a subsequent 
transition to the limit is equivalent to a solution of the equations involving 
a local interaction. 


§ 49. Generalized Green’s Functions 


49.1. Green’s Functions in the Presence of External Fields 


So far we have been investigating Green’s functions in the absence 
of external electromagnetic fields. But, as we know, in a number of 
problems it is convenient to utilize this auxiliary concept. Therefore, 
we shall now generalize the results obtained previously on Green’s 
functions to the case when external fields are present. For this purpose 
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it is Convenient to consider the field due to external currents J(x). The 
external currents appear in the Lagrangian in the form of an additional 
term Li) = —J, (x)A, (x), where A(x) is the operator for the electro- 
magnetic field. In the diagrams this term obviously corresponds to 
vertices from which only one photon line emerges. 


< 
< 


@-—— — ee 


@e-——-——-——-+-—_— 


Fig. 96. Fig. 97. 


The simplest diagram of this type is shown in Fig. 96. It represents 
emission of a photon by external currents. The matrix element for 
this process has the form 


ié 
Siop= yin f Jude™ d'x., 
V 2o 
Figure 97 shows diagrams for pair creation by external currents. 
The matrix element for this process has in the first approximation the 
form 


Si, ie | ty ve trtm J, (y) Dé, (x—y) d4x dty. 


inf 

We note that this matrix element can be represented in the form 
a oe —e [ AL\(x)ity ,veKort moe dx, 

where 

ALM) = if J,(0) Di, ey) ay. 


The quantity Af*)(x) may be regarded as the potential due to the 
external currents J,,(x). Indeed, since 1 D(x—y) is the Green’s function 
for the wave equation the above expression for A‘) is a solution of the 
equation _ Al) = —J,. 
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In the general case the diagrams will contain parts joined to other 
parts by only one photon line (cf., for example, the second diagram of 
Fig. 97). Such a part is equivalent to a normal vertex which represents 
the effect of the external field A‘, 


A(x) = if Gi, (x—y)J,(0) dy. (49.1) 


Thus, the addition of the interaction L, is equivalent to the addition 
of the interaction Ly, 


Ly = —j,Q)4,? (x); 


where j,{x) is the current operator, and A/)(x) is the external field. 

All the quantities in which we are interested — the Green’s function 
and the matrix elements —are obviously functionals of J(x) or of A(x). 
States which are stationary in the absence of external currents naturally 
cease being stationary when J(x) ~ 0. However, we can consider the 
set of states ®(/) which become stationary when J(x) = 0. In this 
case the matrix element (r|S|r) = (®@,(V/), SW)@,(/)) differs from unity 
when J= 0. In particular, this also applies to the ‘‘vacuum state” 
(we retain this name in the presence of external currents only for 
convenience). 

In practice this is of no importance, since in actual problems we 
encounter only weak fields constant in time. 

We define the electron propagator in the presence of external fields 


as 
0! T(p,(x)¥,(y) $}0 
Gog ¥) = (0 Mv wei $}/0} (49.2) 
_coeme — ——— + + 
Fig. 98. 


By introducing the denominator (0|S|0) which differs from unity in 
the presence of an external field we exclude consideration of vacuum 
loops. We can also use the former graphical definition of G*(x, y) as 
an effective electron line. 

The equation for G® augmented by a term which takes the external 
field into account is shown graphically in Fig. 98, where the cross 
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denotes the vertex involving the external field. The corresponding 
integral equation has the form 


G(x, y) = S(x—y)—i [ Sx— x) MO’, YEO, y) dbx’ dty’ 
~e f S(x—A)ALEGCE, dts. (49.3) 
We define the photon propagator as 


0/7 Af YA ,Cy)S)}0 
Gi(x, y) = | | A ‘Sis|0) ) — Ale) (x) Al) (y). (49.4) 


It satisfies the same equation (43.43) as in the absence of external currents. 
The difference consists only of the fact that G(x, y) and P(x, y), like 
G(x, y) and M(x, y), are functions of the two variables x, y and not 
of their difference x—y. 

On applying to equation (49.3) the operator ip-+m, and to the 
equation (49.4) the operator L], where p, = —id/dx,,, we can write 
the equations for G® and G” in the following form: 


(ip-+m+M—ies)G(x, y) = —id(x—y), 
(C+P)G’(x, y) = —id(x—y), 
analogous to equations (43.42) and (43.43). 


(49.5) 


49.2. Green’s Function for Two Electrons. Equation for Bound States 
of the Electron-Positron System 

We have earlier discussed electron and photon Green’s functions. 
We can also define more complicated Green’s functions as vacuum 
expectation values of different products of Heisenberg field operators. 
Of the greatest importance is the Green’s function for two electrons, 
since it enables us to obtain the approximate wave equation for two 
particles, and, in particular, the equation for the bound states of the 
electron-positron system. 

We define the Green’s function for two electrons as 


(0| 7(p.xdv,(2)¥, Ca) ¥o<0S)]0} 
GHD) : 


Graphically the function G'—? is represented by a set of diagrams termi- 
nating in four electron lines. 


(49.6) 


Gopye(%1 X23 X2Xq) = 
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We divide diagrams defining G~~) into compact ones (Fig. 99) 
and noncompact ones (Fig. 100), calling those diagrams compact 
which cannot be divided into parts interconnected by only two electron 
lines. 

It is also useful to introduce the self-energy part for two electrons 
as the part of the diagram connected to the other parts by four electron 
lines. We denote the set of such compact self-energy parts by /(12; 34) 
where the indices denote both the coordinates and the spin variables. 


Fig. 99. Fig. 100. 


With the aid of this quantity we can construct the integral equation 
for the Green’s function G'—~. In order to do this we utilize the skeleton 
diagram of Fig. 101 which shows the relation between G°—) and J. 

In order to be able to describe further the bound states of the electron- 
positron system we shall here use notation symmetric with respect 
to the electron and the positron, viz., we shall denote by y(x) and 
y¥(x) the electron annihilation and creation operators, and by y’(x) 
and y’(x) the positron annihilation and creation operators. These opera- 
tors are interrelated by the equations 


vx) = Cyr), vO) = CQ), 
where C is the charge conjugation matrix. 


On denoting the Green’s function for the electron-positron system 
by Gt we have in accordance with (49.6) 


_ I boa pee 
Capi yol%y X23 XyXq) = m0 IS (0) 0] TLy, 4) PaXa) PCs) Psy) S}| 0) 


l ; 1 7 _ 
(0[S]0) (0| T{y, (x1) Pp (x2)S}]0) m0 is| 0) (0| T{y(x,) yrs(xq) S} 10). 


(49.7) 
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The second term arises because of the absence of exchange diagrams 
for noninteracting electrons and positrons. On the basis of Fig. 101 we 
can write the integral equation (168) 


G~*+(12; 34) = G-(13)Gt(24) 
+ G-(11) G*(22') (12's 1”2")G-+ (12; 34), (49.8) 


where integration and summation over the variables corresponding to 
repeated indices are implied, and G~ and G* denote Green’s functions 
for the electron and the positron (in the general case in the presence of 
an external field). 


| 
2 1 2 1 2 
4 —_— — 
3 4° 4 3 
3 4 
3 4 (a) (b) 
Fig. 101. Fig. 102. 


We can easily obtain the form of the kernel /(12;34) for an electron 
and a positron in the first approximation (proportional to e?), which 
corresponds to the diagrams of Fig. 99 (J): 


TE 6% Xg3 X3X4) 
=—eé (Y DaylOT YC) 5p D® (x4 — X2) 6(X%1—X3) 6 (X%_—X4) 
+e Y C)ag(C 1 ,)5,D° (x1 — 3) 0 (X3— X4) 0 (x, — x2). (49.9) 


The matrix C appears in this expression for the reason that we are 
describing the positron not by the operators w(x) and w(x), but by the 
operators w’(x) and w(x). The opposite signs of the terms in (49.9) 
correspond to the opposite signs in the terms of (37.4); finally, the 
6-functions take into account the fact that in the diagram of Fig. 102(a) 
the point x, appears to coincide with the point x,, while x, appears 
to coincide with x,, while in the diagram of Fig. 102(5) the point x, 
coincides with x,, and x, with x,. 


682 QUANTUM ELECTRODYNAMICS 
On utilizing the properties of the matrix C we can rewrite (49.8) 
in the form 
Laprys (Xi X23 X53 Xa) 
= 2(Y Jay (Y po DP? (1 — X02) 6(%1— Xs) 6 (X2—X4) 
+e? (y,, C)ag (CY ,)5y DP? (%1— Xs) 6(x,—X2) 6(%3—X,). (49.10) 
On applying to equation (49.10) the operator 


(ip — ieA(x,) + M-™ +4 m) (ip + ieA(x,) + M+ +m), 


where M is the mass operator defined in § 43, and on taking into account 
the fact that the single particle Green’s functions satisfy equation (49.5), 
we obtain 


KG~* (x4 X23 X3Xq) = —O(%1—%3) 0(%2— 4), 


where 
K = (ip — ieA(x,) + M~™ + m) (ip® + ieA(xy) + Mt) + m) 4 
(49.11) 
and 


IG7* (X1 X23 X3Xq) = f Tex; Vi Yo) GT (My V25 X3X4) dy ut yo. 


We see that the function G~* is the Green’s function for the equation 
K(x x.) = 0, which is the equation for the wave function g(x, x.) 
which describes the state of an interacting electron and positron. 

The kernel J in the absence of an external field can depend only 
on the difference of coordinates. On introducing the new variables 
X= Xy— Ky, X= Xy—X,, X = (4, +%,) and X' = 3(x,+%,), we can 
say that in this case J will be a function of x, x’ and X—X’: 


I= I(x, x’; X—X’). 


In the absence of an external field we seek the wave function 9(x, 2) 
in the form (x,x2) = g(x)e'**. On going over to the momentum 
representation we obtain, in the approximation proportional to e?, 


l 1 
m+ip, m+ips 


P(p) = [2% P'S Ky p(p) ap’, (49.12) 
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where 
= alg =— _ tle 
Pr = Po a> Pa ~P 7 
P(p) = Ome “af (x) ei? d4x, 
I) (p, p's K) = 0; my f 1 (x, x'5 Yye Her er skyigty qty’ day 


— ~ Gay “lo, Jay (Yas (pa ne yt On ee CY Doy ee iz 


If we go over to the coordinate system in which the center of mass 
of the particles is at rest, i.e., if we set K = (0,0,0, iK,), we obtain an 
equation for the determination of the energy eigenvalues K, of the 
system of two interacting particles. In this case, if Ky is smaller than 
2m, we shall obviously obtain a bound state of the electron-positron 
system (in any coordinate system this condition has the form K? > (2m)?). 

In the nonrelativistic approximation (up to terms of order v?/c?) 
we can obtain from this expression the Schrédinger equation for the 
electron-positron system which was used in Chapter VI. 


49.3. Equations for Green’s Functions in Terms of Variational Derivatives 


The foregoing equations for the Green’s functions G* and G” define 
these quantities if the polarization and the mass operators P = il/*, 
M = id* are known. Equations (44.2) and (44.3) express these operators 
in terms of the Green’s functions G*, G’ and the vertex function J’. 

As we have noted previously (cf. subsection 44.2), it is impos- 
sible to construct an integral equation which would in turn express 
Tin terms of G* and G’, and which together with the first two equations 
would give us a complete system of equations determining the Green’s 
functions. 

We shall now show that it is possible to find a relation connecting 
the vertex function /’ with the electron Green’s function G*. However, 
this relation has the form not of an integral, but of a functional (varia- 
tional) equation. 

With this aim in view we investigate the change in the mass operator 
M resulting from a variation of the external field A‘. Let an infin- 
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itesimal term 6A‘) be added to the function A‘). The corresponding 
addition to the mass operator M is shown in Fig. 103. We see that 
the diagram of Fig. 103 represents a certain vertex part A, and therefore 


bE*(x,y) = —e [ A(x, ys JOA (AA, 


1.€., 
62* (x, y) 
—eA (x,y; ) = -o a (49.13) 
a dAl?(E) 
| 
t 
—__ 
Fig. 103. 
On utilizing (43.40) we obtain 
d(G*(x, y)) 
Ly h)= (Gx, »)} (49.13’) 


SAGE) 
where [’.(x, y; €) = A(x, y; &)+-y,,0(x—y) o(y—&) and (Ge(x, yyy? can 


be obtained from the relation 


{ (Gee, WJ7G(y, Adty = 6(x—2). 


On substituting this expression for I" into (44.2), (44.3), and on noting 
that in accordance with (49.1) 


dA (x) = i { GY, (x, Wd, O)dty, 
we obtain 
OG" (x, ¥) 
“OF (x)? 
OG" (x, x) 
* OF) 


[>c. z)G°(z, y)d'z = iey 
(49.14) 
i [ T*(x, z)G?(z, y)d'z = eSpy 
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Thus, equations (49.5) assume the form 


A ' re) 
[ism ied) ey pss | GHC y) = —id(x—y) 
bt (x) ° , 
i. 49.15 
6G*(x, x) ( 


LG’ (x,y) = PRY) —eSP YW BF Gy 


This system of variational equations for the Green’s function was 
obtained by Schwinger (177). 

Equations (49.15) can also be obtained in a formal manner without 
resorting to graphical methods. In order to do this we evaluate the 
variation with respect to J(x) of the expression for G*(x, y). On utilizing 
the definition (49.2) and the explicit expression for the scattering matrix 
S in the presence of external currents 
Hz) + T(z) A(@)atz 


s=Tr{el ', 


we obtain 


6G’ (x, y) i w 
SG) OST (Ol TH.)9,0)4,2))S10) 


(017(v.@)%Q)S)10) (017(A,@)S)|0] 


~~ @jsi) SIV 


On defining the external field 


(0) 7(A(~)S) 0) 
~— (OJS|O) ” 


A‘) (x) — 


we can write the second term in the right hand side of this equation 
in the form iG¢(x, y)A(?(x). The first term, which is equal to 


i(0| Thbaxh,(9) A,2))19), 
can be transformed by means of the relation 


(iP+m),.T(b2,(”)) = ieT (4, CYA) Py (9) —15—) bap. 
(49.17) 


To prove this we utilize the fact that T(,(x)p,(y)) represents a function 
which is continuous for x» > yg and for x» < y,, but which has a discon- 
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tinuity where it jumps from pay) W(x) at x9 = Yo—O to (x) p(y) 
at Xp = yp +O. The value of this discontinuity is equal to 
wb, (y) p, (x)+h, (x), (y) = y,0(x—y) bap: 
The derivative at the point of discontinuity is equal to the magnitude 
of the discontinuity multiplied by 6(%) — yp). Thus, we have 
ip(T(h,(0)},0))) = i TBP, CI},()) —16e—) 8,9. 


Further, by utilizing the Dirac equation for the operator (x) 


(ip-+-m—ieA(x)) p(x) = 0, 


we obtain equation (49.17). 
On substituting (49.17) into (49.16) we obtain equation (49.15). 
In a similar manner we can easily obtain the variational equation 
for the photon Green’s function. In order to do this we must utilize 


OA, (x) = —ie (h(x), y,bO)]—J, 0). 


from which it follows that [(JA‘?) = —J,(x)+ieSpy ,G*(x, x). By varying 
the last equation with respect to J(x) we obtain second equation (49.15). 

If in equations (49.15) we replace the variation with respect to J(x) 
by variation with respect to A‘)(x) in accordance with (49.1), we obtain 
the system of equations 


(ip +-m—ieA(x)}G* (x, y) 
| é | | 
—ie | OG, Dus qangy OC Naz = —i8E—y), (49.171 
i 


dG? (x, x) 
6 A)(z) 


LIG’(x, y) = —id(x—y)—ie Sp { a*zG"(z, y)y, d‘z, 


~49.4. Expressions for Green’s Functions in Terms of Functional Integrals 


Green’s functions can also be represented in the form of certain 
closed expressions containing functional (continuous-dimensional) 
integration (63), (74), (28), (54), (132). Although such a representation 
has not in practice led to any new results, nevertheless, its study presents 
a definite interest. 
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First of all we construct the expression for the vacuum expectation 
value of the operator S = T(o), where 


2 J iQ, Goa 


o= (49.18) 


and T is the symbol for the chronological product. 

We also write T in the form T= T,T,, where the operators T, 
and 7’, correspond to time ordering of the operators of the electromag- 
netic field A and the electron-positron field y. 

The chronological product of operators of the electromagnetic 
field can be expressed in terms of the normal product. In accordance 
with (24.17) we have T,(c) = N,(e40), where N, is the symbol for the 
normal product of the operators A and 

e 
A= 5 [48a DE— 5 oa) 
To simplify further calculations we formally replace integration over 
four-dimensional space by summation over a discrete number of points. 
On introducing the change of notation 


iOVae =j.5  ACVdx=A,;  D(E—n)/dEd'n = Di, 


we obtain 


ose =z 7 
1 a 
daa Pn 0A; 0A, (49.19) 


T,(c) = ves a 
where it is understood that a summation is taken over repeated indices. 
Now the operator o, which in accordance with (49.19) is a functional 
of A(x) and j(x), is written in the form of a function of an infinite number 
of variables A, and j,. 

We evaluate the expectation value <T,(o)> of the operator T,(c) 
for the vacuum state of the electromagnetic field. Since the vacuum 
expectation value of any normal product of operators is equal to zero, 
we have 


1 Ds 03 

= Dina 

2 0A, 0A, ers 
A_=0’ 


(T,(o))= (. 


where A, may be regarded as c-numbers. 
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We evaluate the Fourier transform of the function o(j,, 4,) with 
respect to the variables A, 


_ . -iA, Ag aay 
o(A) = | of), Ae" [Se 


z 


then we have 
. dA, . ~$ DE, Aga, tg Ag 
(Talo) = f 063, OT] Sf ¢ [] 44 
y ¢ 


The quadratic form appearing in the exponent can be transformed 
to its principal axes. This changes the infinite-fold integral into a product 
of one-dimensional integrals, and allows us to carry out the integration. 
In this manner we obtain 

; —1of ara dA. 
T= Cfo, Ae PTT T=, (49.20) 


I 


where 


and Df = Dé, is the matrix Dé, brought to diagonal form. This expression 
contains the operators y. Further, on averaging over the vacuum state 
of the electron-positron field, we obtain 


~1(t)a.4, 7 dA 


(0|S|0) = cf Ae "To (49.21) 


where 
S°(A) = ¢T,(0)> 


and the brackets denote averaging over the vacuum of the electron- 
positron field. 

The expression for the Green’s function can also be brought into 
a form analogous to (49.21). On carrying out the same transformations 
as before we obtain 


~2 (Dp AA, dA 
(0/S/0)Gz5(x, y) = { eT ST (9,0) 0A.) | |S 


(49.22) 
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We see that the problem reduces to the determination of.the Green’s 
function for an electron in the external field A 


S(A)Gg(X, 95 A)= KT, lp) ¥,oG, A>. (49.23) 
It follows from (49.23) that G(x, y; A) satisfies the equation 


(ip--m—ieA(x)) G(x, y; A) = —id(x—y). 


If G(x, y; A) and S°(A) are known, then G%(x, y) can be expressed 
in terms of these functions as 


—1 (pn) 4,4 
{ Gx, y; A)e 2 ET" soc4y [] dA, 
G(x. y) = 49.24) 
{ exp(—3(D93,4-4,)S%A) [] dA, 


i.e., the Green’s function G*(x, y) is obtained from the Green’s function 
G(x, y; A) in the given external field A by averaging over all possible 
fields A with a weighting function given by exp (—4 Dé, A, A,)S°(A). 
By utilizing a similar method the photon Green’s function can be 
written in the form 
~ $ (0D e, Ac4, 
[A,C)4,Q)e * SA) [] a4, 
G?,(x, ¥) = a _ . (49.25) 
f exp(—}(D)3.4,4,) 5°(A) [] a4, 


We now obtain the expression for S°(A). We introduce the notation 


x(x) = ep(x)AQ), 
no) V EX = x5 yO) VEX = y,. 
Then SA) = ¢T,,(e *#"2)>. We expand this expression into a series in 
powers of y,y,, and in each term of the series express the 7-product 
in terms of N-products in accordance with the formulas of § 24. On 
taking into account the fact that the expectation values of N-products 
vanish, we obtain 


D,(K), (49.26) 


5A) = y c~ 


n 


where D,(K) is a determinant of the nth order constructed of the 


quantities K,,,,= Yo Xz; 


Ij Ij 
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The series (49.26) can be summed and yields 
SA) = D(K), (49.27) 
where 
D(K) = 0. — Kz, 2)l| 


is an infinite determinant (the Fredholm denominator). 
Expression (49.27) can also be written in a different form. We assume 
that the matrix of the determinant D(K) is brought to diagonal form 


in such a way that K,, = 6,,K,. Then SA) = []Q—,) and 


In S914) = )' In(1—K,) = Sp In(i— XK). (49.28) 


Since the last expression contains only the trace of the matrix, it is 
invariant with respect to the choice of the representation. 
The matrix In(i—X) can be written in the form 


1 
dh 
or, by utilizing the definition of K, 


Ini—K)=—e f -, 4% _. (49.29) 


We compare the integrand in (49.29) with the Green’s function 
G*(x, y; A) for the Dirac equation for an electron in an external field A. 
In matrix form such an equation has the form 


((S*y-1—eA) G(A) = 1, 
whence 

((S91—eA) = G(A). (49.30) 
We see that 


1 
In(I—K) = —ed | G(AA)dA. 
0 
In the usual notation the last formula has the form 


1 
Sp In(I—K) = —Sp | da f G(x, x; AA)A(Q)a4x, (49.31) 
0 


where the symbol Sp refers only to the spinor variables. 
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Finally we obtain 
1 
SA) = exp(—e f diG(x, x; 44) A(a)d'x}.. (49.32) 
0 


Thus, the foregoing method reduces the general problem of quantum 
electrodynamics to finding the Green’s function for the Dirac equation 
in an arbitrary external field, and to subsequent averaging by means of 
functional integration. 

On solving equation (49.30) by expansion into a series in powers 
of eA and on substituting these solutions into (49.32) and correspond- 
ing integrals over A, we can develop a perturbation theory equivalent 
to the usual perturbation theory of quantum electrodynamics. 

It is obvious that in the zero order approximation G® coincides with 
S¢and S° = 1. In this case we can easily obtain from (49.25) that G” = D*°. 
In the general case the factor S°(A) in (49.25) takes into account the 
polarization of the vacuum, while the factor exp (—}(D*);}4,4,) corre- 
sponds to the free electromagnetic field. These two factors correspond 
to the two terms P(k) and k? in the equation for G”. 

We note that in accordance with (49.30) and (49.32) S°(A) is a function 
only of the product eA: SA) = F(eA). Therefore, on choosing for the 
variables of integration in (49.25) in place of A, the variables B, = eA,, 
we can write the expression for the function G” in the form 


— 1 fei 
B(x)Bfyye "8" FB TT] aB, 
# y : 
PGI(t—Y) OT ny mm (49.33) 
fe RP %e8" ECB) |] aB, 


We see that e2 appears in the right-hand side of (49.33) only in the 
term corresponding to the free field, whose role becomes less important 
as e? increases. Thus, we obtain a result arrived at in a different manner 
in subsection 48.5: the function e?G? does not depend on e? and therefore 
must be of the form (48.41). 


CHAPTER VII 


Radiation Corrections to Electromagnetic Processes 


§ 50. Effective Potential Energy of the Electron. Radiation Corrections 
to the Electron Magnetic Moment and to Coulomb’s Law 


50.1. Energy of Interaction of the Electron with the Electromagnetic 
Field Taking into Account Corrections of Order a 


We now proceed to study specific physical effects associated with 
the higher order approximations of perturbation theory. Such effects 
have the general name of radiation corrections. 

We start by determining the radiation corrections to the energy 
of interaction between an electron and an external electromagnetic 
field. 

The interaction between an electron and an external electromagnetic 
field is determined in accordance with the Dirac equation by the quantity 
U = ey , Al?) (x), where Al’)(x) is the potential of the external field and e 
is the physical charge of the electron (in this Chapter e and m will denote 
the physical charge and the physical mass of the electron). 

The matrix element of this quantity determines the scattering of 
the electron by the field A‘*(x) in the first approximation of perturba- 
tion theory. 

We wish to find the radiation corrections to the quantity U. For this 
it is obviously necessary to replace in the expression for U the matrix y, 
by L, and Af?) (x) by Af?) (x) +64) (x), where Pi=y,tA,, A, 1s 
the vertex part and 6A‘°)(x) is the increment in the external potential 
due to the interaction between the electromagnetic field and the 
electron-positron field. The Fourier component of the first of these 
quantities is given in the second approximation of perturbation theory 
(in the case of external electron lines) by formula (47.52), while the 
Fourier component of the second quantity is given by formula (47.36). 
On neglecting the product 1,,6A'°)(x), and on utilizing these formulas, 
we obtain the following expression for the Fourier component of the 


(693] 
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radiation correction to the quantity U in the second approximation 
of perturbation theory: 

5U(q) = e(A 4) ALG) +7, 5A) = FD A); 
where Af?) (q) == AP (p1, Pos g) and 


é 26 m 
FQ) = — Ser | (eae) (2) 
6 2 ° ] 20 
q Aw aw 
— 3 tand— 5p | Ftan pae| + Bi G0 VoD S56 
0 


1 4m? —2q? 1 
4-58 In4 FS) Ee (1-6 cot 8) - +} (50.1) 
If we write U(qg)+-dU(q) in the form 


U(q)+6U@q) = ey, Al (q)+iev,69(9), 
where 


e6p(q) = + dU), (50.1' 


then the latter quantity can be regarded as the Fourier component 
of the increment of the potential energy of the electron due to the in- 
teraction between the electron and the vacuum. We call this increment 
the effective potential energy which determines the interaction of the 
electron with the vacuum. 

If we know the Fourier component edy(q) we can obtain the effective 
potential energy which determines the interaction of the electron with 
the vacuum as a function of the coordinates and the time: 


1 
=... (e) ter 4 = 
C9) = ai | BF, (q) A, (qe d4q, B= 74. (50.2) 
On substituting into this expression 


Aig) = | A (p)e“edty, 
we obtain 


1 ; 
min | BF Mee) dig dy 


1 
= 7 | BF) Al(y) dy, 


I 


edgy (x) = 
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where 
1 
F — F igz -J4 
” (x) (2x) { (]) e€ ° d q. 


We see that the effective potential energy of interaction of the electron 
with the vacuum is determined by an integral operator acting on the 
external field. 

On noting that g,e' = (1/i)(0/éx,)e', we can rewrite expression 
(50.2) in the form 


cb) = PRT) age | Ar @emaa = FBR; 2) Ae). 
(50.3) 


We assume that the external field A‘*)(x) is a slowly varying function 
of the coordinates and the time. In such a case the function F, (q) can 
be approximated by a power series in g; the operator F, (i-1d/dx) will 
in this case be a differential operator acting on A‘?)(x). 

On confining ourselves to only the linear and the quadratic terms 
in the expansion for F,(q) we obtain in accordance with (50.1) 


= e 4, m 3 1 ia A 
F,(q) - fl 32 4 (in es ence | (50.4) 


Therefore, the effective potential energy of the electron will be given 
in the third approximation of perturbation theory by 


e 4 | m 3 J . 
— _ _ _. _ r (e) 
ep (x) a i (in A 8 tay, @) 


| 
— 5 By, F(a) (50.5) 


where 
(x) = Al d —— A?) 
F., x = x Ae 


Xn y 


On introducing the electron spin matrices 


| 1 | 
2, = 7 2a d= weeree 23 = weetey 
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we can rewrite edg(x) in the form 


e 
— (42)?m 


edy(x) = (B- ZH—ipak) 


e 4 m 3 1 _ _ 
(in 2 | (pa A), 6 
at Bm (in i 8 a y—aisd), (50.6) 


where E, H are the electric and magnetic fields. 


The expression for the effective potential energy edm(x) contains 
the photon “mass” A. This is associated with the fact that formula (50.2) 
was obtained by means of perturbation theory, which, as we have 
already pointed out in § 30, is, generally speaking, inapplicable to the 
description of the interaction of an electron with long wavelength 
photons. Therefore, formula (50.6) takes into account, strictly speaking, 
only the interaction of the electron with short wavelength photons, 
while if its interaction with long wavelength photons is required, it 
must be evaluated separately. 

The individual terms in expression (50.6) admit a simple physical 
interpietation. Let us first of all consider the second term (207). 

We assume for the sake of simplicity that the external field is an 
electrostatic fleld. Due to the existence of zero point oscillations of 
the field an electron experiences forces which result in its additional 
displacement. This displacement, which we denote by 6r, is associated 
with fluctuations in the potential energy of the electron, given by 


ep (r+ dr) —ep(r) = e(5r V +4 (6rV)? +...) (4). 


On neglecting in this expression all powers of é6r higher than the second, 
and on averaging over all possible values of é6r, we obtain 


<ep (r+ 6r)—ep(r)>o = Felorode(r), 
where (6r)é is the average value of the square of the electron displace- 
ment due to the zero point oscillations of the field. 
In order to make an estimate of the order of magnitude of (6dr)? 
we Start with the equation of motion for the electron, taking into account 
the effect of the zero-point oscillations of the field 


oF = —_E,, 


ée 
m 
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where E, is the electric field due to the zero-point oscillations. On 
expanding dr and E, into monochromatic waves we obtain 


| Or. |? = 3 


E? 
meat °° 


where or, and E,, are the Fourier components of the quantities dr and Ep. 
The component E,, is determined by the relation 4£2 = w/2 (the 
normalization volume is assumed to be equal to unity), and therefore 


On multiplying jér,|? by the number of modes of oscillation in the 
frequency interval dw, equal to (2/(27)3)4nw*dw, and on integrating 
over w, we obtain (6r)?: 


e da 
(or) = sma} wo 


This expression diverges logarithmically both at high and at low 
frequencies. The divergence at high frequencies is associated with the 
general divergence in quantum electrodynamics in the region of large 
momenta of virtual particles; while the divergenee at low frequeneies 
is a manifestation of the previously mentioned infrared divergence, 
associated with the incorrect treatment of the interaction of the elec- 
tron with long wavelength photons. We eliminate this divergence 
by ascribing to the photon a “mass” 4, 

We take the upper limit in the ‘‘regularized’”’ value of the integral 
to be equal in order of magnitude to m; thus, in order of magnitude 
(6r)2 is equal to 


e m 
(6r)2 = Fras [mn 1 +- c| , (50.7) 


where C is a numerical constant of order of magnitude unity, which, 
naturally, cannot be determined in an elementary manner. 

By utilizing this value of (6r)?, we obtain the expression for the 
mean fluctuation of the electron potential energy 


Lep(r+or)—ep()>o= shine (in o +C}4p() (50.7 
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On comparing this expression with formula (50.6) for edm(x) we see 
that it coincides in order of magnitude with the second term in edp(x) 
in the case of a purely electrostatic field. 

We can easily obtain a relativistic generalization of formula (50.7’) 
for the case of an arbitrary electromagnetic field (which, however, 
varies sufficiently slowly). In order to do this it is, obviously, necessary 
to replace in the right hand side of (50.7’), firstly, the Laplacian by 
the d’Alembertian operator and, secondly, the scalar potential » by 
g—aA, We thus obtain the order of magnitude of the second term 
in expression (50.6) for the effective potential energy of the electron. 
Consequently, this term can be interpreted as the fluctuation of the 
potentials associated with the displacement of the electron under the 
action of the zero-point oscillations of the field. 


50.2. Radiation Corrections to the Electron Magnetic Moment 


We now investigate the first term in (50.6). 

We assume that the electron is situated in a constant magnetic 
field. Then the effective potential energy of the electron, taking into 
account its interaction with the vacuum, will contain only the single 
term 

5 "EH 
edy(x) = — 35 - 
9 ) (axjem P 
On the other hand, the operator for the electron energy in a magnetic 
field is of the form 


Un = —pp2H, 


where uw is the magnetic moment of the electron (in the nonrelativistic 
approximation the matrix f reduces to unity). A comparison of these 
formulas shows that as a result of its interaction with the vacuum the 
electron acquires an additional magnetic moment which in the third 
approximation of perturbation theory is equal to 


, a 


Lk =~ 77 o> (50.8) 


where 4) = efi/2mc is the Bohr magnetron, and a= e?/4ztiic is the 
fine structure constant. This additional term may be called the “anom- 
alous’” magnetic moment in contrast to the ‘normal’ moment pp. 
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Thus, up to terms of order a? the magnetic moment of the electron 
is given by (this result is due to J. Schwinger (174)) 


= fo (i+). (50.8’) 


In the presence of an electric field E the first term in (50.6) has the 
form 


t . L 
1! (BEZH—ifaE) = — V0 F 


by? 


(50.9) 
, a 1 . . 
Where po’ = Mors Yu = ay (V,.7,—¥Y,) and F.,, is the electromagnetic 


field tensor. This expression agrees with the corresponding term in 
the phenomenological Dirac equation (15.12) for a particle with an 
anomalous magnetic moment yz’. The Hamiltonian for the electron 
will in this case, up to terms of order v?/c?, contain terms proportional 
to w’ in (15.13). 

The experimentally observed value of the ‘‘ancmalous’”’ magnetic 
moment of the electron differs from the theoretical value (a/27)uo 
given by formula (50.8). It is therefore of interest to evaluate the mag- 
netic moment of the electron taking into account corrections of order a’, 
which correspond to fifth order perturbation theory effects. Such 
effects correspond to the diagrams shown in Fig. 104. 

For the evaluation of the “anomalous” magnetic moment of the 
electron we can utilize the fact that the part of the effective potential 
energy (50.6) containing the “anomalous” magnetic moment wp’, is of 
the form (50.9) A part of the effective potential energy of the electron 
will have the same structure also in higher order approximations of 
perturbation theory. 

The energy (50.9) corresponds to the part of the element of the 
scattering matrix which has the form 


M = —p'u, Al?(q) Vv Ir4rs (50.9') 
where 
Ale) (g) = [ A (ae dx, =p. 
and u, and uw, are the spinor amplitudes of the initial and final states 
of the electron of momenta p, and p,. Therefore, for the determination 
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of the “anomalous” magnetic moment of the electron in fifth order 
perturbation theory approximation it is sufficient to pick out from 
the matrix elements corresponding to the diagrams of Fig. 104 those 
parts which have the structure of (50.9’). 


iA"tq) 


Q 0 0 


OL _—<_ —_—_ _— 
(6) (7) (8) (9) 
Fig. 104. 
It can be easily seen that contributions to the increment in the 


Magnetic moment come only from diagrams 1,2,3,4,5, while dia- 
grams 6,7,8,9 determine corrections caused by polarization of the 
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vacuum to the first and third order vertex parts, and make no contri- 
bution to the magnetic moment. 

In accordance with the rules of subsection 25.5 the matrix elements 
corresponding to diagrams 1,2,3,4,5 are given by 


M, — e z, | i(po— k)— m A’ (q ) i(py— k)— m 


~ One? (pk tm, 


(Py tn 


atk 
XVy7 ke TD) a 


py 


_ 7 i(P2— k)— ™ sip 
M, = (27)8 te | yr (Do- ~ Oe Em ~ (P, 


i(Pe—k)—M fe (q) eee atk 


(pk +m — ket m2 Poe 
i(P» re ¢ 
M,= os ye “i { AS (Pe, P2— k)— (po— a © En + At) (q) 
i(Py— k)— d'k 


x th, —k) it Ye ke uy; 
(50.10) 
i(p,—k)—m 


- (e) A') k, —k 
4 Oxy i | Ve (Ps —k)t+m 2 Ay (q) (Po— Py ) 


i(Py— k)—m d'k 
xT (py —k)?+m? tar ea “4 


M, = - Ag ) 


ef i i(pp—K)\—m | i(Ba—k—k’)—m 

~ ay D8 (phy "(pk KE 
i(Py— —k— k’)— m i( Py — —k')— mm dtk ak’ 
(p,—k—k'4+m Yap, Km tee RY 

where the quantities /7{2)(k), 2) (p) and AS) (p', p"’) A(p', pp’ —P") 

are defined by formulas (47.31), (47.24), (47.52). 

We do not reproduce here any detailed calculations, but give only 
the final expression for the correction to the magnetic moment of the 
electron of order a? (188), (102): 


2 
w= —0.328 fo. (50.11) 
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Thus, the magnetic moment of the electron taking into account ra- 
diation corrections of order a? is equal to 


a a ; 
= (14-0228) Mo = 1.0011596 po. (50.11°) 


50.3. Radiation Corrections to Coulomb's Law 

We now obtain the radiation corrections to the electric field pro- 
duced by a point charge e at rest. 

In accordance with (49.1) the general relation connecting the given 
current J,(x) with the field A(x) produced by it, has the form 


A(x) = if Gtx’, (x) dix’, (50.12) 


where G¥,(x) is the photon Green’s function. 

In the case of interest to us of a point charge at rest J, (x) = ied ,0(r). 
Therefore, the scalar potential g(r) produced by the point charge e 
situated at the point r= 0 is given by equation 

g(r) = ie | Gr(x)dt. (50.13) 

With the aid of the representation of the function G’(x) in mo- 

mentum space 


GY (x) = aay | HWetak= a | @ (k, ko) etre!) d4c 


(2x) 


we can rewrite (50.13) in the form 


g(r) = = at G? (k, O)el*dk. (50.13’) 


On yy 

On utilizing the general relation (43.37) defining the function G’(k), 
and formula (47.31) we obtain the following expression for the photon 
Green’s function taking into account radiation corrections of order a: 


ofa 


G’(k) = D°(k) 1+ £¢ f x-2) In [ ++ 


where 
D°(k) = — --.--—— 
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On substituting this expression into (50.13’) we obtain the potential 
of a point charge taking into account corrections of order a: 


a 


thr 2 k2 
g(r) = apf elt oe x(1—x)In [1+ Fext—2) Jarkan. 


(50.14) 
On noting that 
2 
| D°(k, 0)e* dk = = 
and 
1 Re 1 5x ae 
fxa—x inf + 5 ~x(l— =» |ax= —f _— 3 5 H (l—2x)dx 
1 
1 | gy32 
Poa 2) ( j “| ib 
8m? 7 re 
0 I+ 7 (1—v?) 


where v = 2x—1, we rewrite g(r) in the form 


1 
e 2 pass |, f gikr ik 
_ N38 ay f — 2 a. 
g(r) = dar * (20) 1—v? ke 4m? 
1—v? 
Further, on utilizing the relation 
2mr 
elkr Ine - 
_- . dk = Vil-v 
k2-+ (4m?/1—v?) r © 


and on introducing instead of v the new variable ¢ = 1/)/1—v? we 
obtain finally the following general formula for g(r) taking into account 
corrections of order a (173): 


oO 


2 rs | 1/2 
9) = ele | emt(1+ 32) = at 0.1) 


1 
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The integral appearing in this expression can be evaluated in two 
limiting cases, when mr <1 and when mr > I: 


5 
oo ; ———y-—Inmr, mr<l, 
* —emrt 1 1 \ @-p ag = | ° 
| ° Ls 3y/m e-em 
1 8 (mn) 378 ; mr > 1 
(50.16) 


where y is Euler’s constant. Therefore, the potential of the charge at 
small and at large distances (compared to h/mc) is of the form 


e af 5 1 

; 4 2 oy Lp 

ee { “al 377 in ar) mrt, 
P=}, (50.17) 


ae 1 a e72mr 1 
4nr \' Gnli® (m3? {’ mr > o 


We see that at large (compared to fi/mc) distances from the charge 
the potential differs from the Coulomb potential by an exponentially 
small term, while at small distances the deviation from Coulomb’s 
law varies logarithmically with the distance. 

Formula (50.17) may be interpreted in the following manner. If 
we rewrite it in the form 


_ e(r) 
p= ZR (50.17’) 


then we can say that the potential g(r) is determined by Coulomb’s 
law using an effective charge e(r). This charge coincides with the phys- 
ical charge e at large distances r > (h/mc). But at small distances 
r <(f/mc) it is equal to 


e(r) efi+ inte], (50.18) 


This expression agrees with the expression obtained in Chapter VII for 
the effective charge for L~ I1/r. 
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§ 51. Radiation Corrections to Electron Scattering 


51.1. Electron Scattering by the Coulomb Field of a Nucleus in the Second 
Born Approximation 

We now proceed to determine the radiation corrections to different 

electron scattering processes. We begin with the radiation corrections 


to the scattering of an electron by the Coulomb field of a nucleus, 
which we regard as a perturbation. 


Fig. 105. 


The diagrams representing the process of scattering by an external 
field in the first order and the radiation corrections to it in the third 
order of perturbation theory are shown in Fig. 105. The scattering 
matrix elements corresponding to these diagrams are given by 


— a fi _ 3 3 
SY = eu,A@(q)uy,, S2,= MPO+MZP), 


ie? i(p>—k)—m » i(p,—k)—m_— dk 
(3) — _ We Ale(g) SA . ; 
m= Gn) al (py pe Op, IF” | 
(51.1) 
ie’ l 
(3) — u| Ae 
Ms (22)! a “ Ne vy 


J ip+q—m — ip—m 
“ Me pT yy Sq 

| ates "pe mt z ’ " 
where u, and uw, are the spinor amplitudes of the initial and final states 
of the electron of momenta p, and p,. A‘)(q) is the Fourier component 
of the external potential and q = p,—),. 
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In the case of the Coulomb field of a nucleus of charge —Ze (in 
Gaussian units) 


AW (q) = 2a (ee) = 2nAle(g)6(e,—€,) (51.1) 


and 
A . Le 
A“ (q) = iy, ro 27 6(€,;—€2), 


where ¢, and ¢, are the values of the electron energy before and after 


scattering. Therefore, 
Ze 

Si) = ge 2 Hav at) O28). (51.2) 
Further, the sum of M{*) and M{§* is obviously the matrix element 
(between the states u, and u,) of the effective potential energy of the 
electron edy(x) which takes into account its interaction with the vacuum. 
On utilizing formula (50.1’) for the Fourier component, and on sub- 
stituting (51.1’) into it, we obtain the following expression for the sum 
of M{*®) and M{*): 

SO = ig Sin . ja—20 coth20)(1 -+ in} 
@ 


+ ae tanh@ +- 2 coth2® | utanhu au| 


0 
+41—@ coth ®)(1 -+ cotnt | 


4 i, 2@ 


9” m? sinh2® 


}u.8 (ee), (51.3) 


where @ is related to the change in the momentum gq and to the scattering 
angle ? by the expressions 


0 
q? = |q|? = 4p’ sin’ = 4m? sinh? @, (51.3’) 


| Pi] = | Pol = |p. 


In order to obtain the scattering cross section taking radiation correc- 
tions into account it is, however, insufficient to obtain the square of the 
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absolute value of S{),+ S{*) and to sum it in accordance with the rules 
of § 26 over the different initial and final states. Indeed, radiation correc- 
tions are third order perturbation theory effects. Therefore, along 
with them we must also take into account scattering in the second 
approximation of perturbation theory (the second Born approximation). 

We note that it is not necessary to take scattering into account 
in the third Born approximation, since the matrix element corresponding 
to this process is proportional to e°®. 


re 


Po Py 
Fig. 106. 


We investigate in greater detail scattering in the second Born approx- 
imation (42). The diagram representing this process is shown in Fig. 106 
The matrix element which corresponds to it is equal to 

ie® ip—m *, 

Si, = ~ Gay” ay a (Po— Pe (Pi—P) dtphu, (51.4) 

It can be easily shown that the integral appearing in this expression 
diverges for a purely Coulomb field, so that we carry out the calculations 
assuming the Coulomb field of the nucleus to be screened: 

Ze 
= em 
vr) Aur 
As we shall show later, we can make the limiting transition 7 +0 in 
the expression for the scattering cross section. 

In the case of a screened Coulomb potential the quantity Ate) (q) 

has the form 


A . Ze , 
A) (q) = Va gn 2 20 5(40). (51.4°) 


On substituting this expression into (51.4) we obtain 


. V4 ip—m Ys 
(2) — 4j72@2y. icf . d'p u, 6(e, — 
Ss}, iZ* a"? us, (p> — pp 4 2 7 L(p— pi) pu, o(e,—€2), 


708 QUANTUM ELECTRODYNAMICS 


where p, = ie and € = e, = €,. On introducing the notation 


[n?+(p.— s)7] (9? +(s— p1)?] (pis) (51.5) 
[ __ Sas Pe 
J [4?+-(pe—s)*] (7? +(s—P1)*) (pi—s*) 2% 


and on noting that 
iY PiU, = (yge—m) uy, 
Ug iY Po = Un(yyE—M), 
we write S‘) in the form 
Si, = 41Z? a? uy {m(—1) +748 ty} 41 0(e1—é 2) - (51.6) 


This formula determines the correction to the scattering amplitude 
in the second Born approximation. The effective cross section and the 
polarization calculated taking this correction into account were given 
in § 14. 

In order to evaluate the integrals 7, and J, which appear in (51.6) 
we first of all evaluate the integral 


L =[ ds 
dS 1G =PP +A?) (p?—s?+ 10) 
— r P s* sin y 
7 2x | dx | ds (s?—2Ps cos y+ P?+. A?) (p?—s?+i0) (51.7) 
0 66 


On introducing the variable t = cosy, and on noting that the integrand 
is not altered by the substitution s —~ —-s, tf > —t we rewrite L in the 
form 
1 foe) 9 d 
Ss ds 
L=ax | at ee en 
| (s?—-2Pst+ P?4-A?) (p?—s?+i0) 
—1 —a 
Further, on completing the contour of integration with respect to 
s by a semicircle in the upper half-plane, and on applying the residue 
theorem we obtain 
wei nee tia 
P  p+P+iA 


(51.71) 
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As we shall immediately see, the integrals 7, and J, are related by 
simple expressions to the derivatives of L with respect to A and P. 


ds _ 1 OL 7 
[(s— P+ AR (p?—s?-+i0) 24 0A A(p—PFFA22ipA)’ 
i s, ds — 1 6b OP, aL 
[((s— P)?+ A] (p?— s?+10) 2 dP. 2A GA 
1 i p—P+ia 
— __ 72 oe _ oon _. _. 
~~ P| Apt PLidy(—P-LiA) 1 Ops" pEPHIA 


i 1 1 
+ 3p Feae +s¢rna}l O18) 
Indeed, we use the formula 


1 


1 sf dz 
ab 2 (a(1+2)/2-+-6(1—2)/2)" 
and in it set a= 9 (S~P2)?s and b = 7?-+-(s—p,)*. Since 


(« Heb = [(s— PP+AP, 


where 
P= $((1+z)pi+(1—z) py], 
A 42 2 of 20 2 
fi q +p sin 2 ), 


then we have 
l — — Se . 
[(s— pan (s— pity] 2 J [s— PY +A"? 
On comparing this expression with the definitions of 7, and J, and on 
utilizing formula (51.18) we obtain 


1 “A 
Piyt Poy I= ] { OL Ps or a 
2 4 4 
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On carrying out the integration with respect to z we finally obtain 


2 


i = ad 
_ oO 4 ot 
[pl sin= Vf t+ 4p? [7° +p? sin’ 
. 0 
nil sin, 
x | arctg = =a 
Vtterliee sin’ 
yew (itt sin? + 2p? sin? 
i 
+ 5 In = = Fri cn 
n*+4p* (rt +" sint — 2p sin? 
psin-~ 
5 5 arctg- --—— 
a1, te | Inge i jl | G19) 
2 eos? 3 Cos? Pry in 
2p cos 5) 2p* cos a1 sin-5 
When 7 > 0 
. 2| p| sin 
2 
L=-— al In -. 2, 
2| p|* sin? — 1 
| p|* sin (51.10) 
I ine i in 
p= 3 In— 7 , 
d 0 2|p| _ o- 
20 3 207 _ 
cos? 5 2| p|? cos 5 2sin 
We note that for 7 > 0 
3 l 
Rel, =0, Rel,= —-— sz [i-—|- G10 
4| nI3 270 a 
|p|? cos 5 sin 
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51. 2. Differential Cross Section for the Scattering of an Electron 
by the Coulomb Field of a Nucleus taking into Account Radiation 
Corrections of Order a 

We now determine the differential cross section for purely elastic 
scattering of an electron averaged over the orientations of its spin in 
the initial and final states. In accordance with the general rules of 

§ 26 this cross section is equal to 


do = 5. 5 >, | Mie, do, (51.11) 
H1, Ha 
where J is the electron flux density, which is equal to their velocity 
(the normalizing volume is assumed to be taken equal to unity); do 
is the element of solid angle into which the electron is scattered; o, 
is the density of the final states of the electron per unit energy and per 
unit solid angle 


pa (pale dlpel _ [pele 
,  Qnde, (2) 
and M 6(e,—€,) is the sum of the matrix elements for the basic process, 
the second Born approximation and the radiation corrections: 
SY + Si) + $8 = Mol(e,—€,). 
On utilizing (51.1), (51.3), (51.6), we can write this quantity in the form 


M6(€,—€2) = UzQu,6(E,—€2), (51.12) 
where 
A 9, 20 
Q= ot Adyst BygtC, do = Bie, 
202 1 i 
A, = —8xi 7 if —® coth®) (1— Lott 0 | 4] 


@ 
+ t —2@ coth 2) (1+ In ‘) + 5 tanh @+-2 coth 20 | utanh udul\ 
0 


— 4iZ%a2e(I,+1,), 
A4nZa? @ 
mq “sinh 2@ ’ 
C= —4iZ?am(i,—I,). 
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Summation over spin orientations can be carried out with the aid 
of the formula 
3 l oA ata 
D> IMP = 4— Sr{Q.—m) QGp.—m)} 
Ey EQ 
Hi. fa 
1 A oA 
= Gg SPil4ot Adyat Brag + ClGpi—m) 
E1&o 
x (4g 4+-AD yet Bty.g+C*) (ip,—m)}. 
On neglecting the terms |A,|?, |Bl?, B*C, AC, AB and on utilizing 
the formulas of § 26 we obtain 


I , 
>, |MP= {dot Ail? Gn? pip.) -+im( AGB — Ao B*) 
41, Ha ve 
+2me (At C+ AyC*)}, P, = (—pi, 1&). 


On substituting into this expression 
| Ag+A,)? = | Ag? -+-2Re(AG A,) 


Za 1282 2703 1 1 
= 64x! pg if ® cothe)(1—} cot o|— 1 


+ | u—20 coth 20)(14 In ‘) +5 tanh ® 


4 Z3a3 
+2 coth 2® { utanhu au]| — 64a! eRe(h + fe) , 
0 


27343 
A®C-+ Ay C* = 2Re (AFC) = a mRe(I,—I,), 


64732203 =D 
gim sinh 2@’ 


A*B— A, B* = 2i lm (A* B) == 


m= —D ps = 2e#(1-0 sin >| ; 
we finally obtain 


> IMP 


Hi Ha 


12824Z7a? 
= =< ( —v* sink | — 2(1—® coth ®) | 1 -- ; coth?® 
q 2 | It 3 
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2 , 
> + @ tanh ®+2(1—2@ coth 26) fe In ‘| 
m 


a v? sin? o 2 
4coth 2@ [ tanh | . 
+4co utanhudu- F ° GnhdO 


0 1—v? sin? 
2 


AZLAV sin (1 sin] | 
+ —— | .  (51.12') 


1—y sin? — 
2 


Therefore the differential cross section for purely elastic scattering 
is given by 
Z ° 9 
do, = oa (1—v?) (1— sin? + 
Lig | 2 
2mv? sin? 


a 


x 1-— 2(1—@ coth ®) (4 coth* | 5 +0 tanh ® 


-- 2(1—2@ coth 20) (+ In 2 


ot 
’ v? sin? _- 


+4 coth 20 | utanhudut 
0 


l—vwv 


2 sin? S sinh 26 


0 oy o | 
Uf, . v ened 
+zaZv sin 5 ( sin "] ( v? sin | \° (51.13) 


We see that the cross section da, contains the photon “mass” /; insofar 
as the screening constant 7 is concerned, it does not appear in do,, 
as has been stated previously. 
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We note that the integral appearing in da, can be written in the form 


cr) 1 
. 92 l — 92 2 
| utanhudu= + 5 sinh 20 f - ms in (1 —— 
ae "9 () — 922 2 anced 
Q sin cos (I aeyy/e cos 5 
@ 1 
+5 In = (51.14) 
Indeed, we consider the integral 
1 ee 
In / —P? 
— [ or dz, (51.15) 


where 
= 3(1 +2) p,+4(1—z) po. 


On introducing the new variable u 


—_ tanhu 
~ tanh @’ 


we rewrite R in the form 


® 
2 [ mcosh® 
R= 2 cosh2@ | ( cosh? du. 
0 


After integration by parts we obtain 


P P 
f utanhudu = @ In cosh® — [ Incoshudu, 
0 0 
and therefore 
ire) 
. ne, 
[ utanhudu= ns sinh2®: R—In m. 


0 
Finally, on utilizing the formula 


1 


Lp eM 2 


—P, m® cosh? ® 
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and on introducing into (52.15) in place of z the new variable ¢ 


P, P, 

r= |P.| — |P,| 
VE, ~ [py] 

sin 5 cost? 


(e, is the fourth component of P,), we obtain formula (51.14). 


51. 3. Elimination of the Photon ‘“‘Mass” from the Scattering Cross 
Section 


We now show how the photon “mass” can be eliminated from the 
scattering cross section. In order to do this we must, as has been already 
explained in § 30, together with the purely elastic scattering also include 
in our investigation scattering accompanied by the emission of a soft 
photon whose energy is considerably lower than the electron energy. 

The cross section for the emission of such a photon is determined 
by formula (30.25): 


, Za 2 aly et: ,0\ a 
da 5 (l—v (a v? sin o) a 
dmv? sin? > 
]— 2 
x 12(28 coth2@—1)In ia + . In ze -- 3 cosh2®-G(v,9)| do, 


(51.16) 


where 
1 t4+eG ve 


uG, 3) = fin sr nr a 
cos 5. (l—w vl?) sot 


The photon mass appears in do’ in the form 


oo coth26—I)In-S, 


while in the elastic scattering cross section it appears in the form 


vs 
24 og coth 2®— 1)ln—. 
1 m 
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Therefore, if we add the cross sections do, and do’ then the photon 
“mass” A will not appear in the total scattering cross section, which 
is the only one that has physical meaning. 

We write this total cross section for scattering accompanied by an 
energy loss not exceeding de in the form 


2 
do, = 4 a \d (I eFsint 7 \(L+b5~ 69), (51.17) 


2mv? sin? — 
2 


where the quantities 6, and 6, take into account radiation corrections 
and scattering in the second Born approximation; in accordance with 
(51.13) they are equal to 


a 


52 = —|2(1—2 coth 29) (14m 2s) + tanh® 


l _ 
+2(1—-@® coth®) (1 z coth*) — . + tice 


U ltv 
v? sin? o 
2 20 


1 o® sin’ p sinh 28 


1 
@ 4. 
+2@ coth2@ In — + 


1 


4 Gv?) cosh® (ae are | dt 
ce 


1—ve 14+-vé rr 
v Sin > cos > —cos? a 


zy) -1 
Og = MavZ Sin az | ] —sin5 ( —v" sin? * | 


(in the expression for 6g we have used formula (51.14)). 

We emphasize that these formulas can be used only for sufficiently 
small values of 6, and d,. In particular, the nucleus must be sufficiently 
light since the second Born approximation gives correct results only 
for Z < 10-15 (radiation corrections to scattering were first obtained 
by J. Schwinger (174); cf. also (55)). 

Table 14 gives the values of 6, and 6, (in per cent) showing their 
dependence on «, #, Ae. 
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TABLE 14 

eee 
i 45° 90° —s-: 135° 45° 90° —s-:1135° 45° 90° 135° 

€ 2.5 MeV 4.0 MeV 9.5 MeV 
Op/Z 0.61 0.89 0.86 0.62 0.92 0.99 0.63 0.94 1.07 
ie = 10 keV 4.8 7.4 8.7 6.9 9.9 11,3 12.4 15.9 17.5 
, Ae = 25 ,, 3.9 60 7.1 5.7 8.1 9.3 10.5 13.5 14.8 
R j Je = 50 ,, 32 50 5.9 4.7 68 7.9 9.0 11.7 12.8 
‘de = 100,, 2.5 3.9 47 3.8 5.5 6.4 6.7 9.9 10.8 


Formula (51.18) for 6, becomes inapplicable for Je > 0 since 
as dle > 0 the scattering cross section, strictly speaking, tends to zero. 

We note that in the nonrelativistic domain the quantities 6, and 
6, tend to zero as v > 0. 


51.4. Removal of the Infrared Divergence for an Arbitrary Scattering 
Process 

We have seen earlier that the radiation corrections to the cross 
section for the scattering of an electron by an external field contain 
the photon “mass.” 

We shall now trace how the infrared divergence arises formally in 
the matrix elements. Prior to regularization neither the electron self- 
energy part, nor the vertex part (with internal electron lines) diverges in 
the domain of low frequencies of the virtual photons. But the vertex 
part and the electron self-energy part with external lines do contain an 
infrared divergence (cf. § 47). 

In the course of regularizing the internal vertex part A, we subtract 
from it the value of A, for free electron lines, which contains an infrared 
divergence. Thus, the regularized value of 1,, now begins to contain 
the photon “mass” 7. In a similar manner A appears in the expression 
for the electron self-energy part. For this reason the photon “‘mass”’ 
begins to appear in the radiation corrections to a great variety of scat- 
tering processes. 

We shall now show, by generalizing the result obtained for the radia- 
tion corrections to thc scattering of an electron in the nuclear Coulomb 
field, that if in the case of any arbitrarily complicated scattering process, 
which is an nth order perturbation theory effect, we take into account, 
along with the radiation corrections to this effect corresponding to 
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(n4+-2)th order perturbation theory, also the emission of a .soft real 
photon, then the total scattering cross section, which takes into account 
both the radiation corrections and the additional emission of a soft 
photon, will not contain the photon ‘“‘mass”’. 

For the sake of simplicity we assume that only a single electron 
participates in the scattering process. The matrix element for such 
a process can be written in the form 


M= U(P2)QO(P1, Pe) uC Pr), (51.19) 


where p, and pz are the electron momenta before and after scattering, 
u(p,) and u(p,) are the corresponding spinor amplitudes, and Q is a 
certain matrix. 

We consider the lowest order radiation corrections to this scattering 
process associated with the emission and subsequent absorption of 
a virtual photon and leading to an infrared divergence. For example, 
let us take bremmstrahlung from an electron as the basic process (diagram 
Q in Fig. 107). Then the radiation corrections to this process which lead 
to an infrared divergence will correspond to diagrams W,, V,, V., shown 
in Fig. 107. 


RADIATION CORRECTIONS 719 


We show first of all that in the contributions made by the radiation 
corrections the terms containing A, and arising from an equal number 
of electron self-energy parts and vertex parts, mutually cancel. 

We take, for example, the vertex A (Fig. 107). The matrix y, in the 
basic process Q corresponds to the contribution from the diagrams 
for the radiation corrections W, and V, 

Yu S°(P)2(p)+ A, (p, Po) = ¥,S°(p) 21+ y,(p—im) + Zo(p—im) 

+y,S°(p)2n(p) +y,L+A,R(p, po), (51-20) 
where the notations of subsections 47.2 and 47.4 have been used. As 
has been explained previously, the left hand side of this equation does 
not contain an infrared divergence which appears only in the constants 
2, and L. But these constants are related by the identity (47.51) L =—2, 
and therefore cancel in (51.20). For this reason the regularized value 
of the left hand side of (51.20) will not contain any infrared divergence, 
as has been stated previously. 

If the fundamental diagram Q contains 7 internal electron lines, 
then in the diagrams for the radiation corrections W, and V, there 
will be m internal electron self-energy parts and n—1 internal vertex 
parts. From all these parts there will remain only one uncompensated 
photon ‘‘mass” A coming from one electron self-energy part. On taking 
into account the existence of two free electron lines with which two 
vertex parts are associated, we finally obtain from all the diagrams 
W, and V, one “uncompensated”’ A from the vertex part. In accordance 
with (47.52) A appears in this part in the form of In (A/m). On taking 
A-— 0 we can, therefore, write the expression for the principal part 
with respect to A of the matrix element corresponding to diagrams 
W, and V;, 


t 


A 


a 
Miay = —7 Min. 


(51.21) 
We now consider the last diagram for the radiation corrections Y and 
determine the matrix element M, corresponding to it. In accordance 
with the general rules of subsection 25.5 we have 
ia (_ i(p»—k)—m 

[ — ae —k, p»—k 

My = Fx | UPD Ye OB ge OO —* Pe—®D 
i(p,—kK)—m dk 


* Cp, oe mit PO Fe 
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where because of the infrared divergence we have introduced into the 
function D°(k) the photon “mass” A. We are interested in the contri- 
bution made to M, by small values of k, and, therefore, wherever 
possible, we neglect quantities of order k. 

On noting that 


i(P»)7qli( P2a—kK)—m] . 
= U(Ppo) {—i( pot m)—2ik,+2ip,,tky,} a7 21P.,U( Po), 


we obtain 
la _ 
Myx — a Pt P2)U( Po) 


] 
x OP: ’ P2) ur) | oe k2+-72 [((po— ~k)?+m?) (Pp, —k)?+m?] 


or 
M, = Ma,, 
where 
_ ia ( ) d‘k 1 
ay = ae PiPe2 J RAR [(p,.— ket? [p,— kje+ mm?) , 
The integral 
y= — _ a 1 ee 
Id PER [(pe—k +m] [(p1—k 24+ mi? ] 


appearing in the previous expression is, in accordance with (47.16’), 
equal to 


8 
nti 
J= — ral coe dé + ic * ael. 


m? sin 26 |. 
0 


Since we are interested only in the dependence of J on A, then, 
without loss of generality, we can assume that the electron momentum 
p, before scattering is equal to zero. In this case 

2m 


, 


Pipe= —me,, sink?O= 


i 
sin 26 = iP 6 = -—arccotv,, 
m 2 
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where vy, is the electron velocity after scattering. Therefore A appears 
in a, in the form of the term 
_ @ arctanhy A 


2 
= In, 
t Uy m 


and in M,, in the form of the term 


arctanh » In A 


Mi=M —. (51.21’) 


a 
MoUs 

The total matrix element for the radiation corrections will contain 
the photon “mass” in the form Mi = Mj}, ,+Mzi, while the scattering 
cross section, taking radiation corrections into account, will contain 
it in the form 


; 2a { arctanhv AS 

MaMp ts Mei 4 28 <a) in 
IU Vy 

Therefore, the scattering cross section da,, taking radiation corrections 

into account, will contain / in the form of the added term 


doi — bi dog, (51.22) 
where 


— 


2a / arctanhv, 
rt 


A 
-] In -- (51.22') 
Vg m 
and doy is the cross section for the basic process. 
We now consider together with the radiation corrections also the 
emission of a soft real photon of momentum & and polarization e. 
The diagrams representing the emission of the photon k are shown 
in Fig. 108. The matrix element corresponding to these diagrams 1s, 
in accordance with subsection 25.5, equal to 
ie ( @  i(pytk)—m 
— _ k, 
M, (2n)3/? u(P2)) | eu (py +k)?+m? Olret P1) 
-—--Su(p,). 
(the tm Woe fo 


+ O( Pe, Pi +k) 


On assuming w < ¢, and on noting that 


(ip, +m) u(p,) = 0, 
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we write M, in the form 


e ] Pie P2€ 
— _.. -—. |. — M. $1.23 
Mn Bayi? | Fay (ie ne 129) 


The cross section for scattering accompanied by the emission of a soft 
photon of energy not exceeding de is evidently equal to 


do, = bdo, (51.24) 
' 1 | ( l 

Ml BI |) ik 
| % % A m | 
( nA wy 

Dy P2 
re) D 

Fig. 108. 


where 


al 


é “dk | pre pre | 
SG |. |. A 
Dy (27)3 » 20 | pyk pak \’ e<m 


e 
min 


On assuming, as we have done previously, that p, = 0, we obtain in 
accordance with subsection 30.3 
b, = 2a (srctnhes 1] mn 2e_ _ 2a (srctanhes -1] [in 248 —2}, 


Tt Ve w % Vy 


min 


(51.24’) 


Finally, we obtain the total scattering cross section which takes into 
account both the radiation corrections and the emission of a soft photon 
do = do,+do,. The part do which can contain A has the form 
do? = b’ doy, where b’ = b4.+-b,. But in accordance with (51.22’) and 
(51.24’) this quantity does not contain the photon mass; therefore, as 
has been asserted earlier, 4 does not appear in the total scattering cross 
section (96). 


51.5. Scattering of High Energy Electrons by an External Field 
As the magnitude of the transferred momentum gq increases, the term 

(a/z) In? (q?/m?) becomes the principal term in the expression for the 

quantity 6, which determines the radiation corrections to the scattering 
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of an electron by an external field. This quantity attains values of the 
order of magnitude unity when the transferred momenta attain values 
q~mexp(t \/x/a). In such a case formula (51.17) no longer has meaning 
since the quantity 6, is no longer small. In order to obtain the correct 
expression for the cross section for the scattering of an electron by an 
external field taking radiation corrections into account in this energy 
region we cannot confine ourselves to the approximation just considered, 
but must sum the whole perturbation theory series. As will beeome 
apparent from subsequent discussion, in each perturbation theory 
approximation the largest term in the domain of large values of 
transferred momenta will be an expression of the form [(a/z In?(q2/m?)]* 
where » is the order of the approximation. 

The remaining terms of the type a”[In?(g?/m?)]}’, where s <n, can 
be neglected since 


We shall refer to the largest terms as doubly logarithmic terms. 
Our problem consists of picking out the doubly logarithmic term from 
each successive perturbation theory approximation, and then to sum 
all such terms. Such a summation can be carried out in the domain 
of transferred momenta determined by (a/z) In?(g?/m?) <1, and the 
expression so obtained can then be continued into the domain of trans- 
ferred momenta defined by (a/z) In?(g?/m?) > 1. 

In order to explain the manner in which the doubly logarithmic 
terms are picked out we consider the matrix element M{*) defined by 
formula (51.1). In the case of interest to us we are dealing with the 
calculation of the correction to the vertex part for which q? = (p,—p,)* 
s> p?, p2. Such a relation between the vectors g, p;, p, can evidently 
hold only for non-Euclidean vectors p,, p,, g (Euclidean vectors satisfy 
the triangle rule). 

The integral over k in the expression for M{* does not differ in the 
region k, => q, from the similar integral for the vertex part in the case 
of Euclidean vectors p,, Po, 7, and does not lead to the appearance of 
doubly logarithmic terms (cf. subsection 47.4). Therefore, there remains 
only the region of integration k, <q,, which, as we shall now see, leads 
to doubly logarithmic terms. 
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In place of k we introduce new variables of integration u,v, x related 
to k by the expressions (first of references (192) and of (1)) 


= p(n 2 | +pe(o— 27 u| +k, (51.25) 
q q° 
ke = x, 
where the vector k, is perpendicular to the plane defined by the vectors 
Py, P>. Under the assumptions made with respect to p, and p, the vector 
k, is space-like, i.e., x > 0. In terms of the new variables the element of 


volume integrated over the angles in the plane of the vector k, has the 
form for gq? > p?, p} 


dtk = 5H du du dx 


The quantities k?, (p,—k)?-+-m? and (p,—k)?+m® are related to u, v, 
x by the expressions 
= —q@uv+m? (w’+v*)+x, 
(p,—k)* +n? = k4+q*v, (51.25’) 
(p.—k)? +m? = k?+q?u. 

It can be easily shown that in integration over x a real contribution 
comes only from going around the pole k® = 0. Since x > 0, u and 
v must vary in such a way that the point k? = 0 would correspond to 
positive x. From this it follows that the quantities u and v must have 
the same sign. 

On carrying out the integration over x we obtain in accordance 
with (51.25’) logarithmic integrals with respect to u and v. 

We now establish the limits of integration over uw and v. Since the 
region of integration over x is restricted by the conditions k, < q.,, 
it follows from (51.25) that 'u} < 1, |v! < 1. Further, on taking into 
account the fact that the factor k® in the denominator of (51.1) must 
in fact be replaced by k*-+-A?, where A is the photon ‘“‘mass’’, which 
is equal with logarithmic accuracy to the frequency of the accompanying 
soft photon, we obtain the restrictions |u| Ss» A?/q?, |u| s> 22/q?. Finally, 
we must take into account the requirement x > 0 at the point k? = 
It leads to the inequality 


qguv—m(u2+v") > 0. 
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On carrying out in M‘{*) the integration over u and wv taking the above 
restrictions into account, we obtain the following expression for the 
additional term to the vertex part in the third approximation of pertur- 
bation theory: 

a 


A ia q° me 
757 Aq In a In a {2 In 2 ). 


Fo — 


This expression agrees, as it should, with formula (47.53). 

We now consider the corrections to the vertex part in higher order 
approximations. In diagrams of the nth order for the vertex part there 
are n-| virtual photon lines intersecting in an arbitrary manner. In this 
case the numerators of the fractions in the matrix elements corresponding 
to these diagrams coincide for q? > m?, and only the denominators of 
the fractions are different. 

We first consider diagrams with two virtual photon lines. There are 
two such diagrams—one with intersecting, and the other with parallel 
lines. 

On introducing in place of k, and k, the new variables 1, v,,.x, 
and Ws, v's, X_ In accordance with (51.25), and on carrying out the integra- 
tion over x, and x, we obtain for these diagrams expressions propor- 
tional to 


{ (pi ky) (pi ks) + Cpike I [(p2ky) + (pe k)\(pok1)} 
{ (p1k,) ((piki)+ (poke) [pok1) —(poke)] (poky)}?. 


The integral with the highest power of the logarithm is obtained from 
the first expression when the conditions (p,k,) > (pyk,)3; (Pek) > (poke) 
are satisfied, and from the second expression when the conditions 
(pik) > (piky); (pok2) > (pok,) are satisfied. In this case the expressions 
corresponding to the two diagrams simply coincide. Addition of these 
two expressions leads to the integrations over uw, and u, becoming 
independent. On interchanging the variables k,=k,, and on taking 
half the sum of the resultant and the initial expressions we can easily 
show that the integrations over v, and v, also become independent. 
As a result, we obtain the following simple expression for the addition- 
al term to the vertex part proportional to « 
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This formula can be easily generalized to the case of the mth approxi- 


mation i 5 5 o\q2 
“ a, @l, @ m 
(2nt1) — _ {dn -+_+21n—)]. 
B Ac n} 21 In m* fn me r2in 2 ) 


On summing all these expressions we obtain 


F= A, exp Sin -G (in 42 in). (51.26) 


The continuation of this formula into the region (a/z) In? (g?/m?) > 1 
obviously does not alter the form of F. 

It follows from (51.26) that the cross section for the scattering 
of an electron by an external field for large g? taking into account 
radiation corrections up to terms of order « differs from the cross 
section without the corrections by the square of the exponential factor 
appearing in (51.26) (first of references (1)) 


2 2 2 
do = dsyex| — - in Bln 2 2m )]. (51.27) 


In order to elucidate the physical meaning of the quantity / it is 
necessary to consider processes of scattering accompanied by emission 
of an arbitrary number of soft photons of total energy not exceeding 
a certain limiting value Ae. (It is assumed that te < m.) In this case 
it turns out that with logarithmic accuracy 2 should simply be replaced 
by Ae. 


51.6. Radiation Corrections to Electron-Electron and Electron-Positron 
Scattering 


We now proceed to investigate radiation corrections to electron- 
electron and electron-positron scattering (5), (163), (153). 

Since electron-electron scattering cannot be regarded as the scattering 
of an electron by an external field, then in order to determine the ra- 
diation corrections to this process we cannot directly use the foregoing 
results which refer to the scattering of an electron by the field due 
to a nucleus. 

The principal types of diagrams which determine electron-electron 
scattering and radiation corrections to this process are shown in Fig. 109. 
In order to obtain all such diagrams we must in addition to the diagrams 
given in the figure also consider diagrams obtained from those given 
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there by means of the substitutions 1) p; = po, pj p,; 2) pp Ps; 
3) Py = Pr. 

We denote by M, the matrix element corresponding to the ith 
diagram of Fig. 109 (without the 6-function). We respectively denote 
by M,, M,, M) the matrix elements obtained from M, by performing 
the substitutions 1) py==p., ppp; 2) p= P,; 3) py== po. The 


Le v an tb Dyk ov 
Py 1, py | 1 Pe Pp Ne 
19=Py-Py k+q! lk keg Nk 
yA - Py by ov Bb Ps P, V D-kK MB Dp, 
(1) (2) (3) 

Vv 
Py 1g Pe Lu 
—<—_—_. 
Py | Pp 
P-g p ig” 
yP;-k } Pirky 
gilt Dy ae p, 
Ay uP ' 
5 
(4) ( 
p “D. p; ‘ Py 
' 
GT pI ik 
<—_<—_____«_ << <—__—_i«g—— 
py V pytk HD, rH “Le prk Vp, 
(6) (7) 
Fig. 109. 


differential cross section for purely elastic electron-electron scattering 
taking radiation corrections of order a into account can then be written 
in the form 
1 1 ~ ~, 
do,= =z > IM+Mi+ M+ Mi? 
2u 4 
Holly 
5 
+2Re >) (Mi+-Mi+ 1,4 Mi)* (M,+Mj+M,+ M1} do, 
is: ] 
where w is the electron velocity in the center of mass system, and the 
summation is taken over the orientations of the electron spins in the 
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initial and final states; do is the element of solid angle into which the 
electron is scattered. 

In order to obtain the cross section for electron-positron scattering 
do’, we must in this expression set p) = p_, P, = P_, Po= —P'.,P, = —P4s 
where p_ and p, are the four-momenta of the electron and the positron. 

The photon ‘‘mass” A appears in the scattering cross sections do, 
and do, (it is contained in the matrix elements corresponding to dia- 
grams 2,3,5 of Fig. 109), 

In order to eliminate A it is necessary, as we have done in finding 
the radiation corrections to the scattering of an electron by an external 
field, to investigate the inelastic electron-electron and electron-positron 
scattering accompanied by emission of a soft photon. The diagrams 
corresponding to this process are shown in Fig. 109 (6,7) (together 
with these diagrams we must also consider those diagrams which are 
obtained from the ones shown in the figure by means of the substitu- 
tions 1) pj == p,, 2) Piz Pe, 3) Pi Pe, Pi = P))- 

We shall reproduce here only the expression for the total scattering 
cross section do = do,+do,, which does not contain any infrared di- 
vergences in the limiting case of high energies. 

If p > m, sin ®?~ 1, where p is the electron momentum and #? is 
the scattering angle in the center of mass system, then the differential 
cross section for electron-electron scattering in the laboratory system 
has the form 
a?(1— v?) 


! 
— on 2 43 
do iy ae 34737°—Z') 
+2] 211 -264-26,—26,) nt (2-3 432) 
nN ° 2Ae x 


+ $2848 y+ 48721779) +9, 2-24-49 

+ ®,(2—24+37?— 4°)—O7(2—4) 

— D3 (2— 4 +24?— 43) —G2(6—Sy+5y?— 27°) 

+ 26@, (6— 77+ 67? —2y°)— 26@, (10—1 77+ 1672 —5y°) 
+ 26,9, (2—344+-37?—4°) 


37 2 
—T8 O-34432-2)-7 10-9 [ha + terms 


obtained by replacing y > 1-7, @=®,, (51.28) 
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where v = sin? ?/2 and 
(pPi- Pi)’ = 4g? = 4m’ sinh? ®, 
(pi—Ps)! = 2 = 4m? sinh? @,, 
(Pi—P2)? = gq? = 4m? sinh? ®,. 


In the same limiting case the electron-positron scattering cross 
section is given by 


a’?(1—v*) 


do’ = : \i- 240 


42m? 
+ =< |40-26426,-20,) In "— (1—-y +2? 
aa TES a Ae x+2%) 


—PE(2—974- 197? — 154° + 644) — DB? (6— 1574 197?—943 +271) 
—262(1— 374-42 -343 + 74) — 26, (10— 177 +.2472— 1773+ 104) 
+20@,(6— 1244+ 1377-643 +241) +26, H,(2—67+ 137? 

@ 
—127?+6y')+ (28—42y+51y2—2343+ 64) + oe (6-23 


+ 5172-42734 2874) 1D, (2—5y¥+672—543+2y4) 


37 7 
9 —7+77)?+ dj 7? (5—64%+447) [7 do. (51.29) 

In the Jimiting case of high energies and small scattering angles 
(ps m, p? ~m) the electron-electron scattering cross section assumes 
the form 


do = & 9-2) G6) do, (51.30) 


4m? sint — 
2 
where 
a 


on = z |2(1- ; coth?@ | (1—-® cotht b)— = 


+ 4(2@ cotha@— p(n —1] +4, (2® coth2@— 1) 


p 2h 

4® 4 2 

I— smh4@ ta | * tanhx dx+ anna | xcoth.x ax|. 
0 
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In the case ps»m, pd ~™m the electron-positron scattering cross 
section is given by a similar formula. 

In the limiting case of ultrarelativistic energies, when In(p/m) > 1, 
sin? ~ 1, the electron-electron and electron-positron elastic scattering 
cross section is determined by 


da, = doo(1—5,), (51.31) 


where do, is the cross section for the basic scattering process and 


(the quantity d, corresponds to the ith diagram of Fig. 109; 6, takes 
into account the emission of a soft photon). 

Formulas (51.28) and (51.29) are no longer applicable if g?, q? or q? 
become much larger than m?, since in such a case the radiation cor- 
rections become of order of magnitude unity. In such a case we cannot 
confine ourselves to the approximation just considered, but must 
sum the whole perturbation theory series. For q?, q?, q?s> ml such 
a summation in the case of electron-electron scattering does not differ 
essentially from the summation carried out in subsection 51.5 in 
discussing the problem of the scattering of a high energy electron 
by an external field. It leads to the replacement of formula (51.31) 
by 


da, = doye*®, (51.32) 


where 6, is the principal term in 6, containing squares of logarithms 
(third of references (1)). 


A similar relation also holds for electron-positron scattering (third 
of references (1). 
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§ 32. Radiation Corrections to Photon-Electron Scattering, to Pair 
Creation and Annihilation, and to Bremsstrahlung 


52.1. Radiation Corrections to the Compton Effect 

We now proceed to determine the radiation corrections to scat- 
tering processes in which photons as well as electrons take part. We 
begin by considering the radiation corrections to the Compton effect (36). 


hy Ky Ag hy Ay Ky ha Ky Ma Ky 
if, | | fi-k | 1 | ot aes 
4 NLL 
"7 “k ~ 
ve, PN vo “aX Hy, op, tp, p\ Ve, Dy 
% % 2 5 4 
hy IK mI the yy Kp Ky I Ma 
1 hoki he fo 
[NEA BK 
Fig. ito. 


Figure 110 gives diagrams showing the basic Compton effect (dia- 
grams Y, and Y;) and the radiation corrections to this effect of order a 
(diagrams Y,, Y,, Y,;, Y, and Y/, ¥;, Y3, Y,). 

The matrix elements which determine the basic effect and the ra- 
diation corrections are given in accordance with the rules of subsection 
25.5 by 


_ é k,- —k 
S02), = i (2n)(iigQou) oP Pa a) 
2 \’ (0, Oy 
5 +k _E ) (52.1) 
S19, = eG Qu) ET Pes 
: 2\' Ww Vy 


where 


~ ify—m. 5 if, —m » 
Oy = es 3 ey ey ~~ €9, 
mx, in? x» 


A= Mth = Potko, 
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Ie = Pik, = Do—ky, 


M? xo = fitm, 


Q= S(t), 


_ / i(Pa—K—m , ifr—K)—m 5 (P—K—m dik 
I Vu (po— km? 2 (f,—k)? +m 1 (p,—kP +m Vn ke +72” 


° dik i(p,—-k)—m A i(f,—k)—m if,—m A 


Yo= | eV ty Pm? © (fk mx, OM 
y,=3, arm (f-H—m 5 (r—k)—m , dik 
a ee) fk etm (p,m?! Re? 
_ 5, fiom / fj—h—-m dk ifim, 
Te Oe, I iB m TELE | mba, & 


(we have adopted here the same notation as in § 28). 

The matrices Y/ differ from the matrices Y, by an interchange of 
the photon momenta k, and kg. 

As we already know, the cross section for the basic process day 
is equal to 


72 we 

doy= —. . ---.- 8Uy do, 
4 mx? 
2 


where 


1 A A 
Uy = Q Sp {Qo (ip,—m)Qy (ip2—m)} 


1 1\ 1 1 #1, Xe 
=— 4[.- te —4{[-— 4 )—{ 214-72). 
(.! + ‘| (a4 | | xy 1 
The cross section for Compton scattering taking radiation cor- 
rections of order a into account can be written in the form 


da = day+da, 


__ re a}do 


4 mtd [2 ~ tay Q (ip, —m) E +, ont o| P,—m)} 
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ro wido & 
me (2n)4 


1 m ~ A 
= do Tot Sp] Qolii—m)Q (ptm 


1 Par _ aA 
75 QO(ip,—m) Qutibn—m)} 
On noting that 


Sp {Q.(iP:-m)O(ip,—m)} = (Sp {Q(iP,—m) Oy(ip,—m)})*, 


we rewrite do in the form 


a U. 
do = ———!}, 
o de, - 5] (52.2) 
where 
I ] ? oA . A 
U, = Tén2 Re SP— { (0, +0.) py —m)Q,(ip,—m)} , 


=D ¥.0= SY. (52.3) 


Further, we introduce the notation 


P1 (41, %) = +74 Re Sp—  {QsGiy— —m) Qo(ip.2—m)}, 
! (52.4) 
Polo, 2) = yer Re Sp; {Q;(ip:—m) Qo(ip.—m)}. 
It can be easily shown in analogy with subsection 28.4 that 
P, (41, #2) = Py (xe, %). (52.4’) 
Therefore U, can be rewritten in the form 
U, = Py (41, %)+ Py (%2, %,). (52.5) 


Thus, it suffices to evaluate P,(x,,,). This quantity can be written in 
the form 
4 
P,(%1, %) = » Pi), (52.6) 
n=1 
where 
1 


‘1672 D,—m) Q,(ip,—m)}. (52.6’) 


PH = 
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We first of all evaluate P. It is convenient to begin this calculation 
by evaluating the traces of the mairices, after which the integration 
variables k, will appear only in the form of scalar products k*, kp,, kp., 
and this considerably simplifies the evaluation of the integrals ap- 
pearing in P“). The latter have the following structure: 


_ (1; k oiKk ok, kk, ky) t 
Jesacea = J (l) 2) @) @ 4 


where 
(1) = (py. ky +m? = k?—2kp,, 
(2) = (p2—k)? + m® = ke —2kpa, 
B)= (Akt = —2kf, + min, 
(0) = k?+2?, 
and the symbol (1; k,;k,k,;k,k,k,) denotes 1 in the case of the in- 


tegral J, k, in the case of the integral J,, etc 

The simplification in the evaluation of the integrals due to the 
evaluation of the traces can be illustrated in the example of the quantity 
2P1o ‘Jor. This quantity can be written in the form 


4 2 (f-2__ 
271, . J 2(kp,)k,k,a*k __ ye (k —2kp,)|k,k 


_ {| 4Pi) aK or ap roy__ ya 
ve = JC) (2) (3) ©) (1) (2) 3) (0) Oe = tok er 


where 
jo [ Koka 
7 JMQea’ 
a) k, k_dtk 
= | oxso 


(we also use analogous notation for the other integrals, by introducing 
a superscript to denote the factor of the type (1), (2), (3), (0) lacking 
in the denominator). 

In this way we are able to reduce the quantities containing the 
integrals J,,, to the evaluation of simpler integrals. Analogous simpli- 
fications also arise in the evaluation of other integrals. 

We list the values of the integrals which appear in the end result: 


1 yo) = 2y* 
Tei ty +X, 


(52.7) 


l l 
pp J = I = — [FG I)-F-)), 
“1 


ed 
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| 2y 
3) — _ 
ail = Gapay HO—hO)—Ind), 
1, 2p 1 ay 
SF jo J) Pig Pes 4 (yo 4b \ Not Gro ; 
m0? i Hy tH, 2 
1 In x —2 \1 
ya) — J yO) 1 (1) _ 
mile = =(y =| Jp + (27 +o5 FT In x, 2) * Gags 
1 In x —2 \1 
7) (1) __ 1 (1) _ 
=F J' f qT Jp + (27 4% al In x, 2) Dig» 
HI = (Pet Pa) 
mi ° nip ho © 20”? 
| jo = Oar, A 4 tj apsa2yo (52.8) 
mi oT 4 ° ) . 
1 
ae 12) *fiie HBL fila +G0) +2 Oro Ge) 
1% 
(0) I . 
G19 412-129 F211 — |S 7a (G1o42, +z * F020) ¢? 
1 6 1 x,—2 
J) — — _3t ——34, 3 -] (1) 
maj 4 [40+ yt a py matey 
3x,—2 1 
+ Apes] 27 — Gap nat | 
1 (x{+6x,—6) (%—2) 
a (1) 1 
+ 2 dase] 6) + 2(x,—1)? In my 
25 +9x,— 12 1 
96,1) + 2, (Pog Fart Por I2a) 
2x2—9x, +6 1 
Qyy “So w*1 th | _-_ — §], 
* g + (x,—1)? nat x—1 
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where the following notation has been introduced: 
sinh? y= —4(%,+%), 
b= 1—ycothy, 


y 
h(y) = =~ f wcothuds, 
0 


Fa) = f ina+y 


2 


L 
Ay => 1—Invy- 


and 


In evaluating the traces of the matrices appearing in P“), we must 
keep in mind that Y, is flanked by the matrices ip,—m and ip,—m, 
and that both the matrix ip, appearing on the left, and the matrix ip, 
appearing on the right can be replaced by —m. This substitution, 
together with the summation over y, enables us to rewrite the numerator 
of the integrand in Y, in the form 


YP = y,li(P—k)—mly,[i(h—))—mly,li(—k)— my, 
= —2iky,ky,k—2ipy ky, ky, +iky, fry, K+4mk*6,,—2iy, ky, kBp 
+ 2p, ky, (ifi—m) 7, +27, GA—m) yy, kee 
—4(p, Pa), Li A—k)—m)y,, 
after which the evaluation of the traces presents no further difficulties. 
(Here and in subsequent formulas for P‘”) we have replaced in accordance 
with the rules of subsection 25.5 the vector e, by y, and é, by y,,.) 


In order to be able to express the traces of the matrices in terms 
of the invariants x, and x, it is useful to employ the following relations: 


Pi=P=—l, 
kt = k= 0, 
fi=%4-1, 
fZ=%—1, 


2pyky = 2pyk, = 2k, = 2k, = %, 
2py ky = 2pyky = 2k, = 2fok, = —x2, 
2pifi = 2p2rf, = %,—2, 
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2P\ fe = 2P2f, = x.—2, 
2p, P, = *,+%,—2, 
2h fh, = —2 
(in these relations we have set m == 1). 
We finally obtain the expression for P 


ie? PO) = 4(J) — J §)) (A reli + a 
Hy 2 


+ (J 6 — J) Pe ~+) +I:-f 34 +24) 


1 


TID fag (s-2 5S ‘a + Pigt JP Pre) ( 1— 2) 
%y td 


2 


p02] fa (+244) 4n,(2+24)] 


12 4 2, 2x 
. > ’ 


Ho ey al He 


ane | 2. # 
JO fic (2 ~~ “| IM fog | -2| 
2 I 1 


—J (Pig tPo) [44 3%_— 


4 12 2x yh 2 
~ Jha 6 4x, oe -+ 4 x, 2x} 4 x9 | 
al 2 Ho He ty 
2 4; 
+4(5—241— 2 oe |. “14 2 
aol HX 2 ay 
, 4 4 
TICE) f ae a). (52.9) 
%y Xo Ho 


The integrals 2/,p,, and 2/,f,, appearing in this expression are 
related to the integrals J, J™, J), J, J by the expressions 


2d Pig = 2J 5 Pog = Joy _ JO — 2), 
2 hig = JO-JO Lyd, 
We now proceed to evaluate P‘): 
» 2 


pe — Ady Fi” - 
1602 PF nt, J Pe “kf, Emit, ke— ake uae 


x (ip,—m) mfr BEM 9 4, nom, | am}. 
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The value of P) will obviously be unaltered if we carry out the 
substitution p,< Po, ky=2k, (%, and x, remain unaltered) and rewrite 
all the matrices following the symbol Sp in the inverse order. If in addition 
we interchange the indices » and A, we obtain P’?) = P), 

On noting that the regularized value of Y, has the form 


ifi—m (22)! 
Y,=y/ i mf ) AS? (Pr> Pitky; ky), 


"mx, ie? 


where in accordance with (47.56) 


2, aw A 
A (Dis Pith; ky) = gy (Ar,+iBkiy,+iCp;+Dkyp,), 


A= —m(*} 24% Int = {Fb I)—F(—D}, 


2(4—1 ) 
B= In x; 
x,—| 
1 32, —2 
Ca! 4, fs 
lx, + (x,—1)? Inxs, 
{ 2 (2%,—1)G4—2) 2 
D= ~-—4—.— - Inu, — +{F,—D—F(— 
l—x, + 4 2 (%,—1) Ny xe { (x1 ) F( 1}, 
we obtain 


P+ pa) — 2pe) 


I 
=— ne a —" (Ay, +iBkyy,+iCp,+Dk, p,) (ipy—m) 


tam if 


Yet v 


, me xy NP x 


—- " 7) Bama] 


72 


q 
4 1 
al *2 
Cc 


8 8 4x 2 
on 8+x,4 t 8 
Mal ey ee Ao 
4x 
-p(4 1 boty — 28 — 0 Ho 4 ai (52.10) 
eo) J 


Finally, we obtain P™. The regularized value of Y, has the form 


if, —m (2x)! if, — 
Y,= a. (2) 1, 
4 Py mx, e ee mex y, > 


v 
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where 2?)(p) is defined by formula (47.24). We write Y@)(f,) in the 
form 


vy ~L2)(f.) = wi {B, (if, +m) + Bum}, 


where 


*. | MH (3x, —2) 
Ay ~ l (2; —_ 1)? 


-Inx,. 


On utilizing this notation we obtain in accordance with (52.6’) the 
expression for P‘ 


! -e if 
pe = Team Touma? (if, —m)(B, (if, bmn) + Bund (if, —m)y, 


if, —m JA 
x ibm) (7,4 i= ae ete ni 1, \ira—m} 


1 4n, 08 
2 [he 1 : a) 4) 
4 4. ; 
+5 Bi 3h +2), (52.11) 
2x Hy Xo %o 


Finally, on adding P', P’®, P’), and P“ we obtain 
4 


Py (xs, %) = >) P™ = (1—2y coth2y) - Up InA—2y coth 2y [2h(y) 


n=1 
th2 
—h(2y)] woth — 4y sinh2y o~ 60 * 42y cothy 
1“%2 
4coth?y  x,—6 l 4 
+ In | 2, | coth 2 y| teen + Dry - cosh 2y t e 


3 8 3x2 8 


Ho 1 2x1 xi 


7 32g 2H — HE Hy oy Qui +x, 4y? 


— 2 — x 
M1 M2 2x? 2oet a) (4, — 1) 239 (44— 1)? Hy tH, 
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2 1 1 1/\? 
x [2 — Faun 3 | tamy (5 ). 4( t 7 


xy 4 4 y an “1 ” 
2 
12 3 my 2h 4 1 & mae [F(#—I) 
ny 2 2p uy t—1\x_ 2 
9) 3 Ho “ey 2 xt 
—F(—1)]{ -1+—— --+ »,4 +-— 4 cet , (52.12) 
1 2 2 m2 1 “2 


The photon ‘“‘mass”’ 2 appears in the quantity U, defining the radiation 
corrections to the Compton effect. In order to eliminate it, it is necessary, 
as was done in the investigation of the radiation corrections to the 
scattering of an electron by an external field, to take into account in 
the Compton effect the emission of an additional soft photon. We refer 
to such a process as the double Compton effect. 

In the laboratory system of coordinates (p, = 0) the cross section 
for the double Compton effect can be written in accordance with the 
general result of subsection 51.4 in the form 

do,= —— doy 
where do, is the cross section for the basic Compton effect, 


Up = 2(1—2y coth2y) [i “e — 4) +4y coth2y [4 2Qy) —1] (52.14) 


Uy 
and Ae is the maximum photon energy. 

The total cross section for the scattering of a photon by an electron 
taking into account both the radiation corrections and the emission 
of an additional soft photon is given by 


_ f a U,+U, \ 
do = dayy1— —- Ry (52.15) 


As can be easily seen, this quantity does not contain the photon ‘‘mass.”’ 


(52.13) 


52.2. Limiting Cases of Low and High Energies 

The foregoing general formulas can be considerably simplified in 
the limiting cases of low and high photon energies. 

In the region of low energies, when w, + w, = w < ™m the scattering 
cross section has the form 


2 
do = 4 do(1—2w-+2w? ...) ( Uy ——(U,+ U,)), (52.16) 


741 
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where 
U, = 1+ cos? @, 
4 
U, = — 7 0*(1—cos 8) U, In-- 
1 
+ |+c08 9-+c0s# #1 cost} 4" In—, (52.16’) 
4 A 
Up = — 3 @X(1—cos 9)Uy In on 


and # is the scattering angle. 
In the region of high energies we consider three cases depending on 


the value of the parameter (%,+%,)/x, (in the laboratory system of 
= $%,(1—cos #): 


coordinates this parameter is equal to (*,+25)/%,= 
mH o, | tee 3 FH 


») 
ae | “2 
here in the laboratory system we 


In the ‘frst case x, Yx, > 1; 
have w, w, > m,1—cosd < m/w,.In the second case x. > 1, |x,-+2| 


~~ S 5 
and in the laboratory system w. ~~}, > m,1—cos# ~ m/a, 
|| S> x2, and in the laboratory system 


> |, 
In the third case |x#,+-x,| > 1, 
W,~m, 1— cos? > m/a,. 
In the first case 
U, = 2, 
U, = 4(1—2y coth 2y)In * —8y coth2y[2h(y)—A(2y)]+ 4yh(y) coth y 


+In|x,|(4y tanh y—1)—2y?—4y tanh y+3—In?|%,|— 4-. (52.17) 


In the second case 


aN Yo 

] 

U, = —|-—+—], 
Xs wy 


. 2 4 
U, = mat —2y) 3 +2 In m +2y?— x + (ns as + | 


fe 3)f (0g) ana 


: 72 
“an 1 ' “ __ Me __ ca 2 18 
+(142 + ry, |{[as ve | in “| In met: (52.18) 
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Finally, in the third case 


A 3 x,+1 1 
— _ a Qy— 2. A _. 
U, u,)24 2y)In m1 +n] v5 ye 4 | 


mw (2 1 x\ 3, 2 
oy, Fea DF o( t+ 43 21 (52.19) 


2 


The quantity U, is determined in the second and in the third cases 
by the formula 


2 
U,= u,f2a—2n] nH 1} p(y ah (52.20) 
while in the first case the general formula (52.14) should be used. 

The ratio —(a/z)(U,/U,) attains its maximum value at ? = 0; 
this maximum value is equal to 0.04 for w = 50 MeV and to 0.09 for 
w = 1000 MeV. 

In the high energy region due to the existence of terms containing 
In? (w/m) the correction to the cross section for the scattering of a photon 
by an electron becomes comparable with the basic cross section. There- 
fore, formula (52.15) ceases to have meaning, and, as in the case of the 
investigation of corrections to the scattering of an electron by an externa]- 
field, it becomes necessary to take into account higher order approxi- 
mations of perturbation theory. Such a procedure leads to the multi- 
plication of the scattering cross section given by the Klein-Nishina 
formula by an appropriate exponential factor. In this case doubly 
logarithmic terms come from diagrams of type Y, and Y/ (cf. Fig. 111) 
with additional virtual photon lines (second of references (1)). 

It should be noted that in the high energy region the multiple 
Compton effect involving the emission of a large number of secondary 
photons becomes important. In the center of the inertia system of the elec- 
tron and the photon these processes have the character of the ordinary 
Compton effect accompanied by emission of additional photons of 
energy small compared to the energy of the principal particles. Therefore, 
such additional photons have little effect on the momenta of the principal 
particles. However, in the laboratory system these “‘additional’”’ photons 
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can have energies exceeding the energy of the “‘principal’’ secondary 
photon. 

The following expression for the energy distribution of the secondary 
electrons can be taken as characteristic for such processes: 


/ 
dw(e) = —1__#* (= In? r1}exp(—S me) 


@, a4, ,@ 1 
In- > —In?—2 
E 


nL 70 


-+ (* In In 2 + | exp(—2 Ino in). 
4 E m wt E m 


Up to terms of order a the total cross section for all such multiple 
processes is given by the ordinary zero order Klein-Nishina formula. 


hy ik fyi ik koi ik ky ky ky k, 

f, h-k f f fh fy 

at can 4 ke fern 
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Yo me Yo %; "4 

Kyi kp Kyi ky Kyi ity Ky a ik, 

| fy | | Gk I 1 fh | | ff ib what 

\ 

+t Fo OF; [?* 

-o, 0 Wp, p\ Wp, p\ tp DX Fp, p- 
% 4 Yo Y3 4 

Fig. 111. 


For the differential cross section this assertion does not hold for 
very small scattering angles. (We note that the additional photons are 
in this case very soft compared to the primary secondary photon). 
The total scattering cross section for small angles of deflection of the 
original photon is given by the following formulas (second of references 


(1): 


d (<. In? f I>— 
do = doy exp oe or ol? = @, 
do = doy exp (2 int os) p<. 

WO) 
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However, at large energies these angles make a negligible contribution 
to the total] scattering cross section. 

A similar situation arises in the case of the scattering of a positron 
by an electron for angles of scattering close to 180° in the center of mass 
system (third of references (1)). The total cross section for all the processes 
accompanied by the emission of any number of additional photons 
has in this region the form 


2 
do == doy exp 2% In?--—.- for m <a—0 Soe 
rm a—O E 2 
2a E m 
do = doy exp — In?-- for a—-O0<—; 
1 m é 


where ¢ is the energy of the positron or the electron in the center of 
mass system. For high energies this region makes a small contribution 
to the total cross section. Therefore, the sum of the total cross sections 
for processes accompanied by the emission of additional photons is 
expressed by the zero order approximation formula (up to terms of 
order a). 

This also applies to the differential cross section for the scattering 
of a positron by an electron for angles of scattering which are not too 
close to 180°, and to the cross section for electron-electron scattering 
for all values of the scattering angle. 


52.3. Radiation Corrections to Two-Photon Pair Annihilation 


If we know the radiation corrections to the Compton effect we can 
easily obtain the radiation corrections to the process of two-photon 
pair annihilation (84). Indeed, diagrams representing two-photon 
annihilation including radiation corrections (Fig. 111) do not differ 
topologically from diagrams representing the Compton effect with 
corrections (Fig. 110). The difference consists merely of the fact that 
instead of the two electron states in the Compton effect, one electron 
and one positron state participate in the process of two-photon annihila- 
tion and that, moreover, in the Compton effect one photon is absorbed 
and another is emitted, while in the process of pair annihilation both 
Photons are emitted. Therefore, if in the formula which gives the cross 
section for the scattering of a photon by an electron including radiation 
corrections we change the sign of the four-momenta of the incident 
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photon and of the scattered electron, we shall obtain the cross section 
for two-photon pair annihilation taking radiation corrections into 
account. 

Thus, we must carry out in formula (52.15) the substitution 
Py > p_, ky > —ky, po 7 —p., and k, > k,, where p_ and p, are the 
momenta of the electron and the positron, and k, and k, are the 
momenta of the two photons, and at the same time we must replace 
the invariants x,,*, by x, = —2p_k, = —2p,k,, and x= —2p,k, 
= —2p_k,. As a iesult of this we obtain the following formula for 
the cross section for two-photon pair annihilation including radiation 
corrections: 


A 
do = doy f 2 {2a —2x coth 2x) In a —4x coth 2x | h(2s)—2h (x) 
oA 


Tt 


.) 
+E | G64, 19 Gen a) 4) (52.21) 


where do, is the cross section for the basic process of two-photon pair 
annihilation and 


UG (x1, #2) = [A(2x)—hQ)] Ee x sinh 2x(1+2 cosh? x) +2x tanh x| 


AyHo 
4 | He wy 4 . 2 
-3y° oo OP — - —~ sinh? x 
+ In; x: ye coth 2x| a esha 


— 3 7 8 8 
2x m—6 a. 32 ty 4 4+ |—~ --+—-—-> 
23 w2 


~ sinh 2x x2 H1%g m1 xy 
ee cena duit x2 ; | as coth x ls — | 
2? 5 (%1—1) 2x9 (x, — 1) 2 Hy 
2 


7 x2 . 5 
n 4 07 (2M) (7 a 12 _ 3m 
1 2 


cosh? x \x, 4 4x5 


2m od [=+3)+ 2 1F(a—N)—-F(-D] 
ee x,—1 \ He 2 wy 3 
ay He He =| 
* (242 + Tat 2 + xo 
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U. = %1 “| ra(! 4 I )-(2 41) 
a Hy) ¥y | 1 Xo 41 a) , 


4 cosh? x = x,+%x,. 


This expression contains the photon ‘‘mass”’. In order to eliminate it 
we must add to the cross section do the cross section for three-photon 
pair annihilation, in which in addition to the photons k, and k, a soft 
photon k, is emitted whose energy does not exceed Ae. 

The cross section for this process is equal to 

2Me 1 


do, = doo— 2(2x coth2x—1) Tee _ 5 


+4x coth2x[1 —nexy}, (52.22) 


We state the formulas for the total cross section in the limiting cases 
of low and high energies. 
In the nonrelativistic case we have 


; . 
ds = dog) 1+ 2 (5-7) “<1, ($2.23) 
v a 4 v 
where wv is the positron velocity, v <1; the electron velocity is equal 
to zero. (The divergence of this expression for v — 0 is associated with 
the inapplicability of the Born approximation.) 
In the relativistic case we have 
A 
do = dy} £| 2-25 coth 2x) In a +x] (52.24) 
where X has the following values. If the angle between directions of 
motion of the two photons is 180° and x, > x, = 1, then 
72 


x= (In 1)" In wy 344 3 


If the angle between the directions of motion of the two photons is 90° 
and x; = x, > 1, then we have 


3 5 
¥ = = in —2-tn 20, 5.974 [18.5 (In ogg)? 
2 2 Ia 


a 


— 67.25 In 2x,-!-41.2]. 
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52.4. Radiation Corrections to Bremsstrahlung 


We now investigate the radiation corrections to bremsstrahlung 
from an electron in the Coulomb field of a nucleus (67). 

The diagrams representing the basic process of emission and the 
radiation corrections to it are shown in Fig. 112. 

Since the matrix elements corresponding to the diagrams Y,, Y, 
contain an infrared divergence, we must in addition to the radiation 
corrections also take into account double bremsstrahlung, in which 
a soft photon (A’, w’) is emitted together with the photon (k, w). 

We do not reproduce here the calculation of the cross section taking 
these effects into account, but confine ourselves merely to stating the 
final results for several of the more interesting limiting cases. 

We write the radiation corrections to the bremsstrahlung cross 
section and the cross section for double bremsstrahlung in the form 


don-= — ‘ 5,do,, do,=— = 5, 409, (52.25) 


where do, is the cross section for the basic process.Then in the limiting 
case wé, < m? (we use the same notation as in § 51) we have 


bz = 2(1—x coth 2x) (nz | +x tanhx 


~~ 4x coth2x [h(2x)—h(O))4+ — 


2 
+ 2(1—x cothx) ( — 5 coth? 7 79) (52.26) 


\ 


2Ae 1 l—w 1—v? 
— _ 4O8 1 Jp 6 
dp = 201-2 coth 2x) In 5 + In ip + : 6 cosh2xG(v, 9), 


2 


where 
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and x is related to 9 = gq? = (—2+x,+%,)m?+2(€,€.—p;P2 COs 8) 
by the expression @ = 4m? sinh?x (Ae is the maximum energy of the 
soft photon). 

As should have been expected, this expression agrees with the ra- 
diation correction to the cross section for elastic scattering (cf. formula 


(51.18)). 


9 Ki kK Qk 
! ] I 1 ’ 1 1 ‘ ' ‘ 
! ! I t I I t ( 
2 DP, Vp, DN ¥p, Py D, By i; Dy\ Do py 
gi gg kg 
a es es OF i 
2 Py Py Dy Dy Ay Po Dy\ VD, p,\ an 
% Y y ” Y ’ 
Fig. 112. 


Further, we consider the relativistic case when ¢, > m, & > mm, 
but the energy loss is small, i.e., o< €,, &. If, in addition, the scattering 
angles are small, 0, 0,, 0, ~ (m/e) < 1, then 


bp = 2(1— 2x coth2x) (ina + | +x tanhx 


+4x coth 2x[h(2x)—h(x)]+2(¢1—x cothx) f = coth? x} — 3 


(52.27) 


A 
6, = 2(1— 2x coth2x) In “ae +2 In “ (2x coth2x—1) 


—4x coth2x [h(2x)—h(Q)t. 


In the extreme relativistic case when not only the conditions 
Ey, €g, S- m are satisfied, but also the condition Inj,|, In x2, In 9, 
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In(@—x,—%2) > 1 holds, but In(g/s,), In(@/x2), In [((e—%, —%2)/| 2411], 
In [((e—#,—%)/|%o|] ~ 1, the quantities 6, and 6, are equal to 


A 
bp = 2(1—2y) In— +y—3y— 4x, 


3 
2A ( )m (52.28) 
€ O—#,—wHo)m €] Eg 
6, = 2(1—2y) 1 -2yr— -—" y 
D ( 'y) In 7 y?—2y In det, In ma 
where 
1 1 
x= Z Ine, Y= 5 IN@—m— 74). 
Finally, in the nonrelativistic case we have 
2 A 1\ , a) 
on = 5 | -w-nsr(ind +5] +2(Pi—P2)k in’ | 
(52.29) 


én = 3 (Py p2>| ° —In ue } 
For p, > 0 the corrections to the cross section vanish. 

The variation of the cross section in the energy range for which 
ay®/ > 1 (1) is similar to that discussed earlier. Moreover, in this 
energy range multiple bremsstrahlung begins to play a role. However, 
the energy of one of the bremstrahlen is always considerably larger 
than the total energy of all the other photons. Because of this the energy 
lost by the electron in the form of radiation is expressed by the usual 
zero order approximation formula. 

The number distribution of emitted photons is given by the Poisson 
formula. The total cross section for scattering accompanied by emission 
of any number of photons of arbitrary energy agrees up to terms of 
order a with the zero order approximation to the cross section for 
scattering unaccompanied by bremsstrahlung. 


52.5. Radiation Corrections to Photoproduction and Single Photon 
Annihilation of Pairs 
Radiation corrections to the photoproduction of pairs in the Coulomb 
field of a nucleus can be obtained from the radiation corrections to 
bremsstrahlung by means of the substitution p, > p,, P2 > p_, and 
k + —k. We must keep in mind here that additional poles appear 
in the integrals over the momenta of the virtual photon. 
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As usual, we must add to the cross section for photoproduction 
the cross section for photoproduction accompanied by the emission 
of a soft phdton. 

The total cross section for the photoproduction of a pair in the 
field of a nucleus taking radiation corrections of order a into account 
can be conveniently written in the form 


do = do, ( 1— _ s (52.30) 


where do, is the cross section for the basic effect and 6 is a quantity 
which determines the corrections. We give here the expression for 6 
in several limiting cases (81), (26). 

Near the photoproduction threshold, when |p,', |p_|<m, 6 is 
given by the formula 


(52.31) 


where 6, and 6_ are the angles between k and p,,p_; 6 is the angle be- 
tween p, and p_,and wv, are the velocities of the positron and the electron. 
Here the first term takes into account the interaction between the 
created electron and positron in the first Born approximation. There- 
fore, the applicability of formula (52.31) is restricted by the condition 
a/|v,—v_| <1. 

In the relativistic case of equal energies (¢, ~ ¢_ > m) and of small 
angles (6,, 6 < m/e)d is determined by the formula 


2 13 x 
se ; —" (52.32) 
2-2 
m 


Here the first term is analogous to the first term in formula (52.31), 
since the small quantity y/ (—2—2p, p_/m® represents the relative velocity 
of the electron and the positron in the center of mass system for the pair. 

Finally, in the ultrarelativistic case when In (kp, /m?) > 1, In(p_p + 
/m?) > 1, In (q?/m?) > 1, but In (q?/kp,) ~ 1, In (p_p,/kp.) ~ 1, 6 
has the form 


2p. p ELE 13, 2p.p 
6 = (Unt 4) in 24 n at a) 
( mm i} (Ace)? 6 ne (52.33) 


) 
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The one-photon annihilation of a pair in the Coulomb field of 
a nucleus is the process inverse with respect to the photoproduction 
of a pair. Therefore, it can be easily shown that the radiation corrections 
to the one-photon annihilation are determined by the same formulas 
as the corrections to photoproduction, if we interpret the values of 
p,, p_ and k appearing in them as the momenta of the particles being 
annihilated and the momentum of the emitted photon. 


§ 53. Radiation Corrections to Atomic Levels 


53.1. Radiation Shift of Atomic Levels 


So far we have been considering radiation corrections to various 
scattering processes. But the interaction of the particles with the 
vacuum also affects their stationary states. This effect manifests itself, 
firstly, in the radiation shift of levels and, secondly, in giving rise to 
level widths. 

We begin by discussing the radiation shift of an atomic level. In 
order to do this we utilize the effective potential energy of the electron 
introduced in § 50. 

If we neglect the magnetic interaction between the electrons, then 
in the absence of an external magnetic field the effective potential 
energy of the electron has.the form 


ej} 4 m 3 1 1 
= — — - —i Al 
edp of {fain 73 ‘r+ ipa (53.1) 
where @ is the potential of the self-consistent electric field in the atom 
and E is the intensity of this field. If the electron is in the state y, of 
energy E,, then the radiation shift of the level will be given by the ex- 
pectation value of ed in the state y,: 


JE, = (C60) nn = Pn» COPY) 


l1 ej} 4 m 3 1 i 
=wralae ("Eos -5] 4p + Epa) |, 
(53.2) 

where <L» is the expectation value of L in the state y,. 
This expression contains the photon ‘‘mass” 4, and, as has been 


explained in § 30, this indicates that the expression does not take into 
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account the interaction between the electron and the long wavelength 
photons. In other words, dE, determines only that part of the level 
shift which is due to the interaction between the electron and the short 
wavelength photons. We must, therefore, separately determine the 
level shift due to the interaction between the electron and the long 
wavelength photons, and add it to the shift determined by formula 
(53.2) (19). 

The process in which we are interested can be described in the 
following manner: an electron in the state y, of energy E, emits a vir- 
tual photon of energy w and makes a transition to the state y,., it then 
absorbs the photon w and returns to the initial state y,. The change 
in the electron energy associated with this process is given, as is well 
known, in the second perturbation theory approximation to which 
we here confine ourselves, by 


V4 
AE, = » pee (53.3) 


where V,,,, is the matrix element of the energy of interaction between 
the electron and the photon, and the summation is carried out over 
all the states of the atomic electron n’ and of the emitted photon (sum- 
mation over the photon states means integration over 42w*dw/(27)', and 
summation over the photon polarizations e). 

Since we are interested in the interaction between an atomic electron 
and long wavelength photons, we can utilize the nonrelativistic ap- 
proximation in which the matrix element of the energy of interaction 
between the electron and the photon is given by the formula 


é 
Vint = = CV ants 
Via | nn 


where » = (1/im)V is the operator for the electron velocity. On sub- 
stituting this expression into (53.3), and on noting that 


» (Ev) ans ? = 3 | Vane 7, 


we rewrite (53.3) in the form 


K 
2 2 ; |? 
AE, = 5 Ge | 0% | Paar) (53.4) 
0 
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with the integration over w being taken here between the limits from 
w= 0 to some large value K. 

We must renormalize the mass in this expression. For a free electron 
AE, is equal to its electromagnetic mass 6m (or, more accurately, to 
that part of 6m which is due to the interaction of the electron with 
photons of energy less than K). But we have already included 6m in 
the electron mass m, and we interpret the energy of the level n to be 
the total energy with m subtracted from it. We must, therefore, subtract 
from (53.4) the corresponding expression for the free electron. 

Since for a free electron only the diagonal elements of the velocity 
differ from zero, formula (53.4) in this case assumes the form 


On subtracting this expression from (53.4) and on noting that 
2) Pan! 2 = (v)an> 


we obtain the following expression for the radiation shift of the level E,, 
due to the interaction of the electron with photons whose energy does 
not exceed K: 


{2 
to —AE = — Onn’ | —E,,). 53.5 
bE, = 4E,—4E = ef ao 3 S cE. SE Em End 355) 


0 


We now transform this formula. We first carry out the integration 
over w. On assuming that K is considerably greater than all the dif- 
ferences between atomic energy levels E,—E£,, we obtain 


bE = = — re | Penl np” -5| (E,,—E,): (53.6) 


Further, on introducing the quantity ¢) defined by the formula 


» lnm |? (En —E n) In| En En | 
Ing=" - es (53.6’) 
D [Pan|*En— Er) 
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we rewrite 6£,’ in the form 
2 é& 2 K 
a — =. 53.7 
OE = 3 a3 D|Pon| (En—E,) In— (53.7) 


The sum appearing in this expression, as is well known (14), is 
equal to 


Nt 
Dan l® En Ex) = — sox [ PIV OV Yn de 


1 
= 55 [ AV(r)|p,(1) 2d, 


where Vv = eg. Therefore, we have finally 


e 


K 
ye _ 8 
AE; in2n e(w,, Apy,) In ee (53.8) 


So far we have made no assumptions about the magnitude of K. 
We now choose K in such a way that the minimum energy of those 
photons, the interaction with which is still taken into account by formula 
(53.2), will be equal to K. But in accordance with (30.24) InA = In2K— 3 
and the sum of 6£, and 6E,’, which determines the total radiation 
shift of the level Z,, will contain neither A nor K. 

In the usual units this shift is given by the formula (109) 


. f ar — e 4 m 3 5 1 
OE, = OE, + bE, = ove stalin 2€, —_ 8 + 6 —_ ‘| (y,> Agyn) 


i 
We now evaluate the level shift for a hydrogen-like atom. In this 


case (in CGSE units) we have 


w= Ze 
P= a 
and 


2 


hi? 
ee — — 2 2 
bcd AEP? = 5 Yn» Aeon) 4ne?Z\y,(0)|?, (53.10) 


mc? 


RADIATION CORRECTIONS 755 


but since 


Ae 
ly,(O)|2=4\na} x” 
0, 10, 


where n and / are the principal and the orbital quantum numbers, and 
a = h?/me?, we have 


2 oO _ 
egy =| ZBs =O. 
MC 
0, 140, 
where Ry = $a?mc?. Further, we can show that 
Zz} Ry 1 
—4 2 ry j— —s 
eh oop “? Gpery I>! 
me “iP ‘= |x Ry i (53.10’) 
mm U21+1)’ os 


We see that the radiation shift of an s-level is in order of magnitude 
equal to a?Ey, where E, is the energy of the ground state. 

We now obtain the shift of the hydrogen atom levels. In the case 
of hydrogen the quantity In (mc*/e)) is equal to 7.6876. On utilizing 
expressions (53.10) and (53.10’) we obtain the following values for the 
radiation shift of the hydrogen levels (in frequency units): 


Av(2s1) = 1034 Mc/sec, 
Av(2p1) = —17 Me/sec, (53.11) 
Av(2pa) = 8 Mc/sec. 


As is well known, the undisplaced states 2s; and 2p, have the same 
energy. But the radiation shifts of these levels are different and 
the 2s, level turns out to lie higher than the 2p, level by approximately 
1051 Mc/sec. 

Formulas (53.9), (53.10), (53.10’) determine’ the radiation shift 
of a level of order a?£,. It can be shown that in the next approximation 
of perturbation theory we would obtain a level shift for a hydrogen-like 
atom equal to (101) 


754 1] 1 5 
sEw = <4 ro(1 Nl 73 x in2 | os): (53.12) 
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For n= 2 and Z = 1 this gives 7 Mc/sec. Taking this correction into 
account the difference in the 2s, and the 2p, energy levels in hydrogen 
turns out to be equal to 1057.19 Mc/sec, while the experimental value 
for this quantity is equal to 1057.770.1 Mc/sec (167). 

In concluding this subsection we note that by utilizing equation 
(49.12) we can obtain the radiation shift of the levels of positronium. 
The difference between the ground levels of ortho- and parapositronium 
turns out in this case to be equal to (100) 

7 


AW = cory — ( +In | “| = 2.0337-10° Mc/sec. 


The experimentally obtained value for this quantity is (91): 
AW = (2.0333+.0.0004) - 10° Mc/sec. 


53.2. Radiation Shift of the Levels of u-Mesohydrogen 

Polarization of the vacuum plays an insignificant role in the radiation 
shift of the levels of an atomic electron. This is associated with the 
fact that the Coulomb field of a nucleus is distorted by the polarization 
of the electron-positron vacuum at distances of the order of a Compton 
wavelength of the electron 7i/mc while the dimensions of the atomic 
electron orbits are considerably greater than #i/mc. For this reason 
polarization of the vacuum introduces into the radiation shift of atomic 
levels a contribution of order a*, which amounts to approximately 3% 
of the total radiation shift. 

A different situation exists in the case of a u-mesic atom in which 
u-mesons play the role of electrons. Since the u-meson mass is large 
compared to the electron mass, the dimensions of the orbits in a “-mesic 
atom are considerably smaller than the dimensions of the electron 
orbits in an ordinary atom, and the polarization of the electron-pos- 
itron vacuum plays a predominant role in the radiation shift of the 
levels of a p-mesic atom. 

We shall see that the radiation shift of the levels of a u-mesic atom 
of hydrogen, or of u-mesohydrogen, is approximately given by a£,, 
where £4 is the energy of the ground state of this atom, while for ordinary 
atoms this shift amounts to only a? of the energy of the ground state. 

We now obtain the radiation shift of the levels of u-mesohydrogen 
(70) (or, more accurately speaking, of a hydrogen-like u-mesic atom). 
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In order to do this we use formula (50.15) for the radiation correction 
to Coulomb’s law due to the polarization of the electron-positron 


vacuum: 
aZe [ (¢?—1)¥? 
y= —2@mrb oe i. 
dy (r) ex { e (1+ 2 ra de. 
1 


The radiation shift of the energy of a “-meson which is in a state 
y,(r) of energy £, is given by 


bE, = | ebp(r)|y4(r) ear 


e 


_azet fl . fe Oo ae [etree 


670" 
1 


The ratio of this expression to the energy of the ground state E, = 
(e°Z?/4na,) (a, is the radius of the normal orbit of the “-meson in 
mesohydrogen, equal to a, = 4x/m,e”) can be written in the follow- 
ing form: 


; ~ 2 1/2 
on f L sa)" = “J,,(2et) ae, (53.13) 


where 


3% 
Jay) = (<] | re-wrR( Sr dr, 
0 


R,,(r) is the normalized radial function and ¢=(m/m,aZ) (m, is 
the reduced mass of the u-meson, / is the orbital quantum number). 
Approximate integration of (53.13) leads to the following values for 
the shift in eV for different values of Z. 


TABLE 15 
oN Zz 
nl oS, 1 6 20 
~ _ 
Is 1.8 320 20000 
2s 0.2 47 3250 
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53.3. Natural Line Width 


The interaction of an atomic electron with the electromagnetic 
field leads not only to a change in the electron energy, but also to the 
level acquiring a width, since due to this interaction there always exists 
a finite probability for the transition of the atom to the ground state. 

We now show how this width, which is called the natural width, 
can be introduced. 

We start with the Dirac equation containing the mass operator 
M®)(x, x’) in the presence of an external field (cf. formulas (43.45), 
(49.5)): 


Y" (= — ieA‘? (x) J+ yco+ fue (x, x’) p(x’)dx'=0, (53.14) 


where A‘(x) is the potential of the external field including the added 
term due to the polarization of the vacuum. 

As we already know (cf. § 43), the mass operator takes into account 
the interaction of the electron with the vacuum of the electromagnetic 
field, and in the first approximation with respect to a is given by the 


formula 
M(x, x’) = ie D°(x,x')y, SP(x, xy, (53.15) 


where S(x, x’) is the Green’s function for the Dirac equation for 
an electron situated in an external field. 

If we substitute into (53.15) the expression (35.3) for S©&(x, x’) 
then the mass operator (in first approximation) assumes the form 


M)(x,x’) 


e dk _ ad gi(o—ko) (tt!) 
__ ikr, “an '\ p—ikr: - oe 
= Fane B10 D Ova Yar ye E,(1—i0) 04” 


— oo 


(53.16) 


where y,(x) = y,(r)exp(—iE,f) are the ‘‘stationary’ electron wave 
functions, satisfying the unperturbed Dirac equation 


. (2 —ieay 9) +mb yoo) =0 


(here, as before, we must interpret A‘)(x) as the external potential 
including the added term due to the polarization of the vacuum). 


RADIATION CORRECTIONS 759 


We rewrite equation (53.14) in the form 


iP HOt f AMO, x) p(x')d’x’ = 0, (53.17) 


where H is the Hamiltonian corresponding to the unperturbed Dirac 
equation, and we seek solutions of (53.17) which depend exponentially 
on the time 

vx) = plrer™, 
On substituting this expression into (53.17) we obtain the equation 


HO p+ f BMC, r')y(r)dr’ = Ev(r), (53.18) 


or, in abbreviated form, 
Hey(r) = Ev(r), (53.18’) 


H; = H+2M (), 


MY y(r) =f MLK, r)yer)ae’, 


MP (r, r’) = f AE M (8) (r, r’ : t)dt. (53.18”’) 


where 


The usual perturbation theory can be applied to equation (53.18), 
and this yields 


M() M&) 
= FO+4(BM (9) 4+ ye ao Oe nim t..., (53.19) 
nstn 


where E!°) is the energy of the unperturbed state determined by the 
Dirac equation without the mass operator, and 


(BME an= [ p*(r) BMY yp (rede = f POF) MY pO (r) de. 
We confine ourselves to considering only the first order pertur- 
bation theory approximation 
Ex E+(BMY)an- (53.20) 
On utilizing expression (53.16) for M‘)(x, x’), and formulas (53.18), 
we obtain from the above expression 
ep dk yy (nly,e™ ln) (n'ly,e-™|n) 


mw FO... Jf eee 
ENE, * Gai | 10 a1 (1-10) EW —E)-+ ky 


c rig?’ , —ikr 
apg Dy [ MOEN, LM. 1AD Orly en’) (Ie), 
(53.21) 


= Foy + 
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where 
(nye |n) = | Bryne ye (Ndr, 


dk (53.21) 


(0) (0) — 
O(E EO, |k|) = | [A —i0) EW — BO +k] [k2—k2—i0) 


We now evaluate Q(B, Es |A|). Direct integration yields 


1 
(0) e(0) —f. ee 
QE, En, 1k) = r FOX £)(1—i0)—]k| E2])E2] 
On the other hand, the quantity 1/(x—i0) appearing in the integral 
can be replaced by 


1 _ 1 
= Po _-: 
x0 mid (x) +S x 


and, therefore, 


Q(E”, EY, |k) = 2 £0/\E, | [EN —E)—|k] Ep /| Eo 


ik 
i ] 


ND. we 2 
tae? Be —B05— jx) Be, jjz9)° 03-22) 


Substitution of this expression into (53.21) shows that the quantity 
AE = E—E'°), which is the level shift due to the interaction of the 
electron with the electromagnetic vacuum, is complex. On setting 

rT 
AE= 0E,—I—> (53.23) 


we find in accordance with (53.21) and (53.22) the expression for the 
real and the imaginary parts of AE. 


oly sees? |e , (nye ln’) ("lye |) 
; 16x ; {k| E60) Flo) __ E™ | k' > 
n n’ [E9) 
e dk ow Ei) 
o 8 J kl py Yee ly," |n') (a'|y,e° "| 2) 


E 
x se eg — Eki} (53.24) 
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The real part of AE determines the radiation shift of the energy 
of an atom found in subsection 53.1, while the imaginary part determines 
the level width. 

The imaginary part has a simple physical meaning: it obviously 
represents the total probability of the electron making a transition 
from the initial state by emitting a photon. 

We note that for the determination of the radiation level shift we 
could have from the outset utilized formula (53.24), but it is more 
convenient to use this formula only for evaluating the contribution 
made by long wavelength photons, as was done in subsection 53.1, 
while the contribution made by short wavelength photons can be more 
simply obtained with the aid of the effective potential energy of the 
electron. 


53.4. Photon Scattering near Resonance 


In § 35 in considering the scattering of a photon by a bound electron 
we Saw that in the case of resonance, when the photon energy coincides 
with the difference between the energy levels of the electron, the theory 
yielding the first approximation based on the second order scattering 
matrix becomes inapplicable. The usual method of taking radiation 
corrections into account is also inapplicable here, since it depends 
en the expansion of the scattering matrix into a Series in powers of a, 
while it can be easily seen that in the case under consideration the 
expansion is made in powers of the quantity a/(E{%—E!)—q@) which 
becomes infinite at resonance. 

We must, therefore, take radiation corrections into account at 
an earlier stage of the calculations which in the simplified derivation 
of formula (35.14) corresponds to the introduction of complex fre- 
quencies. 

From the derivation of formula (35.14) for the cross section for 
photon scattering we can easily conclude that the resonance denom- 
inator in the matrix element is related to the structure of the function 
S‘)(x,, x2), which in accordance with (35.13) contains E+ in the 
denominator. Therefore, we should expect that the replacement of the 
function S‘)(x,, x,) by the exact electron Green’s function, which 
takes into account the interaction between the electron and the electro- 
magnetic field, must lcad to finite results. 
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We denote this function in the presence of an external electro- 
magnetic field by G‘)(x,, x,). It satisfies equation (49.5): 


Gi (x1, X2) 
= SIV, x)—i f Sx, X3) M'°) (xg, 4) Gi? (X45 X2) d4x5 d*x,. 
(53.25) 


By utilizing expression (35.3) for S{°(x,, x2) we can easily show 
that the Green’s function G‘)(x, x’) also satisfies the equation 


) 
__— je Ale) (e) , 
{ral ge ieAf: |+n| GY)(x, x’) 


+ f MOC, x IGM", x’) dx" = —id(x—x’). (53.26) 


We now show that if we introduce into the matrix element for the 
scattering of a photon by a bound electron in place of the function 
S)(x,, X_) the function G‘°)(x,, x2), we shall obtain a finite expression 
at resonance in accordance with the results of § 35 (128). 

We expand the function G‘)(x,, x.) into a series in terms of the 
complete system of functions y,(r) which are the spatial parts of the 
wave functions for an electron in the field A‘?)(x). 

We expand the time-dependent coefficients in the above expansion 
into a Fourier integral. Such a combined expansion of G‘)(x,, x2) 
has the form 


1 ; _ 
GC A= aeag D) [deren Pal) ala) 


| 
+55 il deve") f, (Pals) Pm(ta)- (53.27) 


nxé=m 


We now obtain the equations satisfied by the expansion coefficients 
Ftam(@). In order to do this we substitute the expansion (53.27) into 
the integral equation (53.25). On noting that 


Loe) 
1 givlti—ts) 


a (e) — __ eee wD 
[Pal)BS! Cr, x) dry = 5 Jb EG ORO 
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we obtain the system of equations for /,,,(w) 


l 
Fin(@) = E,(i—i0) +o | Hal) fa) 


- Hen —2) faa}, 


men 


; (53.28) 
Foal) = Bmp Ta | Howl) Faml) 


_y Hagl—0) fon, 


pyem 
where 


Han (®) = { Hyn(tei dt 
and 
Hym(t) = { By(ta)M (rg, P45) Vp (Ps) ay ry. 


Introducing the notation 


1 Frn(@) 


SKY Ean = Runs m ’ 
Fatoy 2 Fo) an 
we rewrite the system (53.28) in the form 
_ Ham(—®) Ag —@) Rom 
Rom = Bt Ee (95.29) 


Qan = E,+o+ A,,(—@)+ > Hiam(—®) Ran: (53.29') 
men 
In principle the system (53.29) enables us to determine R,,,, as a result 
of which Q,,, can be obtained in accordance with equation (53.29’). 
By assuming that the quantity H,,,(—w) is small, and by using the 
method of successive approximations we obtain 


_ 1 ) H,y(—®) Hom(—) 
Rin = ~~ E+@ {Hanl—0)+ —o—E, + “4 
(53.30) 


Ham (—o) Him(—®) 


—w—E,, 


Qnm = O+E,+Hya(—o)+ S'- 


men 
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In the first approximation we have 
Onn © wO+E,+Ayn(—®@), 
H mp (—©) (53.30’) 
mn OF En + Hmm (2) 
whence it follows that 


R 


1 
fan = TBF Hy (—00) ” 
_ —Hin(—@)+ --- 
Tron = TS Bg t Hyg 0] eo 1 EF Hyg 2) 

We see | fan|<|f,,|5 therefore in future we can neglect the nondiag- 
onal elements f,,. 

We now obtain G‘?)(x,, x.). On substituting (53.31) into (53.27) 
and on neglecting the quantities f,, we obtain 


(53.31) 


eal t,—t2) 


| _ 
G® ~~ _ A). 32 
€ (x; ? X2) Iai » Walt) Wn (2) lz o H,.( @) dw (53 ) 


This expression differs from expression (35.3) for the function 
S!)(x,, X,) by the denominators of the fractions appearing in the in- 
tegral. The quantity H,,,(—m@) which appears in G‘*)(x,, x.) obviously 
coincides with the quantity (8M,),,, which determines the radiation 
shift and the level width (cf. (53.23)): 


H,,(—®) = 6E, — sf, 


Since this quantity is complex the denominators of the fractions in 
(53.32) cannot vanish. On substituting expression (53.32) instead of 
S!)(x1, X_) into formula (35.6) we obtain the photon scattering cross 
section of the form (35.14). 


§ 54. Photon-Photon Scattering and the Lagrangian for the Electro- 
magnetic Field 


54.1. Photon-Photon Scattering Tensor of the Fourth Rank 
Interaction of electromagnetic fields with the vacuum of the electron- 

positron field must lead to interaction between these fields, in partic- 

ular, to interaction between photons. Indeed, let us consider two 
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photons of momenta k, and k, whose energy is insufficient to create 
a pair. Such photons can create two virtual pairs. As a result two photons 
will appear of momenta k, and k, related to the momenta of the original 
photons k, and k, by the single condition—the law of conservation 
ofenergy-momentum k,+k, = k,+k,. 

This process represents photon-photon scattering (56), (3), (103). 
It obviously cannot be described by means of the classical field equations, 
since in classical electrodynamics electromagnetic waves are propa- 
gated independently without affecting each other. 

In order that the field equations should be able to describe the 
process of photon-photon scattering, and also other processes involving 
interaction between electromagnetic fields, they must be non-linear, 
in contrast to the linear Maxwell’s equations. From this it follows that 
the Lagrangian density of the electromagnetic field cannot be a quad- 
ratic function of the fields, ie., it must differ from the function 
Ly = }(E2—H%). 

In the lowest order of perturbation theory to which we confine 
ourselves here, the interaction between electromagnetic fields is described 
by a part of the scattering matrix S“), 

In accordance with (24.14) the matrix S™ has the form 


si =f dtr, { dix | dex, | dts T (MBCA CVO) 


x (p(x) A (ta) v2) VB Ora)A (Xa) 9 Ox) N (DOeA (xa v y))}. 


Since we are interested in processes in which only electromagnetic 
fields but no real electrons take part, then in this approximation we 
must replace the product of the electron operators y(x)wy(x)by pairings 
between them. The total number of pairings is, obviously, equal to 
six (they are represented schematically by Fig. 113). All these pairings 
produce equal contributions, so that the part of the scattering matrix S® 
which is of interest to us has the form 


sa) — = if d4x, f d'x, if d'x, il d4x,N(ACa)A, (0) Ar 0%) Ag (X4)) 


x Sp {7,,So(%2— 1) Vy So(%a— Xe) V4 So(%4—s) VqSe(X1—X,) } - (54.1) 


Here only the quantities A,(x)are operators. 
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In momentum space this expression assumes the form 


. 2 
5) -1(¢} fake, {tte [dey [ dtl g(2z0 blk, tka thy +k) 


A,(k) A (ke) A, (ks) A (k,) 
me ( 5 k 54.2 
* n( (2x)* (22)4 (2n)* (27)! T vio (ky, ke, ks, ky), ( ) 
xy Xy Xp My 
X4 X3 X4 X X, Xs 
Fig. 113. 
where 
A, (k) = f A,(xde™ dix 
and 
T isk; ky, ks, k,) 


= ae | tp Sp {y ,ip+-m)*y, (ip—ik, +m) y, (ip— ik, —ik, +m) "yg 
X (ip—iky—iky—ik,tm)}. (54.3) 
In place of the tensor 7,,,,,(k,, ke, kz, k4) we introduce the tensor 


J wio(Ki» Kes kg, kq) which is fully symmetrized with respect to the 
simultaneous interchange of the tensor indices and of the variables k,: 


J wiglkrs ka, ks, k. v= = 7 wag (Kis ke, ks, k,) 
HFT ayaa Kr» Kos Kas hg) Tyano (Kis Kgs ke, Ky).  (54.3') 


It is clear that in expression (54.2) we can replace the tensor 
Tyyagky, Ke, kg, 4) bY BW yag(Kis Kes Ka, Ka): 


» fg \2 
5 = i] [ati [at | dts { alte (2m) (ka that ke Fk.) 


A, (ki) A, (ee) Ailks) Aglks) 
(27)* (2n)* (27)! (27 m)4 | J wwio(K1, ke, kg, k,). (54.4) 


ares 
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We call the symmetrized tensor J wia(kis Ke, ky, k4) the photon- 
photon scattering tensor of the fourth rank. 

In accordance with the results of § 46 the tensor T waa’, Ke, Ky, ky) 
diverges for large momenta of the virtual electrons. In order to show 
this we note that for large values of p the tensor 7, (k,, ke, kg, k4) 
behaves in the same way as (0,0, 0, 0): 


pvAo 


Twice 


(0, 0,0, 0) = 


Ty y10 in al of oto 
x Sp {y,(ip—m) , ip—m)y ,ip—m)y,(ip—m)}. 
On substituting into this expression 
tSp{y,(ip—m)y, (ip—m)y, (ip—m)y,(ip—m)} 
= (p?+m'y? (6, Big +5 4g bat, 0, +82, PyPiPo 
—2(p?+m?) (PLP, Sic +P, Pa Onc tP Po Ova tPrPo Ouv)s 
we obtain 


4 
Fi 00,0, = Fx Oy But 8 ct Seba) | ps 


-2.f-4 ain (P,P, Oot P,P, 6.0 +P Po 6, +PiPo Fm) 


42 
ory p pPvPiPa- 
But 


fp,p,flp) dp = £6, | pes (p*) ap, 
J P,.P,PiPof(P?) d‘ = oft (6, Oro t Sua Sat 9 yo 6,,) | r*fp*) d'p. 


Therefore 


1 
T sya 0, 0, 0, 0) = ats (6, Dia t+ Sy 9 vA 26.4 8) { oar 21 2)? 


4 
+O,» Dig t+ Sug 9 va Oui 2, 3,.m { oor 24 m3 


4 
+ 3 Oy» Sig + 55 6,,+9,, 6,.)mt [8 (p hier emt 


The first integral appearing in this expression diverges logarithmi- 
cally. 
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Insofar as the symmetrized tensor J,,,,, (Ki, Ke, Ks, K4) is concerned 
the divergent integrals contained in its individual terms cancel, but, 
nevertheless, the tensor J,,,,,(ky, ke, ks »k,) must be regularized just 
as the divergent tensor T,,,,(k, ke, ks, k,), since from considerations 
of gauge invariance the tensors T,,,,(0,0,0,0) and J,,,,(0, 0, 0, 0) 
must obviously vanish for k, = k, = k, = k, = 0, while the expression 

J ig (0, 0, 0, 0) differs from zero. As has been already explained in 
§ 46, this loss of gauge invariance is associated with the existence of 
divergences in quantum electrodynamics. 

In order to obtain the regularized value of the tensor 

J io Kis Ke, Ky, ky) we must subtract from it its value for k, =k, 
= k, = k,=0. We denote the regularized value of J,,,,,(k1, ke, ks, k,) 
obtained in this manner by J,,,,,(K1, ka, ka, K,): 


Drak» ky, k,, k,,) = J wag(Ki, ke, ks, ky)— J vag 9, 0, 0, 0). (54.5) 


The regularized matrix S“ has the form 
. 2 \2 
sa — ig) if d'k, J dk, il d'k, J dk, (271)46 (ky-+k_tkgt+k,) 


n( Age A,(k)2 Ajlks) Ag(k,) 
(2)* (2x)* (2n)" (2m) 


Maso ky, kx, ky). (54.6) 


54.2. Photon-Photon Scattering 

We now establish the connection between the tensor J,,,,,(ky, Kp, kg, ky 
and the photon-photon scattering cross section. 

We consider the process in which the electron-positron vacuum 
absorbs photons of momenta k, and k, and polarizations e, and és, 
and emits photons of momenta k, and k, and polarizations e, and e,. 
This process corresponds to the six diagrams shown in Fig. 114. Diagrams 
1, 2,3 and 4,5, 6 differ only by the sense of going around the electron 
loop, so that the matrix elements corresponding to them are the same. 

The total matrix element for photon-photon scattering is determined 
in accordance with subsection 25.5 by the following general formula: 
et b(ky +k,—k,—k,) 


2  (@,0,0,0,)"? 


4) — 
S(0,= — 


x { €1,€05€s1€ag | SPY (EBL) y, (UB + ikey- bm) 
x y,(iptiky—ik,+m)y,(ip —ik, +m)-}} dép 
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+ €1,,€2,€in€3, | SP {y (iptin)y,(ip +iky +m) 
x y, (ip +-ik,—ik,+m)"y, (ip —ik, +m) dip 


+ C103)», ec. f Sp{y, (ipt+m)y(ip— ikem) 


X YIP ikey-+ ikem) *y, (ip—ik, + my} ap} (54.7) 
ke ky 7 ‘iy ki Sk kK, +” 
4 ¥ N Y fs Y 
\ p aN p a SN p 7” 
ptk, p-k, p+k, p-k p-k, p-k, 

7 Dtky-ky NY Y D+ko—-k,y NN UO Da kytky aN 
A es Fa \ Pa \ 
3 4% wk, ky \ 7k, k, \ 
(1) (2) (3) 
ky KY a ky, NS k, 7” 
\ ra \ “ ‘ “ 
aN p v ‘ p “ -_ p a 
p-k, p-k, p-k, p-k, p-k, p-k, 
a _ N np - /A- 
a p K, ky NY 7a P K4 ky _ a p Karka _ 
XN 4 7 
ky ky \. “Ks ky \ “ky ks 
(4) (5) (6) 
Fig. 114. 


Utilizing expression (54.5) for the regularized photon-photon scattering 
tensor we can rewrite this expression in the form 


i (2) Omi Eto 


Si, = = ca 
L2 
4n (@, W244)? 


2 


1, © ay sa Cae 
x T ag Kas — Keay ks, k,) . (54.8) 


In order to determine the photon-photon scattering cross section 
which in accordance with subsection 28.3 is an invariant, it 1s con- 
venient to go over to the center of inertia system of the photons, in 
which the total three-dimensional momentum of the photons before 
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and after scattering is equal to zero: k, +k, = k,+k, = 0. We denote 
the four-momenta of the photons in this system by 

k, (k, iw), ky (—k, iw), k, (k’, iw), k,(—k’, iw), 
where |k| = |k’|. (It follows from the law of conservation of energy 
that the frequencies of all four photons are the same in this system.) 
On taking into account the fact that the flux density of photons k, with 
respect to the photons k, is equal to 2, we obtain the following expression 
for the differential photon-photon scattering cross section: 


1 e\* 1 
do = ( | 4x 16w? | C1, lg, 033 C1gt wich — Ki ’ —kg ’ ks ? k,) |? do 
on (54.9) 


where do = 2z sin 6d0 is the solid angle which contains the momentum 
of the photon k, (6 is the scattering angle, i.e., the angle between k 
and k’). 

Thus, for the evaluation of da we must know the value 
Of Lvae(—ky, —ko, ky, ky), but we can obtain a simple analytic expression 
for the photon-photon scattering tensor only in the two limiting cases 
of low and high frequencies, when w < m and w > m. In these two cases, 
which we shall now consider, we can also obtain simple closed expressions 
for the photon-photon scattering cross section. 

In the low frequency case w <m the photon-photon scattering 
tensor can be expanded into a series in powers of the frequency. The 
first term in this expansion corresponding to w = 0 vanishes for the reg- 
ularized tensor; therefore, the expansion begins with the term containing 
all four frequencies linearly, i.e., which is proportional to w‘4 in the 
center of inertia system. On the basis of this result, and of formula 
(54.9) we can easily conclude that the photon-photon scattering cross 
section is proportional to w* for « <m. On the other hand, in accord- 
ance with (54.9) it must contain the eighth power of the electron charge 
e. On taking into account the fact that the scattering cross section must 
have the dimensions of an area, and that we have at our disposal only 
the constants e, #, c, m, we obtain unambiguously the following expres- 
sion for the integrated photon-photon scattering cross section for w <m: 


e \4/ tw \*{ a \? 
q=a - —-|, hw <mce?, (54.10) 
hic mc? mc 


where a is a dimensionless constant, 
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In the high frequency domain w > m we can in practice neglect the 
electron mass m in the expression for /,,,,,. Therefore, in this case the 
mass m will not appear in the expression for the scattering cross section. 
But from the quantities e, 4, c, « we can construct only one expression, 
viz., e8c?/w*, which contains the eighth power of the charge and which 
has the dimensions of an area. Therefore, the photon-photon scattering 
cross section for w s m must have the form 


e \* ¢ 
g=a’ ( ——, ho > me, (54.11) 


hice} w? 


where a’ is a dimensionless constant. 


54.3. Connection between the Photon-Photon Scattering Cross Section 
and the Radiation Corrections to the Lagrangian of the Electro- 
magnetic Field 

We now undertake a more detailed investigation of photon-photon 
scattering in the low frequency range w <m. In this case the fields 

F(E, H) associated with the photons satisfy the conditions 


hi { 
one (8G F/-< Fl," < | FI. (54.12) 


We call such fields slowly varying. 

Slowly varying fields cannot in practice create real electron-positron 
pairs (if we exclude from consideration pair production by a large 
number of soft photons); therefore when conditions (54.12) are satisfied 
we can speak of a purely electromagnetic field. 

The state of a slowly varying electromagnetic field can be described 
by a Lagrangian which depends only on the components of the field, 
and is independent of their derivatives with respect to the coordinates 
and the time. Since the Lagrangian must be a relativistic invariant, 
the fields can appear in the Lagrangian only in the form of the two 
combinations £?—H? and (EH)*, which are the only two independent 
field invariants. 

If the fields are weak, then the Lagrangian density of the field L can 
be expanded into a series in powers of E?—H? and (EH)?: 


L=L,+Ly, (54.13) 
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where 
Ly = 3(E°—H?), 
L, = a(E2—H??°-+B (EH)? ... 
= a(F,,F,)°+bF pF FinFat (54.14) 
and a, B, ..., a, b,... are constants interrelated by 
a—=4a+2b and f= 4b,.... (54.14’) 


The terms collected in L, are radiation corrections to the principal 
Lagrangian L). These corrections are associated with such effects as 
photon-photon scattering. Indeed, the Lagrangian L = L)+L, leads 
to non-linear equations for the electrodynamics of the vacuum, 
which, naturally, can describe photon-photon scattering. 

We retain in the expansion of L, only the first two terms, and show 
how they may be related to the photon-photon scattering cross section. 

We first recall that in the first approximation the scattering matrix 
has the form 

so = ifL'@ d‘x, (54.15) 


where L’(x) = 5,,(x) A ,(x) is the part of the Lagrangian which determines 
the interaction between the electromagnetic and the electron-positron 
fields. We have seen previously that interactions between electromagnetic 
fields are described by a part of the scattering matrix S‘). But the same 
interactions can, obviously, also be described by the equivalent first 
order matrix S{), without taking into account any virtual electron- 
positron fields, if we interpret L’ in (54.15) as an additional term L, to 
the Lagrangian of the electromagnetic field. Thus, we have 

Si) =i | Ly (x) dix = S®, (54.16) 


eff ~~ 


Such a treatment is obviously valid only for slowly varying electromagnet- 
ic fields to the investigation of which we now confine ourselves. 

On utilizing relation (54.14) we can obtain the form of the photon- 
photon scattering tensor, or, more accurately, its dependence on the 
photon frequencies. In order to do this we compare the matrix 


si) — -i() fash, { dtka { atte, f dkny AD 3S 


A,(ka) Ag(Ka) 
(2x)! (2n)4 | 


| Hono > ke, ks, k,) (27)* O(ky +ke+kg+k,) 
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with the first order effective matrix 


SQ) = if N[a(Fye(2) Fe)? + (F.C) Fis) Fin (2) Fn2))] a. 
On substituting into this expression 


1 
=> —~__ ik Ja 
Fue (x) (27)! il Fi» (k) é d k > 


where 


F,,,(K) = i((k, A, —k, A, ), 


and on noting that 


J (Fic) FriQ)) dtx = ; il dk, il d'k, il d'k, il a'k, ae os 


A,(k3) A,(k 
ee. ie S waalky > kp, ks, ky) (2x)* O(ky +k, +k3+k,), 


where S_,;5(k1, k2, Kz, ky) is the symmetrized tensor: 
S vio (Ki ko, ky, ky) = A tke ki Kako Ks. aKiakegt Ka Kay Kaa kis 

~~ Ow Kay Ks, (ky ky) — OrgKkon ky (ks k,)— OuaKay k,, (ky ky) 

—6,5ks, ky, (ky k4) — 6 aK sy Koy (ky k,)— Oyakigka, (ke k3) 

+8 uy Org (Kr ke) (Kaka) + 9,12 95a ks) (kaka) + 6 ¢F pa (ka Ka) (Kaka) } 
and (54.17) 


[Fao Fy (©) Fin (0) Fon (x) d4x 
= jf athe fate f tes [ atk 2m 6 (ky tho thy t+k,) 


A, (kx) A, (ks) Ay(Ks) Ag(Ka) 
(any! (2x)! (Qn) (Qn)! 


~ R wrg(krs kg, ks, k,), 


where R_,,,,(Ki, ke, ks, k4) is the symmetrized tensor: 

R ao (Kis ky, ks, k,) = ky kay kay kag tke, Kay kay k1p t+ Kay kay Kaa Keo 
ky, Kay Kip kaat Kay Kay ky kag t+ Ka Kay Ke, Kia t+ Suv (ke, ky, (Kaks) 
hy ykog(kyk4)— ke; kag (Ki ky) Kay ky, Kok) —K ay koglki ks) 

— ky Kaglks K +66 [Ka Kay Ar ky) +kg,,Ka, (Ki k2) Ka, ki, (kek) 
— Key, Keay (Kerk g) — Ke, Kay (Kea ea) — Ky Kay (a Ka) al eng Ke (Kea hea) 
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+g, ky, (kak) —Ka, kag (Ka ke) Kay kg (Koka) — kr eg (kaka) 

—ky keg (kyk,)]+6,, [ko Kag(ky ky)+ky,Kaglky ky )—ke, ky (kak,) 

—Key,, kag (kr ke) kay Kig Koka) — Kay kao lki ka) + olka, Kaa Ks ks) 

+ kg, koa (kik) Ka, hay (Ka ka) ko, berg (Kaka) ka, kia Kak) 

Keg, koa (ky kal +5 ,alk, kaa (Koka) + kay Kia Kok) —k1, Ke; Kaka) 

ky ky lky ky)—ks, ky, (ke ky)—ky, ko, (ky ky)]+6,, 910 [ky k,) (kak) 

+(k ks) Keka \+ 2 Spalki ke) Kaka) + kr ky) (kok) 

+8 a Opals ke) (kaka) + (ki ka) (Keka), (54-18) 

we obtain 


4 
Trak» k,, ky, k,) = ST? {aS 


e \? 
(ie) 
+ PRyao Kr, ke, kaka}. (54.19) 
We now obtain the photon-photon scattering cross section. 


On substituting (54.19) into (54.9) we obtain the expression for the 
photon-photon scattering cross section in the center of inertia system 


(ky, k,, ky, k,) 


pvio 


do——_(|& ea 54.20) 
o= ene an} ae Mla, (54. 
where 
4 
M= el) e(te) Ot) eOOT glk, —ke, ks; k,) = amps eR), 
(54.20’) 


S= el) ela) es) C4) So (ky, —k,, ky, k,), 
R= ef) ea) els) 00 R (ky, —k,y, ky, k,4) 
(the index A, is used to denote the two different polarizations of the 
photon &k,). 
In accordance with (54.17) and (54.18) we have 
S = 4 {2(e*K,) (ek) (ee) (eK) 
—(€%) et) (ek) (€4%e,) (Keka) + (0 €%) (eK) (eK) (kaka) 
—(k,k,)]—(e e) (ek) (ek) (kak,) 
+(e) et4l) (21% @0) (Ke, eg) (eg) 
$-(e'%) el) (e%) ele) (Key Keg) (Keak) 
+(e") e%) (ele) (Kak,) (ke ka)}, 
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R= AWeMks) (eMky) (CMMK,) (CK, )—2(e e)) (04) ,) (CFMKy) (kgky) 

—2(e) el) (es) (04 k3) (ky ke) 

+(e e)) (ek) (ekg) [(kgk )—(keks)] 

+(e e4) (ek) (ek) [(kyk3)—2(kgk,)] 

+(e) e)) (ek5) (eK,) [(kak3)—2Kkgk,)] 

+(e%) a) (eUks) (ek) [(kaks) + (kak) 

+(e% e@)) (24s) 040) [(ky kg) (Koks)+(ky ks) (Keka) 

+(e) el) (e+) 040) [(K, ka) (Kak 4) + (ky k,) (kakg)] 

+(e) a) (2%) 09) [ky ke) (Kg ka) t+ (ki ks) (kaks)] 

Therefore 


_ 4 

e? \? 
(3 

+4b[(e4 e)) (e4)n) (en) +(e) e409) (en’) (e4)n')] 

+ [4a(1—cos 6)—5(3 + cos 6)] [(e) e) (e)n’) (e4On) 

+ (2% e%)) (en) (en) 

+[4a(1 + cos 6)—4(3 — cos 6)] [(e e4) (e4)n’) (en) 

+(e es) (e4n’) (e4n)] 4+ 2[8a+b(1 + cos? 8] (6 e%)) (e(4s) elu) 

+ [4a(1 + cos 6)?+5(5—2 cos 6 + cos? 6)] (64 eM) (e (2) @ (As) 


+ [4a(1 — cos 6)?+(5+2 cos 6 + cos? 6)] (e eM?) (22) en) 
(54.21) 


where m and n’ are unit vectors in the directions k and k’ and @ is the 


scattering angle cos6@ = a-n’. 
On substituting this expression into (54.20) and on averaging over 
the photon potnmanens we obtain 


An’) (e4)n') (en) (en) 


do = ox (48a7+ 40ab-+ 116?) w4(3 + cos? 0)? do. (54.22) 


On noting that a = 4a+2b and B = 4b we can rewrite this expression 


in the form 


do = “e nt 57 (48a?—8ah + 387) w(3 + cos? 6) do. (54.22’) 
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We see that the frequency and the angular dependence of the photon- 
photon scattering cross section for w <m does not depend on specific 
values of the constants a and b, while the magnitude of the cross section 
is determined by these constants. 

Before evaluating the constants a and } we shall give the values 
of M for different photon polarizations. 

We denote by ef) the polarization of the photon k,, lying in the 
scattering plane (n, 1’), and by el the polarization perpendicular to 
the plane (m, n’). On utilizing formula (54.21) for M we can easily show 
that 

Met, ef?, ef), ef) = M(e'}), ef?), ef), eff) 


= 16 3 (2a4-b)(3-+-cos? 6), 


(i) 


M(e, e(), ef), ef) = M(el2), ef?), ef), elt?) 


8 
—.. 3 (8a+3b—b cos? 6), 


(a 


qa (2 (3 4 1 2 3 4 
Me, efP, ef), ef) = Mel, ef), ef), ef4)) 


= ——— loa 3 (1 — —2 cos 6+-cos? 6)+ —.—, 46 
(a2) 


(se) 


M(e), e(?), e(), (4) = Mel, e?), ef), a 


TE} rs 


We now proceed to evaluate the coefficients a and b. We utilize the 
formula 


(54.23) 


3(3+6 cos 8—cos? 6), 


3(1 +2 cos@-+cos* 6) + ——., (3—6 cos6—cos*6). 


1-y, 1-%-% 
i — 
ABCD = 31 i { dy. il dy,(Ay,+Byo+ Cy,+Dc1 —)i —J2—Yy)) 4 
0 0 


0 


=H [dy Ayt Bret Cyt Dy 


M+VatYstwy=Hl, vj 20. 
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where d4y = dy, dy. dy,dy,, and we set in it 
A=p+m, B= (p—k,)?+m, 
= (p—k,—k,P +m, D=(p+k)?+m’, 
AY, + By2+ Cys+ Dyg = [p—kayo—(ka tks) Vy thi yah +f, 


kyks kak, 
fi = 1+2- sa Ys +2 Vea 


With the aid of this formula we can write the tensor T.,,,, (ki, ke, ks, k4) 


in the form 
Talks Ras kas ka) = se [ ay | 4 gn tigtil, 
pda 1» 29 39 %4 Fg y (+m ft p y,lig+i —my, 


% [1G-bil— iky—mily,LiG-+il— ik, —iky—mly ig+-il+-ik,—m]}, (54.24) 
where 
l= Ka yot(ketks) ¥3—ki V4. 
In T yio(K1» Kes Ky, K4) we pick out the terms containing 4,, 4,,, 


641 %0> Ono 4: We can show that the sum of these terms has the 


vo? “na vA* 


following form: 


X wiolkrs kos kgs Ka) = mare yf ais - 4 a 3 (4, ia 
+6 4 5,25 43 Spd (GQ? EOP fy + (tm? fiym fi) 
$5 Bye Sia Fyn yp-+ 8 yn Dp DPE MD Bio +9 pe 8 By Oe) 
x [(@? +m? f,\(5—5f,+6(a—B) y2—2a—f)] +n? [41 —f,)? 
+8(1—f,)(4—B)y2—-8(1—f,)a—4(1 — fy) B+ 8? yy vst BPP y2 V4 
+2f(a—-B)y.4+-fl fy) — 24f,-BAI+2 4, 54,97? [B —2ay —1 +f] 
+-26,,6,,9m(2By,—14-f,)—2 5, 5.08 (54.24’) 


where 
_ | keky gd keakg 
2 m’ 2m?’ 
1 kok, 
yer eS S, = 1—4ay,y3—4 By ey. 


2 mm?’ 
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The regularized value of X.,,,,(k1, ke, kg, K4) 18 equal to 


X waglKr> kas Kas ky) —Xyvrg(0s 0, 0, 0) 

= 4G birt bueBaB8e | a9 5-(50—f)+6(0-B) 75-20 
+9 [4—f)-+10(1 —f)(a—B)»»—20—P— 20a)» 6 fa 
30 =f) B+ Batya Saya} +165, 54,{ GPB—2ay.-1+f) 
+165, { P QBy—1+f)~168,, 98 [| 


— 85,4 Sig 6 9 Sy 2 bi, 6,,) [ dy inf. 


Since we are interested in the low frequency case, we can take 
a<l, |B <1l, \yj<1, 


Inf, = —U—f)- 
1 

p= IH-f), 

a = 1420—f)), 


as a result of which X,,,,(k1, ke, kg, ky) —Xyvyig(0, 0, 0, 0) assumes the 
form 


X waclk1» ky, ks, k,)- X wig Os 0, 0, 0) 


= 4 (6, Sic +5 pq 5-5, 5,0) | FL 14 (1 —f.)—4a—88 
+13(1—f,)?+24(1 ft) 2 (a—B)— 101 —f) (a +f) +80? yy, 


+86 y)+166,, Bp, { aby = 5 ++ BUA 
=2a(1=f) = =f} | +165, af dy ws 
+280) 20-19 | ~163,,,, { @y6(1+ 0—A)] 


+8 (On Bigt Oyo 9 vd 264, wf ay t —fi)4 TT aC -1¥ |. 
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From this it follows that 
(ky, ky, ky, ky)—X,,,-(0, 0, 0, OVAX yor (Kr, Ke, Kg, Ka) 

—X yoaOs 050, +X yaya (Kas Kas kes Ks)—Xyye(0, 0, 0, 0) 
=245,, ig | @y[21—f) +201) 3 (If) BI] 
+246,,6,, | dy[2—f.) 3 +201) —a_] 
+248,4 90 | dy[—31—f +201 fy) +21 fy) 9] 
+4849, f dy[101—f,)? +1001 —f,)*— 150 —f)?-+- 6a) 
—6(1—f,)B—6(1f,)B—10(1—f,)a— 1001) +101 —f)a 
+24(1—f) (a—B) v2 +24(1 ft) (YB) v2 241 fy) (a9) Po 
—8a(l1—fi) y.—8y (1 —fe) Vat 8a?y, ¥3+8h*y 24] 
+45 ,05ya J A101 —fi)*—15 (1 fe)?-+10(1-f,)°+- 88) ye 
+8y(1—fy) v2 + 6(1 —f,) B—10(1 fy) (2+) — 101 fp) (a+) 
+24(1—f,) (a-y) y2—-24 (1 —f2) (vB) + 16a? yy, 
+10(1—f,)y+24(1—f,) (a—B) yo] +-46,.5,, | @[-15—fi)? 
+10(1—f)?+ 1001p + 4(1-fy) y—48 If) 
+10(1—f,) (4+)—10(1—fy) (y+ 8) 101) (a+) 
—24(1—f,) (a—B) ¥2+-24(1 ft) (yA) yo +24 (1 fy) (a2 
—8a(1—f5)¥.+88 (1 —f,)y0] 


The integrals appearing in this expression can be evaluated with 


the aid of 
fe _i il dy = | 
—_ 6 > Jy; y — 24’ 


fordy= aay iZxk, [oa = =. 
On utilizing these formulas we finally obtain 
(Ky, Key ka, ka) —Xyvao(O, 0, 0, +X yyoalkas Kes Kas Ks) 
ei 0,0, +X olki, Kas Kes k4)—-X,rra(0, 0, 0, 0) 


— {Oy Sigh 14 (Kaka)? + 14 (kaka) (kgka)—3 (ep ka)?] 


X who pviag 


X who 


= im 4 
+5 yo Seal 145 ks)? + 14a ks) (ks ka) —3(Koks)’] 
~6 45 ,q13 (Kaka)? +3 (ka ky)? +20(kaks) (kaky)I}- (54.25) 
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A comparison of (54.25) with (54.19) yields 
e\* ] e\* 7 
fa+b= -(<| Omir 20 = (| ami 
where it follows that 
5 [e\" 1 14 / e\".1 
a= — ald] me o> iia (as me (4-26) 
On substituting these values of a and 5 into (54.14) we obtain the 


expression for the radiation corrections to the Lagrangian density of 
the electromagnetic field of order (e?/42)? (56) 


1 /e2\*1 
I, = tos m! 14 Fy Fig Fim Fini —5 Fi Fai)? 


2/e\*1 
= E? 2)? 7(EH)*]. 54.27 
Z(<| —, (E*—H?)-+ (EH) (94.27) 
The differential photon scattering cross section will in this case 


be given in accordance with (54.22) by 


1 139 ,1fw\*,, on, 
do = Onp 907% a \ om (3+-cos?6)? do. (54.28) 


The total cross section is equal to 


6 
i . ee (2| , where w<m.  (54.28’) 


m 


If we know the Lagrangian density we can obtain the electromagnetic 
energy density 
w= pot —-L= | (E274 H?)+" (54.29) 
OE 2 ° , 
where 


w’ = a(E?—H?) 3E?+H?) +B (EH). 


The second term gives the radiation corrections to the classical 
energy density 
Wo = 1 (E°+H"). 


The nonlinear electrodynamic effects can be described with the 
aid of a field-dependent dielectric permittivity and magnetic permeability 
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of the vacuum. In order to obtain these quantities we determine the 
electric displacement D and the magnetic induction B: 


aL 6L 
D= 7p B= aR 


On substituting (54.27) into these expressions we obtain 
e |] 


| 
Dy = Et ge a a (2(E2—H*) E+ 7H,(EH)}, 
ae (54.30) 
= . Se °— A? ~~ 
B= H+ 4g Ga EH), —1E (EN)}. 


In macroscopic electrodynamics D and B are related to E and H 
by the following expressions 


D,= &,F,, B= by, H,. 
A comparison of these formulas with (54.30) shows that the dielectric 


permittivity and the magnetic permeability tensors of the vacuum 
in the case of weak slowly varying fields are equal to 


/ 1 et 1 
Ein = Oy + 45 472 mi {2(E? — H?)6,,+7H,H,}, 
(54.30’) 
1 2 ol . ~ 
Hin = Ox 4 45 452 mi {2(E? —H”)6,,,—7E,E,}. 


54.4. Exact Expression for the Lagrangian of the Electromagnetic 
Field 

In the preceding subsection we have obtained the radiation cor- 
rections to the Lagrangian of the electromagnetic field proportional 
to the fourth power of the fields. We now determine the Lagrangian 
for any arbitrarily strong electromagnetic field which satisfies the 
single condition (54.12). 

For the solution of this problem it is convenient to employ the 
concept of the electron-positron vacuum as a system of electrons fill- 
ing the negative energy levels (cf. § 18). We shall in the future call 
such electrons vacuum electrons. 

Our starting point will be the assumption that the addition w’ to 
the classical energy density of the electromagnetic field 


Wo = 3(E? +A”), 
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due to the existence of the electron-positron vacuum, coincides with 
the energy density of the vacuum electrons, i.e., of electrons filling 
the negative energy levels, after subtracting their potential energy 
in the external electric field. In other words, if (A, ig) is the four-po- 
tential of the electromagnetic field and y‘~) is the set of wave functions 
describing the states of a vacuum electron in such a field 


_ dy) 1 _ - 
i a = a,—V+eA pl +(Bmt+ep)y”, 


then 


w= 1S) [VO% Fer) — Los ervey, 643 


D 
where (wy, ¥) = ,%, (A is the spinor index) and the summation is taken 
over all the individual states of the vacuum electron p (the wave func- 
tions yf") are, naturally, assumed to be normalized per unit volume). 
The first term in this expression represents the total energy density 
of the vacuum electrons, which we denote by 


Wi, = i> [yo ou) (54.32) 


D 


We now show that the second term—the potential energy density 
of the vacuum electrons—is related to the first expression by 


OWn 
DOS er?) = FE (54.33) 


where E is the electric field intensity. 

We first note that if the quantum mechanical energy operator H 
depends on a parameter A, then as a result of an infinitesimal adiabatic 
change of A by dA the energy eigenvalue ¢, — H,, undergoes a change 
equal to 


This relation is obtained immediately if we differentiate the equation 


[(v2@, (H@-e,@)]y,@) dr = 0 


with respect to A, 
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In particular, if H= Hy+dep, (yp does not depend on A), then 


OH 
A = A|—] - 
com Fe, 
In other words, if the scalar potential contains a constant factor J, 
then the following relation holds: 


af Soo, epy)dr= AS [u, de, 
Pp 


where the integration is taken over the whole volume. In the case of 
constant fields in which we are interested we can regard the electric 
field E as the factor A and, moreover, we can go over from the total 
energy to the energy density, i.e., we can omit the integral sign; we 
thus arrive at relation (54.33). 

It follows from (54.31) that 


, Wm 
w= Wm—E ae (54.34) 
On comparing this equation with w= E(@L/dE)—L, we conclude 
that the additional term LZ, in the Lagrangian density of the electro- 
magnetic field compared to the classical Lagrangian L, = 4(E*—H?”) 
agrees, except for its sign, with the total energy density of the electron- 
positron vacuum in the presence of an external field: 


Li = —Wa: (54.35) 

Since, on the other hand, Z, is a function of only the two inde- 
pendent invariants E?—H* and (£H)*, the problem can be reduced 
to finding the energy w,, in special fields, viz., it is sufficient to obtain 


the value of w,, in a constant and homogeneous magnetic field H(0, 0, H) 
and an electrostatic field parallel to it with the potential 

P= poe +g e 7, (54.36) 
where 9 and g are constants (for small values of g we obtain a homo- 
geneous field of intensity E= ig (y—g99). 

This choice of electric field eliminates the difficulty associated 
with the possibility of pair production in a constant arbitrarily weak 
electric field extending over all space. It is clear that if the difference 
of potentials of the form (54.36) between any two points does not exceed 
the quantity 2mc?, then the field (54.36) will not produce any pairs, 
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We obtain first of all the value of w,, in a constant and homogen- 
eous magnetic field H(0,0, H). In future we shall denote this quan- 
tity by wi, 

In accordance with subsection 12.5, the possible values of the energy 
of a vacuum electron are equal to 


Eny(Pe) = — V m®-+eH (2n—w-+1)+p?), 
where n= 0,1, 2,..., 4= + 1 and p, is the component of the electron 


momentum along the magnetic field; the corresponding wave functions 
have the form (cf. 12.13)) 


(—e,,.(p,) +m) 2, (6) 


yi N=, ety tee | 0 u=1 
i Dy Pe V6, (D.) (En (Ps) — —m) P2U, (4), > : 
—i(2eH,)' v,—1(€) 
0 
() “=— ee (—e,,,(p.)-+m)v, (2) __ 
PnupePy 1/5, LAE cre = = iQeH ' (E ; , 
V 26, (Pz) Enu (Pe) m| (n41)) Unit ) 
— PzUn(&) 


where 
— VeH (x42). 
f= ye (+ eH 
They satisfy the normalization conditions 
[ Pradyue(?) Pure pyre (r) dr _ Onn’ Ou. , 


[ve] 
J Prarie) Phurtre(") dp, = eH 
~-09 
(it is assumed that the normalizing volume is equal to unity). There- 
fore, the energy density of the vacuum can be written in the form 


__ vv (ame. 
= SY [BM aint vsha ld 
n=0 won 


SF » > { En (P) AP, (54.37) 


w=t1 n=0 


where p= p,. 
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On noting that e, _,(p) = En4i,41(P), We rewrite (54.37) in the 
form 


oO 


H oe) 
w= oe, f ap eo(o)+2 Seco}, (54.37’) 


n=1 


where 


€,(p) =| p2tmt2eHn, n=0,1,2,.... 
On using Euler’s summation formula 


el 
1 


; 
5 FO+ SY F(ke)— 5 FON) 
k= 


oN 


] as B_ hem 
= 7 Lf F(x)dx+ > Om) [Fe"-)) (bN) — F(2m-1) con} , (54.38) 


where 8B, are the Bernoulli numbers: B=, B= — 35 
1 


B, =e and on setting b= 2eH in this formula, we obtain 


] r 7 B 
(0)— - — am mE (2m—1) 
iw oy: il in| | F(x)dx 2° any? of, 


where 
F(x) = | pm fx. 


We must now regularize the quantity w), This regularization can 
obviously be carried out in the following manner. We must, first of 


oO 


all, neglect the integral [ FOddx since it does not contain the magnetic 
0 
field intensity and therefore represents the energy of the free vacuum 


electrons, and, moreover, we must neglect the first term with m= 1 
in the infinite sum since it leads to an energy proportional to H®, which 
has already been included in the unperturbed field energy wo. In neg- 
lecting this term we are essentially carrying out a renormalization 
of the field intensity associated with the renormalization of the charge. 
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Thus, the regularized expression for the energy density w!) has 
the form 


1 fe B 
(0) — gn_“n_ Fr(2n-1)(Q) dp, 
"me On)? J 2, (2n)! ©) dp 


On noting that 


38 1 
FOE) (0) = T@n 2) ~4n=3 
2% (p24) 2 
and that 
r dp /a m'-24 [(q-2) 
— ee ee m a. 
J (ee Fmye PT) 
we obtain 
1 a. gn Ln?) 
wo) = Way », b B, (my 2 2(2n)! ’ (54.39) 
and since 
I'(Qn—2) =f dne~™n?"4 
0 
we have 


bm? dn = 22"B | bn \P 
(0) _ 7 — 4 e-" ft . 
"mk ° 2 (2n)! | 2m? 


n=2 


On comparing this expansion with the expansion 


1x, 2B. ony 
— 47 — 54.39’ 
cothx =—+ +2 Ob ( ) 
we finally obtain 
m' ° dn rH 
toy — Pf Ol _, + #) yp 54.40 
wip = J re (nt coth(yH*)—1— “75 (54.40) 
where 
b eH 
x _ . 
A 2m? om? 


Now in addition to the magnetic field we also turn our attention 
to the electrostatic field parallel to it, the potential for which is given 
by formula (54.36). 
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We expand w,, into a Series in powers of E? or, what amounts to 
the same thing, in powers of ¢?: 


Wm = >> wee), (54.41) 
k=1 


It can be easily shown by repeating the arguments which lead to 
(54.37) that 


H oF 
we = 2 SY fF doesn), (54.41') 
2m) 51 ano 
where e{%")(p) is the correction to the electron energy «,,(p) in the 


magnetic field proportional to EF”. 
We first of all consider w®). By using perturbation theory we can 
show that 


g? dpK? 
il apeny (P) = —e*|9,|? 4 J (p7+ K?)5?? , 


where 
Kk? = m?+eH(2Qn—nu-+1), 


and where we have expanded into a series in powers of g and have 
kept only the second order terms. 
On setting in Euler’s formula (54.38) 


ge mtx 
4 (p?+m? +x)? 


F(x) = —e* | Mo |? 


we obtain 


» 1 eel fax y yor Br (a ] . 
Wm = ~ eae 12 mtx (2k)! \ adx®*") mP+X | euo 
0 


k=1 


where E is the intensity of the electric field equal to E? = 2g?|q|*. 
Regularization of this expression reduces to neglecting the first 


term containing the integral 


m+x 
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and proportional to E?. By neglecting this term we, in fact, carry out 
a renormalization of the charge, just as we have done earlier in evaluat- 
ing the energy w‘°) in the magnetic field. 
By utilizing the expansion (54.39’) for cothx we finally obtain 
the following expression for the regularized value of w/?): 
4 *Z 
wl) = = = ol (qi coth (7H*)—1}, (54.42) 


0 


where E* = 2E/m?. 
We now consider further terms in (54.41). 
The assertion can be made that for small g the quantity e'7) has 
the form 
en (P) = 87e"|Pol’G,, 


where G, is a function of K and P. Therefore 


1 ror SB fate 
(7) — gt pt rT __ Qn n ee 
we Sr ge"|@o| | ax | G,dp > b apo | cap) 


0 


and 


Hn Bat Le een fa Joni 3 helps [e* 


B, qan-l 
* ye (2n)! = 1 i) Gado] wl) + yO), (54. 43) 


But the integral of G, over p must have the dimensions of the (2r—2)th 
power of the momentum and, therefore, can be only of the form 


_ _ Ss, 
where f, are dimensionless constants. 
In order to determine f, we consider in (54.43) the term proportional 
to E* and not containing H: 
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We compare it with the term proportional to H’ in expression 
(54.39). Since ,, is a function only of E?—H? and (EH)’, the coef- 
ficient of E’ must differ from the coefficient of MH’ by the factor (—1)"”. 
We already know this latter coefficient which is equal to (2e)?"B,m‘~4 
P'Qr—2)/2(2r)!, so that 

£(Qr— 1)» 


— r93r+ 1_ 
Soy (— 1) 2 (ry! ryt B,. 
We now evaluate the first term in (54.43): 


I 2ky2k K(yy)2)\2-2k Pk 1) 
ge), CEMA 1)*(m?) GR 


=2 


ar 


7] 2 
; . (54.45) 


4 2 d 
= ee { rennet cotnE* 


Further, we consider the second term in (54.43). On noting that 


q2r-l te — f(y" P'Qn+k—2) 


dx?-1 (m4 x)erd I, 0 (k—2)!’ 
we obtain 
wD ») ere egg f Go, ap) 
= wl IAG (e£)?*. on —1)¥+1m?)?-**-*P'(2n+ 2k —2) 
_ mr i ane ye coe tity 2k(e BYP 
x wy 2°"(nH*)"-} at = — pe 
a= 0 


id hie . . ; 
x e-"| nE* cot yE*—1-- 5 (nH* cothnH*—1). (54.45’) 


Therefore 
Swe = #1 ofne* cotyE*—14+ ae nat cothnH*. 
Ls ? 


k=2 
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On adding this expression to expressions (54.42) and (54.40) for wi) 
and w!), we obtain 


= fe e-"{nE* cotnE*nH* cothnH*—1+4 P(E *2— H*)}, 
(54.46) 


~ Ba? 


On noting that 
; cos V B?—a? + 2iaB-+cos /P—a—: —2iap 
cos V p2—a? +-2iap — cos \/p—a@—2i 2iaB 


and on ee (54.35), we obtain the final expression! for L, 


Sfte 
I= 822 


5 | in EH) OSV EP H®+2i(E*H*) +00 (y|/E*— H*?—2i(E*H*)) 
cos(n /E*®—H*?+2i(E*H*) — cos (n\/ E*®—H*—2i(E*H®) 


cota cothfp = 


++ ey . (54.47) 


We now consider some limiting cases. 
In the case of weak fields 


2/e\7 1 
L,= 7 ([*_) 2. 2 py2)2 2 ’ 
1 a (| om ((E°— H’)*--7(EH)*\|+ .... (54.47') 
This expression coincides with the one obtained previously (cf. (54.27)). 

We now consider strong fields. We first take E* = 0 and H*> 1. 
In this case we write L, in the form 


oo 


L.= {= e* f(x) dx, 


where 
1 
E> H*® < 1 
and 
4 H*2 
fwa= ie — es coth x-1—1 2). 
820? 3 


1 This expression was first obtained by Heisenberg and Euler (85). The deriva- 
tion given here is due to Weisskopf (205); cf. also the work of Schwinger (171), 
(172). 
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The function f(x) obviously tends to zero as x > 0, and for x > 1 
behaves like f(x) = f(co)+0(1/x), x > 1, where f(cc) = (e2/24n2) m*H*?. 

We now show that for functions having such behavior the following 
relation holds asymptotically for e > 0: 


I= il — fodx & fleo)In~. (54.58) 
0 
In order to do this we utilize the identity 
il fade = { <- f(xax 
0 0 
+ { SS re seoae + feo) f SS ate, 
Q 0 


The first term in this expression represents a number which does not 
depend on ¢; in the second term we can make the transition to the 
limit ¢ > O as a result of which we again obtain a number independent 
of ¢, while the third term is equal to 


fico) f “== ae = —floo)ine, 


as can be verified by differentiation with respect to e. This term is the 
principal term in the integral J(e) for e > 0. 
By utilizing these results we obtain the asymptotic expression for 
L, in the case H* > 1, E*=0 
m4 1 
HAH’ \lnH*, A*>1. (54.49) 


fa Bae 3 


Similarly it can be shown that in the case of strong electric fields 
E* => 1, H* = 0 the function L, has the form 
m} 
827 
Thus the ratio of the added term in the Lagrangian L, to its classical 


value L, = 4 (£?—H?) increases at high field intensities only logarith- 
mically with the field 


L=- 


ees InE*, (54.49') 


, (54.50) 


where F is either the electric or the magnetic field. Therefore, the 
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non-linearity of the equations of electrodynamics represents a small 

correction even in the case when the field is considerably greater 

than the “critical” value m?c?/eh. If for E we take the field at the 
“electron boundary’’ equal to 

e mc4 

~ Anre eS 


then the ratio |Z,/L,| will be equal to 


P 


L, 1 1In137 
‘Lo| 3% 137 
i.e., also in this case we have 
Ly 
oa <1 


§ 55. Photon Scattering by the Coulomb Field of a Nucleus 


55.1. General Expression for the Cross Section for Photon Scattering 
by a Constant Electromagnetic Field 


Four electromagnetic field operators appear following the normal 
product symbol in the scattering matrix S“) which describes non-linear 
interactions between electromagnetic fields (cf. formula (54.1)). If 
all these operators refer to photon states, then the matrix element 
of S™ will describe the photon-photon scattering process discussed 
in the preceding section. However, we can also have two other cases, 
viz., when only two of the factors A,,(x) refer to photon states, while 
the other two refer to the external electromagnetic field, or when three 
of the factors A, (x) refer to photon states, and one refers to the external 
field. In the former case the element of the matrix S“) describes the 
scattering of a photon by an external electromagnetic field (82), (6), (105), 
while in the latter case it describes the splitting of one photon into two, 
or the coalescence of two photons into one in the external field. These 
effects (together with photon-photon scattering) exhaust all the possibil- 
ities for fourth order processes of interaction between electromagnetic 
fields. 

We confine ourselves to a discussion of the scattering of a photon 
by an external electromagnetic field. If the field depends on the time, 


RADIATION CORRECTIONS 793 


then photon scattering will occur with a change in frequency; however, 
if the field is constant, then scattering occurs without a change in photon 
frequency (coherent scattering). 

Of particular interest is the coherent scattering of photons by the 
Coulomb field of a nucleus. The cross section for such scattering becomes 
comparable with the cross section for the scattering of photons by 
electrons at energies of the order of 10!° eV, but coherent scattering of 
photons by nuclei can be detected at much lower energies due to its 
characteristic angular distribution which has a sharp maximum in 
the region of small scattering angles; we shall see later that in the case 


a) KK NGS Kye NG ky? 
x ) 4 YY \ ) 
-_ D ‘S p “ . P “ 
p-k, ptk, pray ptk, Prd, prk, 

N _4 7 \ 
PKA ~~ LPO ha _~ a Prat de SY 
¢ N ‘ 
“4, qa ky Qs 7G ky * 
Fig. 115. 


of heavy nuclei and at a photon energy of w = 300 MeV the differential 
cross section for such scattering at angles of ~ 0.01° exceeds by three 
orders of magnitude the corresponding cross section for Compton 
scattering. 

Figure 115 gives three diagrams representing the scattering of a photon 
by an external field. The matrix element which determines this process 
is given in accordance with the rules of § 25 by 


So, = — nena, { ag, dq, O(ky— ka +91 + 9a)e1, C2, 
Ai? Gi) Aa” (4a) 
(2m)* (2x)! 
x (ip—iky ig, +m)ly, (ip ik, +m] + Sply,ip+m) 9, 
x (ip +ig, +m) y, (ip +igy— iky+-myy,(ip +ik,+m)-}] 
+Sply,(ip+m)y, (ip tig, tm) 'y, (ipt+igtigtmy, 
 (ip+ik,+m)-}], 


d'p { Sp[y,(ip-+m)y, (i P—k,) tm)y, 


7194 QUANTUM ELECTRODYNAMICS 
where A‘?)(q) is the Fourier component of the external field 
Al (q) = f{ A? (x)ei@ d8x, 


while k, and k, are the photon momenta and e, and e, are the photon 
polarizations. 

By utilizing the definition (54.5) of the photon-photon scattering 
tensor 1.,,4(kis ke, Ks; k,) we can rewrite this expression (after regular- 
ization) in the form 


ife\? 1 
SO,= m) (=) Taax | 149222)" 8 Ky ke ban ba) 


Abe) Al) 
x eyes I aol 1, qo). (55.1) 


If the field is constant then A‘)(g) = A'’)(q) (27) d(qo), the frequencies 
of the incident and the scattered photons are equal, mw, = w, = w, and 


5 ife\?] ; A‘e)(q) A'®)(ky— Ky 
w J “an Qay 
x C10 29D wag Kis — Kes q; k,—k,—q). (55.2) 


= (27)16(co, cs) 


On multiplying | S{®,|? by the number of final states of the scattered 
photon w?dw, do,/(2x)*, where do, is the element of solid angle containing 
k,, and on dividing this by the flux density of incident photons J = 1, 
we obtain the differential cross section for the coherent scattering of 
a photon by a constant field 


1(@\" I Cag A @ AY k2—ki—9) 
= 4 2 ao Ne Fl te 
do= 7 (=) (27) do) { 49-53 (On)3 “1p €ay 


| 
X Diyao(Ai, Ke, q; Ke—k—9). (55.3) 


55.2. Relation between the Forward Scattering Amplitude for a Photon 
and Pair-Production by a Photon in the Field of a Nucleus 

We shall now show that the matrix element for the coherent forward 

scattering of a photon by a constant electromagnetic field is related 


by a simple expression to the total cross section for pair production 
by a photon in the same field. 
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We utilize the unitary nature of the scattering matrix 
SSt — 1+e(SY+SM+)+e(GA+4852)44 5 Sat) 
+63(S) 4 $@)+ 4 $M Sat4 gia g(t) 
et (SM+4S54F4 5) SF 4 53) St 1 52) Sty 4 ol. 
From this it follows that each of the expressions in brackets is equal 


to zero, in particular 
SMSAF7?LSM+1§ 4) 4 SM St 4 $03) G+ — 0. (55.4) 


We evaluate the matrix element of this expression corresponding 
to coherent forward scattering of a photon k by an arbitrary constant 
field 

(k|S®+S@+|k) = —(k| S'S 2+) ky—(k{SMS@+ 1 k) 

—(kK|S@SM+* 1k), (55.4’) 


The terms appearing on the right hand side of this equation can be written 
in the form 
(k|S®S@*|k) = D'(K|S | f) (f[S* |b), 
f 


(k|SYS@*|k) = DI (K|SM|f) (F|/S°* |), 


f 
(k[SPSM*)k) = Di K&|SO|f) (F/S%* |b), 
f 


where f denotes the final states of the matrix elements of S“, S®@), §@), 
Obviously, only electron-positron pair states can be used as such States; 
but the matrices S“ and S‘) have no elements connecting single photon 
states with states of the field containing one pair, so that the second 
and the third terms in (55.4’) vanish and, consequently, 


(K{SPS@* | ky DS) (k|S[f) FSO *]k) = —2Re(k|SM |). (55.5) 
T 

It can be easily shown that the left hand side of this equation gives, 

up to anumerical factor, the total cross section o, (w) for pair production 


by the photon k in the field under discussion. Indeed, on writing explicitly 
the 6-functions in the matrix elements, 1.e., on setting 


(a|S |b) = (4|M |b) 6(€,—&), 


we can in accordance with § 26 write 


0.0) = 5 SKIM™|)3(@-«), 
f 
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Therefore, it follows from (55.5) that 
o,(w) = ~~ Re(k|M® |). (55.6) 


Thus, the real part of the matrix element for the forward scattering 
of a photon by a constant electromagnetic field is given, up to a numerical 
factor, by the cross section for pair production by the photon in the 
same field (98). 

Equation (55.6) follows from the more general relation connecting 
the total cross section for the scattering of particles by a force field 
with the amplitude for their elastic forward scattering. This relation, 
known as the optical theorem, has in accordance with (5.13) the form 


o, = 4n4 Im f(w, 0), (55.7) 


where o;, is the total particle scattering cross section given by the sum of 
the elastic scattering cross section (o,) and the absorption cross section 
(o,), 6, = 6,+6,,f(w, 0) is the amplitude for elastic scattering by 
an angle 0, A is the wavelength of the particles, and w is their energy. 

In the case of photons moving in a constant electromagnetic field 
absorption is associated with the conversion of photons into pairs, 
so that the cross section for photon absorption is equal to the cross 
section for pair production by photons. The elastic scattering cross 
section a, for the photons is considerably smaller than the pair production 
cross section, and therefore 


0, o.(k). (55.7’) 
The amplitude /(w, 6) for the scattering of photons by a constant field 


is related to the matrix element for scattering S{*}, = M(w, 0) 6(@—a,) 
by the expression 


f(o, N= — Ga? -oM (ow, 0). (55.8) 
Indeed, the differential scattering cross section has the form 
1 
22 
do = ‘mt |M(o, 0)\?a? do. (55.9) 


On the other hand, in accordance with the definition of the scattering 
amplitude it is given by 


do = | f(a, ) |? do. (55.9’) 
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A comparison of these expressions yields the expression (55.8) up 
to a phase factor. We define the scattering amplitude completely by 
choosing this factor to be equal to —i/; in this case both formula 
(55.9) and expression (55.7) will be valid. 


55.3. Momentum Distribution of Recoil Nuclei Accompanying Pair 
Production by a Photon in the Field of a Nucleus 


We now obtain the matrix element for coherent forward scattering 
of photons and the total cross section for pair production related to it. 

In the case of forward scattering the photon polarization is obviously 
unchanged, e, = e,, and, therefore, the value of the matrix element 
averaged over the polarization states is in accordance with (55.2) equal 
to 


M )(o, 0) 
__! Qayt ~ , AQ) AY (—-@) _ 
7 - ale) “20 ‘| “Tomy (nye Tamale “Ko ds 0) 
(55.10) 
In accordance with (55.8) the forward scattering amplitude is equal 
to 
_ ey, af, Ag Ae (—a) 
f(a, 0) = -4{e] (27) | aq (2x)8 (22)8 LT juao(k, — »4q, q). 


(55.11) 


On the basis of this expression and of expression (55.7) we can 
write the general expression for the total cross section for the production 
of pairs by a photon in the field A‘? (q) 

o.(w) = 4x4 Im f(o, 0) 


_ is “| (2ay-* Atm { dg AQ) A (=a) Iyralks ~ks @ —9) 


or 
a.(0) = f AL (q)AY(—4)T,,.(q, K) aq, (55.12) 
where 


4z | e2\° 
Ty (q,k) = on ( 2) Re[A,,(9, )+8,,, )+B,,(—9, 4], 
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Analg b= | ap 


Sp[y.p—m)y,(i(P—k) —m) y, ((G—k—9 —m) y, (i B— 9 —m)] 


(p?+m?) [(p—k)*+ m?] [((p—k—a)? +m] [(p—g) +m] 


Byslak) = | ap 


Sply,Gp+ig—m)y, (ip— m)y,(ip+ik— m)y,(ip—m)) (55.12’) 
((p+q)? +m] (pth? +m] (ptm? 


Since g is the momentum transferred to the nucleus as a result of 
pair production, the integrand in formula (55.12) defines the momentum 
distribution of the recoil nuclei. 

We now obtain the tensor T,,,(q,k). We first note that the cross 
section for pair production must be invariant under gauge transforma- 
tions, ie., it must vanish if A'(x) = éy(x)/dx,, where x(x) is an 
arbitrary scalar function. From this it follows that 


T,,,(q, k) = 0. (55.13) 


On the other hand, it is clear that the tensor 7,,(g, k) must have the 
form 


T,, (qk) = (anys A™ (= 
py \Q, K) = DD re 
Re[/ 1 buwthk kth. thk,GtUk, (55.14) 


where J, are invariant functions of q and k. 
It follows from (55.13) that 


L+h¢e+lgqk = 9, 
; mes (55.14') 


hhgk+I,q° = 0, 


so that in order to obtain T,,, it is sufficient to determine only two of 
the four functions /,. 


We write J, in the form 
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where A, and 8B, are the contributions to J, made by A,, and B,,. In 
accordance with (55.14) it is sufficient to obtain only the real parts of 
these quantities. 

We first of all determine B,. 

On evaluating in (55.12’) the trace of the matrix product in accordance 
with the formulas of § 26, and on utilizing the first of relations 


1 r 
= 31 f dx f dy-ylat(0—a)x+(e—b) 91-4 
0 0 


(55.16) 
— — fafa dza+(b—c)x+(e—d)y+(d—c)zy"4, 


we obtain 


1 z 
B,(q, k) = —48 | dp { ax | dyx—y)y 
' 0 0 


PL +4(e—y)) +21 ») (Q2+-3m?—20k) + 2+ mi] 


[p?+m+-qi(1—x)— OF 


(55.17) 
B,(q, k) = 48 [apf ax f ayy 


p?(1—4x)—2x(Q?+3m*—2Qk) 
[PFm*+g*(1—x)— OF 


>? 


where 
QO = q(l—x)+k(x— y). 


Further, on noting that 


I ni 
4 —_- 
| param 6a‘ ’ 


Pp mi 
4p ——_-___. — ___ 
| pcan 3a2° 
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and on setting x—y = 7, |—x = & we rewrite (55.17) in the form 


1 1-é 
144 
Bolg 1) = — 168i | dé | dn n(l—s late 
0 0 


| OQ? + 3m? —2gk E+ OF mt | 
(m>+q?é— QO? 


(55.17’) 


-1 
4é—3 
0 


(1—8)(Q2-+ 3m" “9 
(m?+ q?&— Q?)? 
where Q = g&+ky. Integration over 7 yields 


[(m?+ EU —&)P 
Be 


Bo(q, k) = 1604 { a8{| —34 é)! 


[P+ q?8(—2)} 
pre 

x 12478 

(2 

pr &? 


t 3 - - +2(1— €) (4m?+ 4r? &) 


[m?+q2&(1—8)P 
plea 
mitre 9) 
p& 


+ 


(2m + q?§)—2(2m? + qs) 


x In int -ae.—5)] + purely imaginary terms, 
(55.18) 


Bala, Ky = — =F [FE (BE—-2) m4) 


+4(1— &) (m?+r?€)} {In [47?E (1 — )] — In [m? + gE (1—4)}}, 
where 8 = 2qk, 4r? = (q-—k). 
We consider the quantity B, (q, k). Since in the case of a constant 


field q? = 0, In (m?+4r?E(1— &)) will be real, and, therefore, the whole 
term proportional to this logarithm can be omitted. 
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The term containing In (m?+4r2&(1 — &)) gives a contribution to 
B,(q,k) different from zero only for r? << —m?, 


In this case 
m?+-4r2—(1— &) has two real roots within the range of integration (0,1) 


l ay 
hax rey _ ) 


and since m? contains an infinitesimal negative imaginary part, we have 


In |m?+-4r?E(1 —€)], o<f<4, 
In [+4 E(1—&)] == | Injm?-+4rP7E1—S)|—in, 6 KE <b, 


In |m?-+ 4r?E(1 — €)], &<&<l. 


Therefore 


1 bs 
im | S-A(8) In nt +4809] = —in [ FPO, 
5 & 


where f(£) has no singularities within the interval (0,1). By utilizing 
this formula we can easily show that 


—s . 
By? 1— y+ 2 ~* 2 
ReBqg, Qa tin a m1. (55.19) 


2 os 
; Vite 
. r 


In a similar manner we can obtain ReB,(q,k) and ReA,(q, k); 


Re B,(q, k) = at 4 g@?(12m?g?— 8m?8 —B?) In _ 


+ V 1 (p94 282m? 
3 


gq?) 4-28.g2(—8m?-+- gq?) +244(8m?—4")] p> 


(55.19’) 
Re A.(q,k) = A439, k)+42(—4, &), 


ReA,(q, k) = Ax, k)4+-A3(—4, k), 
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3 ye 
Au(g, 6) =" gp ameyy/ 147 


re 
1623 I— V' + r 
A3(q, k) = Bi 2(2m? + q*)q*(B—q?+2m?) In 


+f 14+ 2 [B+ Bm? — 4’) +-697(2m* +4") (g?—B)]y° (55.20) 


On substituting these expressions into (55.15), and on utilizing the 
fact that T,,, is real, we finally obtain 


823? 
Rel, = 4 


ji [2(4m* + 6mPg? —q*) + 2(q?— 2m?) B —B?] 


ety hae —B) (m?—2q*) —B] ¢> 
Viet 


(55.21) 
-—, 
1—q/ 1+ 
32008 V 2 
Re /, = -- ; / 


72 + (B— eye 
Vie 


if r? = 4(q—k)? < —m? and 1,=0 


, if nS —m?. 

We now consider in greater detail the particularly interesting case 
when the field in which the pair is produced is a screened Coulomb 
field 


Ag) =0, AK) = ral —F(q)), 
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where F(q) is the atomic form-factor. In this case only one component 
of the tensor 7,, which is equal to 


4n [| & 
_— —6 
T 44 (27) * ( 4 


2 
Re(—1,+/,w?) 


JU 


differs from zero and 


_ Z7e8 (1—F(q)}" 3 
0.(w) = — sata | dq- 7 Re(,—I,w?), (55.22) 


where 


Re(1,—w? Ip) 


— Paap | 14 BE it —a@t— A) (nt —248) 


re 
Vir 
+ In 


Va (+2089?) 2m*—g?)— 8g? +m?) | > 


(55.22’) 
if r2 <—m?, and Re(/,—w*/,)=0, if r? 2 —m?. 
On introducing the new variables 
3 k 1 _ oe 
2mQ=|q\, w= @—lq-kl) Ze Ya, 
we can write (55.22) in the form 
yt yi=1 
c(o)= | dQPQ,4), (55.23) 


y-V Y=1 
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where 


Be rae f(2>7) 
P(Q,@) = 3272802 UE F(Q or” (55.23’) 


1(Q, 7) = Jot (1—20”) J, + (20°— 0? 407? — 3) Jg + 20? 7" 
x (1+60?—40%) J+ Ko+(1 —40°%) Ky + (40? —1)Q?—4 0777] Ky 
+40°y7(8Q0?—1) K,+4Q*y*(1—8Q") Ky 


and 
du du 
= WF ip K. = _ 
vs J Oe ay/ oo J (Fwy 


The function P(Q,q@) determines the distribution of recoil nuclei 
with respect to the absolute values of the momenta (98). 


7.5 2 
5 i y =10 
1 
0.25 
0 1 2 
Q 
4 
y =16 
2 
0 1 2 
Q 


Fig. 116. 


Figure 116 shows the momentum distribution of recoil nuclei for 
different values of the photon energy. The quantity P/(Z%a°/3273m?) 
is plotted along the vertical axes of these graphs (the letter A denotes 
the asymptotic curve). 
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Formulas (55.23) and (55.23’) are very complicated. Approximately 


we can assume (17) that the function P(Q,w) is inversely proportional 
to q between the limits 


and falls off very rapidly outside this interval (a is the atomic radius 
in the Thomas-Fermi model). In other words 


where A is a constant. 


If screening can be neglected, then the lower limit of integration 
is equal to m*/w and 


o.(w) = af qq 


w 


A comparison of formula with formula (32.9) which determines the 


cross section for pair production by a photon in the Coulomb field 
of a nucleus shows that 


28/e\?z2 28 
A y (Sf) 2 Ba. 


Thus, the momentum distribution of recoil nuclei in the absence 
of screening is given approximately by 


_ 2 
d 28 Pp qq m <g<m. (55.24) 
- 9 gq 7) 
In the case of complete screening this formula is replaced by 
28 d 
do. = p “4, <q<m. 
9 q a 


(55.24’) 


806 QUANTUM ELECTRODYNAMICS 


55.4. Angular Distribution of Recoil Nuclei and Total Cross Section 
for Pair Production by a Photon in the Coulomb Field of a Nucleus 


It is well known that when the following condition is satisfied 


1 
Boa SO pk 
(cf. subsection 29.6) screening of the nuclear field plays no essential 
Tole, and the quantity F(qg) can be neglected in (55.23’). We determine 
the angular distribution of recoil nuclei in this case, i.e., their distri- 
bution with respect to the angle 6 between the vectors g and &k. 
On introducing the variables 


gk @ 


= 6 = —) = _, 
n= ycos y 70 where y 


we obtain for F(qg) = 0 


0,.(@) = 


s Tew -y/ a 
ae 4 dQ 2nQ—O* 1 (,_ ¥" 
ona) “7 roy a 2 
_ov oan I 1 

1 n~(—1) I+ | ——___-__ 

2nQ—Q* 


11 1 2,0), » 
* (i ae QO 80% nT ) Fe] 


pt ff; \ 2 
Ty! 0-0" alt a Ho) 
+ (1-72) o2n0)| . (55.25) 


1 


This expression can be written in the form 


1 
arccos —— 
Y 


,(a)= | dOP(6,0), (55.26) 
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where 


7 
Zee 1 1 \'? 2 
P 6 = —_—- - en — —— — ve 
(9, @) ransar800 | thats ‘| ( Z| 


tage tt ‘| | | | ) 
x + 1—24.]{ ——+— 
( pe ve 4 fb 


16n*—1l6n2—1 | 2y?+1  7?\ , 
ao ie | ae) A (55.26’) 


This is the function which determines the angular distribution of 
recoil nuclei (98). ° 


40 
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Fig. 117. 


Figure 117 shows the angular distribution of recoil nuclei for different 


values of the photon energy. 
The quantity P(0)/(Z%a?/642°m?) is plotted along the vertical axes 
of these graphs. 


808 QUANTUM ELECTRODYNAMICS 


On integrating by parts the term containing In {1—(1—C/w) 3/1 
+-(1—(1/e))¥?}-3, and on introducing the elliptic integrals 
1/2 
F(x) = fa —x sin? gy)? dy, 
0 
n/% 


E(x) = [ (1x sing)? do, 
0 


1 \1?] ae 
Lad=f #13] |= 


we can write o.(@) in the form (160) 


2. (0) = Zs “|! {4 dn +2L(y) 


6473 my? 


| 

y 

F © 1 gne\ Fl (1 “) "I 55.27 
+[astseter)el—sa) [jp e229 


55.5. Small Angle Coherent Scattering of Photons by the Field of 
a Nucleus (23) 
It follows from formulas (55.6), (55.8) that the imaginary part 
of the forward scattering amplitude for a photon in the Coulomb field 
of a nucleus is given by 


2 2 
+ 2) 4+ 1087 )z| (1 


a,(w, 0) = tno (wo), o> 2m, 


a,(w, 0) = 0, w << 2m. 
This expression can also be rewritten in the form 


a,(w,9)=0, w< 2m, 


Zz 2 \3 
a(o,0) = 2 () [2 [2C.(7)—D.()]+ sae [| — (109+ 64y*) 


x E((1 —y-42-4 1259846459) A} w>2m, (55.28) 


RADIATION CORRECTIONS 809 


where y= 1 and 


On utilizing relations (5.19) and the preceding expressions we can 
obtain the real part of the forward scattering amplitude for the photon: 


2 2 \3 
a, (co, 0) = 2 (2) 2eav)—p, O)+-ae5 [(109+- 64 y?)E, (y) 


61-60 — gly (652) 


where 


diy 
are sin x 


C,(y) = Re «| — SP costa( 1} dx, 


aly cosh] 
yx 
D,(y) = Re ~ (1—»2)¥? -dx, 


Vy 


dx 
—x)(1= yea) PP 
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We note that the functions E,(p), F,(p), E(p) and F(p) are inter- 
related by 


E\(p) = E(p), pS, 


1 1 1 
=pE|—}+—(—p)F(—], p21, 
E,(p) pet) 41a p*) () p 


55.30 
Fi(p) = F(p), p<1, ( ) 
1_/1 
— - Pl >1. 
F,(p) te(1), p 


We consider several limiting cases. If @ < 2m, then the cross section 
for pair production is equal to zero and, consequently, @,(w, 0) = 0. 
For w < 2m we have 


2 2 \3 2 
flw, 0) = a,(w, 0) = . , > za (=) (2) . (55.31) 


The differential photon scattering cross section for photon 6 = 0 
and w < 2m has the form 


do 73\7/ 1 \? e \° wt 
—_— > 2 4 i" 5.31’ 
do 1(@, 9)| (5) (5) Z (<=) me) 31") 


it is proportional to w%. 


For w > 2m we have 
Zle&\F 7 lo 
a(@, 0) m (=) ale}: 


a,(w, 0) = 2 = 7 (2) mn 22. 


m\4n] 9xn\m m 


(55.32) 


In this case the imaginary part of the photon scattering amplitude 
exceeds the real part in order of magnitude by a factor of In(w/m). 

Figure 118 shows the dependence of the forward scattering ampli- 
tude on photon energy. 

Since the scattering amplitude increases with w, the case of partic- 
ular interest is the scattering of high frequency photons by a nuclear 
field. We therefore consider this case in greater detail. 

In order to do this we expand the photon scattering amplitude 


S(@, 6) = a,(@, 0)+ia,(@, 0) 
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into a series in terms of amplitudes corresponding to different values 
of the angular momentum / and parity /. In the high energy case the 
scattering amplitude for a given value of / can be assumed to be inde- 
pendent of /. Therefore, the expansion of the photon scattering ampli- 
tude f(w, @) has in the high energy case the same form as the expansion 
for the scattering amplitude for a scalar particle. 


f (w,0) 


0.1 1.0 10 102 103 
hw/mc? 


Fig. 118. 


We write this expansion in the form 
i 216 
f(w, I= ~gh D (21+1) (Ce! 1) P, (cos 6), (55.33) 
I 


where 6, is the phase at infinity, P,(cos @) are the ‘Legendre polynom- 
ials, and C, is the absolute value of the amplitude of the outgoing 
wave of angular momentum /. In the case of purely elastic scattering 
C, = 1; however, if absorption of particles is taking place, then C, <1, 
and the quantity y, = 1—C? determines the probability of absorption 
of particles of angular momentum /. 

The cross section for particle absorption is determined by the 
formula 


o, = ak? S (2i+-1)y,, (55.34) 
1=0 
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and the elastic scattering cross section is given by the formula 
o,= fisoyan sin ad6— nit 5 (2I+1)|C,e""—1]2. (55.35) 
Therefore, the total scattering cross section is equal to 
o,= 0,+0,= dat? Y (214-1) (1—ReC,e""). (55.36) 


We note that a comparison of this formula with the forward scat- 
tering amplitude 


f(w, 0) = — 5t » (2/+-1)(C,e"!—1) 


leads to relation (55.7). 

For high energies small angle scattering predominates; in this 
case large values of / are important, and the sum (55.33), which at 
these energies contains many terms, can be replaced by an integral 
over / or, what amounts to the same thing, by an integral over the 
impact parameter b= /i. 

For /= 1 and 6 <1 the following asymptotic expression holds: 


P, (cos @)-& Jy(bs), and s= + = 06, 
where J,(x) is a Bessel function; on substituting this expression into 
(55.33), and on replacing the sum by an integral we obtain 


a,(w, 8) = w | b dba(b, w)Jo(bs), 
(55.37) 
a,(w, 8) = w { bdbB(b, w)Jo(bs), 


where a(b, w) = a, and f(b, w) = f, are related to C, and 46, by the 
expressions 


a,~26,, and Bx» 1—C,x4y,. (55.37') 


The quantity »(b,@) = 28(b,w) represents the probability of 
pair production by a wave packet of photons of frequency w, passing 
at a distance b from the nucleus. This quantity can be easily obtained 
by using expressions (55.23), (55.23’) for the momentum distribution 
of recoil nuclei. Indeed, the momentum transferred to the nucleus 
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is approximately equal to g = 1/b, so that the momentum distribution 
of recoil nuclei at the same time determines the pair production prob- 
ability as a function of the impact parameters b. 

On utilizing the approximate formula (55.24) for the momentum 
distribution of recoil nuclei, and on setting in it g = 1/b, we obtain 


On comparing this formula with (55.6) and (55.37) we obtain the 
desired quantity 8(b,q@) in the absence of screening: 


28 Z?/e\° 1 Cc w 
PO, 0) =~ ap (<] Ande Be’ 
(55.38) 


Bib) =0, b> 


where 


In the case of complete screening the quantity w/m? must be replaced 
by the atomic radius a. If b > w/m?, then (55.38) yields 6 = 0, but 
it is more correct to take B = Cm’. 

For a given value of 5 the quantity 6(b, w) can be regarded in accord- 
ance with (55.38) as a definite function of w. If 1/m <b <a, then 
we have 


“yg? > b ,, 
B(b,o) =| (55.38') 
0, wo <bm?. 
Further, 


for b> a, ow arbitrary, 


_ 55.38” 
10.0) = ct for b<l1/m,o>m., ( ) 
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If we know the quantity B(b, ) as a function of the frequency, 
we are able to obtain a(b, w). Indeed, a(5, w) and f(b, w) are interre- 
lated for a givén value of b by the dispersion relations (cf. subsection 5.4) 


a(b, w) = “OD Le 0) 4 


Tt J (@ soya , 
(55.39) 
_ _ @ a(b, eo’) 4 
PO, «) ? “of (w’ oye’ @ 


Therefore, on substituting into these expressions (55.38’), (55.38’), 
we obtain 
2 1 
a(b,o) = in OO <b <a, 
mb? |w—bm?| im (55.40) 
a(b,wa)=0, b> a. 


We now evaluate a,(w, 6) and a,(w, 6). On introducing the no- 
tation t= bm and x = s/m we obtain in accordance with (55.37), 
(55.38) 


1 


ay(s,w) = col fi aso {| “aco , (55.41) 


0 


where we have replaced the upper limit in the second integral by infinity, 
although in actual fact it is equal to 


tnax = w/m in the absence of screening, 


max 


tnax = am in the case of complete screening. 


max 


(This substitution leads to an error only for very small values of x, 
smaller than 1/t,,,, 1.¢., for angles considerably smaller than (m/w)? 
in the absence of screening, and considerably smaller than 1/wa in 
the case of complete screening). 

On noting that 


1 


[tat aycxt) = 


0 


J, (x) 
x 
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and 


oo 


2 x? x xs 


~ du 
| “10 = Inet eet pp F<h 
where In(2/y) = 0.116, we obtain 
6) = Col] 4 = 
a,(o, )= w@ rs 4 += — 983 + 9n33 7 = CwF,(x). 


(55.41) 


In accordance with (55.37), (55.40) the real part of the scattering 
amplitude is equal to 


1 


a,(o, 6) = [nl [ tat Jo(cxt) In 
a 


eT 


w+mt | 
|o— 


dt 
{4 — Jy(xt) In io —mil 


(55.42) 


For w =m we can replace the logarithm in this expression approxi- 
mately by 2tm/w, .in consequence of which we obtain 


a,(w, 6) = on 2 [ Inu) du +2 J “yop dats] 


_ Cm (2 4 x? x4 


ee CmF,(x). — (55.42") 


MA 
The total photon scattering cross section is obviously equal to 
o(w) = 2n f |a,(w, 0)+iag(o, 6)|? sind dd=o,+0,, (55.43) 
0 
where 
m\? po 

o, = 2n(Cm)* (™) | FiG@)xdr, 

° (55.43’) 


= 2n(Cm)? { F2(x)x dx 
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and x = w6/m. Since w > m, the part of the cross section which is 

associated with the imaginary part of the scattering amplitude is consid- 

erably greater than that which is associated with the real part, o. > a. 
In order to evaluate o, and o, we note that 


f Jo(xet) Jo(xt') xdx = 1726(t—-1). 


Therefore 
1 [ow] 
. dt 
| FH@)x ax = tdt+ a= 1. 
0 1 
Moreover, 
a 2\ f xdx 1 
2 | 7 O°" — Ag? In —_ 
| F?(x)x dx (2) | a 4x7? In 


Ty 


where x, is the smallest value of x for which (55.41) is still valid, ive., 
xX, = 1/am in the case of complete screening, and x,—= m/w in the 
absence of screening. 
On utilizing these formulas and the definitions (55.43) we finally 
obtain (23) 
e 


98 z+ / e \° 
_ 2 LT 
o> = 2n(Cm)? = Sin ap | <| , (55.44) 


2 
3 [m oO. . 
—J|oa,In— in absence of screening, 
m 


we \o 
1= 2 (55.44’) 
3 [m . . 
= (=) o,lnam in case of complete screening. 
n* \w 


Within the range of applicability of these formulas, i.e., for w Sm, 
the total scattering cross section is almost completely determined by 
the absorption of photons associated with pair production. This part 
of the cross section may be called the cross section for potential scattering 
in analogy with the scattering of fast neutrons by absorbing nuclei, 
while that part of the cross section which is associated with the real 
part of the scattering amplitude may be referred to as the cross section 
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for dispersion scattering. The ratio of the cross section for potential 
scattering o, to the cross section for pair production o,(w) is equal to 


2 Cm (se) 2 | 
a. (@) din”. 18 | 4x in 
m 


Figure 119 shows the functions F?(x) and F2(x) which determine 
the angular dependence of the differential cross sections for potential 
and for dispersion scattering. For comparison we have also given the 
angular dependence of the diffraction scattering of particles by an 
opaque sphere of radius rp = 7/m. 

The absolute value of the cross section o, in the case of urinium 
is approximately 6 mbarn, while the ratio o,/o,(w) is approximately 
equal to 1/8000. 


0 0.5 10 
x=WwEB/M 


Fig. 119. 


Up to energies of the order of 10° eV the total cross section for 
coherent scattering of photons by nuclei remains smaller than the 
cross section for Compton scattering. However, the differential cross 
section for coherent small angle scattering of photons by nuclei may 
be considerably greater than the differential cross section for Compton 
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scattering. Indeed, the differential cross section for potential scattering 
per unit solid angle is given in accordance with (55.43’) by the formula 


720) = & z. a(° F(x), x6. 


on] m 
In the case of uranium we have 
7) mbarn 


0,(0) & (2) 7 (x) — 


m steradian | 


For w= 300 MeV and x= 0.1, which corresponds to #= 0.01°, 
this formula gives 3000 barn/steradian, while the differential cross 
section for Compton scattering under the same conditions gives only 
7 barn/steradian. The Rayleigh scattering is also small in this case, 
and, therefore, the scattering of photons for large energies and small 
scattering angles is determined almost completely by potential scattering. 


CHAPTER IX 


Electrodynamics of Particles of Zero Spin 


§ 56. Field Equations for Scalar Particles 


56.1. First Order Equations 


In this chapter we shall give a brief review of the electromagnetic 
properties of charged particles of zero spin. 

The electrodynamics of scalar particles is of interest because it 
is the only example of electrodynamics of particles of spin other than 
4 in which it is possible to eliminate all the occurring divergences with 
the aid of renormalization. 

For the investigation of electromagnetic properties of scalar particles 
it is convenient to start not with the second order scalar wave equation, 
but with the first order equations derived in § 20 and formally of the 


same appearance as the Dirac equations (51), (104): 
7) 
(Fo-ay +m)y = 0. (56.1) 


Here wy is the wave function for the particle, m is its mass and f,, are 
Hermitian matrices satisfying the relations 


BB. By t+B By By = OnyBat OBy (56.2) 


The linear equations (56.1) describe the properties of free particles 
of either zero or unit spin, with the matrices f, satisfying the same 
relations (56.2) in both cases. The difference between the two values 
of spin consists of the fact that in the case of zero spin the wave function 
has five components, while in the case of unit spin it has ten compo- 
nents. In accordance with this in the former-case the matrices f,, have 
five rows, while in the latter case they have ten rows. 

The five-component wave function which describes particles of 
zero spin comprises the scalar wave function and its four derivatives 
with respect to the coordinates and the time which transform like the 
components of a vector. 


[819] 
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Since the matrices f,, satisfy the same relations in the case of scalar 
particles and in the case of particles of unit spin, the general formulas 
for the matrix elements which determine the various processes of in- 
teraction for particles of spins 0 and | are of the same form. The prob- 
abilities of these processes are, of course, different for the two kinds 
of particles, since traces of products of the five-rowed and the ten- 
rowed matrices f, are different. 

We give here the formula required for calculating probabilities 
of various processes which determines the trace of the product of n 
matrices f,,: 


Sp {8,,8,8,8,8 ... BBB, } 
to" Orig «++ Ory + Oya 1+ 05, 9 if m is an even number, 


ce Ot ~ px? 


0, if n is an odd number. (56.3) 

We introduce the matrices 7,, = 28%—I where I is the five-rowed 

indentity matrix. It can then be easily shown, by utilizing (56.1) and 

the condition that 8, are Hermitian, that the function y= p*y, sat- 
isfies the equation 


ay _ 


It can be easily shown that the quantity py is a scalar, while p6,y 
is a four-vector. 

With the aid of ~ we can construct the Lagrangian density L, for the 
free field corresponding to the scalar particles, and also the current 
density j, and the energy-momentum tensor T,,, 


lj_, op Op _ 
L == —-.- —- Se _ 
= 5 (ve, ix, x, P v| my, (56.5) 
Ju = ie (YB.Y), (56.6) 
lj_, op op 
T == -—_— ————- —- ——— . 
Mv 2 fa OX, OX, A.) (56.7) 


We now consider the interaction between the charged scalar particle 
and the electromagnetic field. In order to obtain the equation describing 
this interaction we must, as in the case of the Dirac equation, replace 
in (56.1) 0/éx, by 0/0x,,—ieA,(x), where A,(x) is the potential of the 
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electromagnetic field and e is the charge of the particle. As a result 
of this we obtain 


é 
—] =e = 
\6.( ox, ieA,) my 0. (56.8) 
The analogous equation for » has the form 
y 2, < -+ie,] +m| = 0. (56.9) 
OX, 


The current density for charged scalar particles in the presence 
of an electromagnetic field is determined, as in the case of the free 
particles, by expression (56.6). Therefore, the equation which deter- 
mines the electromagnetic field A, produced by charged scalar particles 
has the form 


sa OS (56.10) 


The equations for the scalar particles (56.8) and (56.9), like the 
Dirac equations, are invariant under the transformation of charge 
conjugation. This transformation has the form 


y=yc, y=Cly, (56.11) 
where C is a matrix with the following properties: 
C-'B,C = —B, 
C=Ct=¢, 
C= 1. (56.12) 


If the representation of the matrices f, is such that the matrices £,, 
are real for kK = 1,2,3, while f, is a purely imaginary matrix, then 


C= 7,. (56.13) 
However, if all the matrices By, are real, then 
C= mM NoNaNq- (56.13’) 


It can be easily shown that the quantities p’ and 7’ satisfy the equa- 
tions 


~ 


[pf oua)onhe 


té 


(56.14) 
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With the aid of the charge-conjugate functions py’ and wy’ we can 
write the current density j, in symmetric form 


; ie ip, 
In x BLY? Bu’). (56.15) 


Finally, we give the expression for the Lagrangian density in the 
case of interacting scalar and electromagnetic fields 


1 0A, GA 1 _ 0 l 0 
en em ae pb ay’ oe ’ ; 
L 3 Ox. Ox, 72 (8.3 m| 5 ¥ (, ax, +m)y +j,A,- 
(56.16) 


The last term describes, as in the case of electrodynamics for electrons, 
the interaction between the fields. 

If we treat y, p and A, as operators, then equations (56.8),- (56.9) 
and (56.10) describe the interacting quantized scalar and electromagnetic 
flelds in the Heisenberg picture. 

We now demonstrate how the quantization of the scalar charged 
particle field is carried out. 


56.2. Quantization of the Free Scalar Field 


We consider the state of a free scalar particle of momentum p(p, ipo) 


p(x) = p(p)e'?*. 
From (56.1) it follows that @(p) satisfies the equation 


(ip +m) p(p) = 9, (56.17) 


where p = B.,P,, It can be easily shown that for any vector g the following 
relation holds: 
q(q?—q") = 0. (56.18) 


On utilizing this relation and (56.17) we obtain p?+-m? = 0, whence it 
follows that pp = + V/ pm. 

Thus, a given value of the momentum of the particle corresponds 
to two solutions »(p) which differ in the sign of po. These solutions 
may be referred to as solutions of positive and negative frequency. 
We denote the amplitudes y(p) corresponding to them by »'t)(p) and 
Pp (p). 
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In order to determine the physical meaning of these solutions we 
define the energy and the charge of the field by utilizing the general 
formulas (56.6), (56.7): 


E=—fTydr= + plo (pr) Bp (0), 
a (56.19) 
Q= | jn dr = (9 (p) Bp (p)) 


(we assume the normalizing volume both here and later to be equal to 
unity). Since the energy of the field E must be positive, it is natural to 
normalize p (p) in the following manner: 


('*(p)Bap'*(p)) = + 1. (56.20) 


In this case E coincides with | po| = ptm, while the charge of the 
field is equal to +e in the state y't)(p) and to —e in the state py‘ (p). 
Thus, solutions of positive and negative frequencies describe particles 
of both signs of the charge. 

We now proceed to quantize the scalar particle field. As in the case 
of the electron-positron field, we must regard y and » as operators 
operating in particle number space and obeying definite commutation 
relations. In order to establish these relations we utilize expansions 
of y and y in terms of plane waves: 


y= >» {a,p'*)(p) e'?? + btm!) p) ent} 
. (56.21) 


p= Dd {atprn(pe”? +b, p(pe”*}, 
P 


where y'*)(p) satisfy the normalization conditions (56.20) while a,, 
at, b, and by are certain operators in particle number space. Substitution 
of (56.21) into (56.6),(56.7) leads to the following expressions for the 
energy E, momentum P and charge @Q of the field: 


E= >) po(ata, +b, bs), 
P 

P= » p(ata,+b,b3), (56.22) 
P 


Q= » e(ata,—b,b; . 
P 
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Since these quantities must represent sums of the energies, momenta 
and charges of the individual particles the operators a, and b, must 
satisfy the following commutation relations: 

[a,, aq] = Ong: [b,, br] = Ona: 

[a,, a,]= 0, [b,, b,] = 0, [a,, b,] = 0, (56.23) 

[ay, az] = 0, [b*, bt] = 0, [at, bt] = 0. 
Moreover, the eigenvalues of the operators ata, and bib, will be 
integers, which we denote by N‘*) and N‘~) while E, P, Q assume the 
form 

E= ¥ p(NY+NL—I), 
P 


P= ¥ p(NSO4NO_]), (56.24) 
P 


Q= SeNO-NWO—]), 
P 


The quantities N‘+) and N‘-) are the numbers of positively and 
negatively charged particles of momentum p. 


56.3 Commutators of the Field. Vacuum Expectation Values of Products 
of Field Components 


We now obtain the commutation relations for the operators p(x) 
and p(x). On utilizing expansions (56.21) and the commutation relations 
(56.23), we obtain 


(v(x), B(x] = D) Fag (pet) — SY Fa (pe #7), (56.23’) 
P P 
where 
Fya(p) = 9 (p) 9" (p), 


F5(p) = 9 UP) BUD). (96.25) 


It can be easily shown that F;4,(p) and F;,(p) satisfy the equations 
(ip+m)F*(p) = 0, 
(—ip+m) F-(p) = 0. 
Therefore, the left hand side of these equations must coincide up to 
a numerical factor with the polynomial p(p?+-m?) = 0: 
F*(p) = ap(ip—m), 


F-(p) = bp +m). 9.29) 
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The coefficients a and b can be evaluated from the normalization con- 
dition (56.20): 
(eo (p)Bae'(p)) = Sp (BF *(p)) = 1, 
(p (p)B.e'(P)) = Sp (BF -(P)) = —1. 
On substituting into these equations expressions (56.25’) we obtain 
1 A aA 
= = Sp(B.BGp—m)), 
1 mn, 
J = ~Sp(B. Gb +m). 
Further, on utilizing formulas (56.3) which determine the traces of 
the products of the matrices f,, we finally obtain 
pape 
— Ompy 
and 


aA ipn—m oA oA m 
Fp) = PLP peep = PEMD (56.26) 
0 0 


On substituting these expressions into (56.23’) we obtain the commu- 
tators for the field: 


ny i 0 0 , 
[py (x), Pz (x’)] = — mn >, ax, (2 m)) 4 (x—x’'). (56.27) 
To these relations we must add the obvious relations 
Ly, (x), pg(x')] — 0, 
[p,(), py')] = 9. 
We define the chronological product of the field operators 
T(D,(x) vy’) = B(1+e(t 1) BY) 
+ 3(1—e(t, t')}py(x)¥,(%), (56.28) 


(56.27’) 


where 

1, «>f, 
a 
e(t, t’) “1, tert, 


and calculate its expectation value in the vacuum state of the scalar 
particle field <T(, (x) y,(x'))o- 
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The vacuum state is defined as the state characterized by the minimum 
energy of the field, i.e., 
Kata, >o = (bib, >) = 0. (56.29) 


On utilizing this definition and the definitions of the functions Ft(p) 
and F-(p), we can, first of all, obtain the quantities 


<P,(X) Vp (X’)0 = 2 Fy (p)e?'™), 


Cp (x’) Pa (xPo= 2 Fis (p) en ip(z—z') 


Further, in accordance with (56.28) we obtain the quantity of interest 
to us 


= 0 0 ; 
<Tw,(x) Pg (X'))>o = = [ (8. —m\| A(x—x') 


"OX, 


Oly a] (A 0 m)| A(x—x’). (56.30) 


yee v _ 
2m dx, \" Ox, Fi 


This expression can be rewritten in the form 


KTP, (x) Yo = TE (x—x') + "8 d(x—x’), (56.31) 


where 6, = —ifB, and 


T(x) = x E Q (3,2 -m) — & mel aren. (56.32) 


fe - 
Ox, 


The function T°(x—x’) is the Green’s function for equation (56.1) 
B o +m) T° (x) = —id(x) (56.33) 
“Ox, poe —_ ; 


This function may also be called the scalar particle propagator. 
We see that it differs from the vacuum expectation value of the chronolog- 
ical product p,(x)p,(x’) by the quantity —(i/m) (1—f§) 6(x—x’). 

We recall that in the case of the electron-positron field the propagator 
does not differ from the corresponding vacuum expectation value. 
This is associated with the fact that not all the components of the field 
w(x) are dynamically independent (cf. subsection 57.1). 
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We also determine the difference between the T- and N-products 
of two field operators p(x) and (x’). This quantity, called the pairing of 
the field operators, is obviously equal to 


v(x) 8x) = Tp) PO’ —N (pH) 
= To(x—x') + (1 —f) 6x’), (56.34) 


We also give here the expression for the Fourier component of the 
function 7°(x) which will be needed for subsequent development: 


Cy) I ° Cc pL 
T°(x) = tat J T°(p) e'”* d*p, (56.35) 
ip(ip—m)+ p*-+m* 
m(p?+m*) 


T*(p) = (ip-+m)1= 


§ 57. The Scattering Matrix in Scalar Electrodynamics 


57.1. The Interaction Picture 

Equations (56.8), (56.9), (56.10) in which p(x), p(x) and A,,(x) are 
regarded as field operators are the fundamental equations for the electro- 
dynamics of scalar particles in the Heisenberg picture. For the investi- 
gation of the different processes of interaction between the scalar particle 
field and the electromagnetic field it is convenient to go over to the 
interaction picture. The state vector ®(f) in this picture is related to 
the constant state vector ®, in the Heisenberg picture by the expression 


P(t) = S(NDy, (57.1) 
where the Hermitian operator S(f) satisfies the equation 
i= V(Os@), (57.2) 


where ; 
V(t) = | H(x) dr 


and H(x) is the Hamiltonian for the interaction between the fields in 
the interaction picture. The relation between the operators in the Heisen- 
berg picture and in the interaction picture fand f, is given by the expres- 
sion 


f= SH) FS(A). (57.3) 
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In electron electrodynamics the field operators y(x) and A,(x) in 
the interaction picture have the same form as the operators for the 
corresponding free fields. But although this situation remains the same 
in the electrodynamics of scalar particles in the case of A,(x), it no 
longer holds for the operators p(x). The point is that not all the com- 
ponents of the field w(x) are dynamically independent. Indeed, on 
multiplying equation (56.8) from the right by 1—f§ we obtain 


(fy = — 16, ( < —ieA, |v (k= 1,2,3). (57.4) 


On utilizing the following specific representation of the matrix f? 
0) 
0 
0}, 

0 
lo 1 J 


we see that f2y contains only two components, and correspondingly 
(1—f?) y contains only three components. Thus, the components of 
(1—?) y can be expressed in terms of the two components of 8} yp 
which are dynamically independent. On taking this fact into account 
we can require that the dynamically independent components should 
correspond to operators which in the interaction picture have the same 
form as the free field operators, i.e., 


oy = Boy, (57.5) 


where (x) are the operators for the scalar particle field in the interaction 
picture and y'(x) are the free field operators for the same particles. 

Expression (57.5) enables us to obtain a direct relation between 
y(x) and py (x). With this in mind we note that the field operators 
w(x) in the interaction picture, like the corresponding operators in the 
Heisenberg picture, must satisfy the subsidiary condition (57.4). On 
utilizing this condition, and also the analogous condition for free fields 


oo oc ©} 
oo oc ©& 
oo o°0Cc oO 


1 0 
a—fy = mek ax. oy (k = 1, 2, 3) 
Kk 
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and, finally, condition (57.5), we can easily obtain the expression relating 
w(x) to p(x) and Al) (x): 


ve) = (1+ = appa co) (x). (57.6) 
Similarly we can obtain 
H) = 9%9(1- = AMC -f8)} (57.7) 
We now obtain the form of the Hamiltonian density H(x). In view 
of the subsidiary condition (57.4) this quantity will differ from the 
“natural” value —iep' (x) A (x)p (x). 
In order to obtain H(x) we operate with operator B,0/dx,--m on 


the field operator y(x) in the Heisenberg picture. On noting that in 
accordance with (57.3) and (57.6) 


PO) = SD y (XS (D+ == $A(1) (1 PA (XY (S(O, 


we obtain, on utilizing the relation (1—£?)f, = 0, 
Br -+m\b = (8, +m|sOy SO 
* OX, * OX, 


+2 s(n (0.2. +m] (I—P)AM pS) (k= 1,2, 3). 


Further, on utilizing equation (57.2), we obtain 


é, < +m| y= $09 {11VO, Bop 


+€ (be +m| app Arpe| S(). (57.8) 


On the other hand, it follows from equation (57.6): 


(3,-2-+m]y = sx fied (1+ £0 pA) y] se. (57.9) 
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A comparison of (57.8) with (57.9) shows that the operator V(‘) must 
satisfy the relation 


[V(1), Bop (x)] = eA) (x) f + ea KA} yp! (x) 


€ y 2) A (0 0 _ 
—£(6.f +m] (1p) A) p(x) (k= 1,2,3). (57.10) 


We can satisfy this equation and also the analogous equation for y(x) 
by choosing H(x) in the form (141) 


H(x) = —iep AM CO[1+-~ G—KHA%G)] vd. (57.11) 


This can be easily shown if we utilize the commutation relations for 
yx) and p(x) at the same instant of time: 


] 7] 
Eu DBO, N= —H Baan O24 BoB + BiBan Ge OU —8): 


57.2. Rules for Calculating Elements of the Scattering Matrix 


We proceed to construct the scattering matrix S. This matrix, just 
as the scattering matrix in electron electrodynamics, is given by the 
value of S(t) for t= cc, and can evidently be written in the form 


i f H(2)d‘e 


S= rl, , (57.12) 


where T is the symbol for time-ordering. In electron electrodynamics 
the expansion of the last equation in terms of H(x) is at the same time 
an expansion in powers of the charge e. In scalar electrodynamics the 
situation is made more complicated by the fact that H(x) contains the 
charge e not only as a common factor, but also inside the square brackets 
of (57.11). Therefore an expansion in powers of H(x) will not be an 
expansion in powers of e. 

In order to avoid this difficulty we go over in the S-matrix from 
T-ordering to N-ordering without utilizing the expansion of the S-matrix. 
This can be done by means of the technique described in subsection 24.4. 

By proceeding in this manner it can be shown that (7) 


S = Nlerede JHO*s| (57.12’) 
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where 
2’ = L—n, 


6 é 
om => fax [ax = T* _— Se? 
1} Gy MO) HG 


1 rs) i » O 
i —[a * Sy(x) mi bP) Su 


62 
A= [ax [ dx D(x, X2)34 &@ ) 3A, (x) . 
ie 1 ur*2 


On the other hand, it can be easily shown that 


o i f H(z) d¢r -e f wz) A(z) y(2) dtr 


= ee 
On substituting this expression into (57.13) we obtain: 


§ = N(ckete SH Aerveres). (57.14) 


(Here and later we omit the index zero from the field operators.) 

This expression is formally of the same form as the analogous 
expression for the scattering matrix in electron electrodynamics. It 
corresponds to the interaction Hamiltonian (106) 


H (x)gce = —ie (x) Aa) (x), (57.15) 
and to effective pairings between the field operators given by 
pax) g(x’) = To(x—~’). (57.16) 


We thus see that for the evaluation of the elements of the scattering 
matrix we can start from the effective Hamiltonian (57.15), which 
differs from (57.11) by the absence of the last term, and that we can 
utilize the effective pairing between the field operators which differs 
from (56.34) also by the absence of the last term. From this it can be 
seen that the evaluation of the matrix elements of S can be carried out 
with the aid of Feynman diagrams and rules of the same kind as in 
electron electrodynamics, the only difference consisting of the fact 
that now in the diagrams the internal lines corresponding to scalar 
particles must be made to correspond to T°(p), and not S°(p); moreover, 
the vertices of the diagrams must be made to correspond to the matrices 
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B,, and not y,. Finally, we must keep in mind in evaluating the cross 
sections for the different processes that scalar particles have no spin, 
and, therefore, the cross section need not be averaged over spins. 


57.3. Divergences of the Scattering Matrix 

We now proceed to investigate the problem of the divergences of 
the scattering matrix. In order to do this we consider an irreducible 
nth order diagram containing N,, external scalar particle lines, and 
N, external photon lines. If the number of internal lines of the diagram 
is equal to F, then the number of independent variables of integration 
in the integral which determines the matrix element corresponding to 
the diagram will be 4(F—n-+1). In the integrand of the matrix element 
we have a rational function the degree of whose denominator is equal 
to 2F. Whether the integral is convergent or not is determined by the 
difference between the degrees of the numerator and the denominator. 
The integral will converge if K = 2F—n’'—4(F—n+1) >1, where 
n’ is the degree of the numerator, and will diverge if K <1. 

Thus the problem reduces to the determination of n’. 

In order to determine n’ we consider in our diagram an internal 
scalar particle line which contains s vertices, s <n. This line corresponds 
to the following expression in the integrand of the matrix element: 


T] {Bom PP 
AS ret By, ppm ——] Bag 
We determine the highest power of p in the numerator of this expres- 
sion. It might seem that this power is equal to 2(s—1), and coincides 
with the degree of the denominator. In actual fact, however, because 
of the properties of the matrices f, this is not so, and the degree of the 
numerator turns out to be equal to s. 
For example, take s= 3. Then A, has the form 


LA 1 As 9 “A I ne 
A, = B, | Bim Lote,  ibe—m om (PP -p| B, 


1 


ELECTRODYNAMICS OF PARTICLES OF ZERO SPIN 833 


The highest power of p in the numerator corresponds to the term 
X, = (Pipi) B, (P3—-P)), 
which vanishes for all p, and p,. Therefore, the degree of the numerator 


is equal to 3, and not to 4. 
The vanishing of X, is a consequence of the more general relation 


Xx, = (Pp?) By Bu Bx, tte B,,.(?—4") = 0, 


which holds if ” is an odd number. 
In order to show the validity of this last relation we introduce the 
matrices 


P = 2636363, P= >'B,PB,, (57.17) 


which differ from zero in the case of the five-rowed matrices 6, and 
which are equal to zero in the case of the ten-rowed matrices £,,. 
It can be shown that the matrices P and P satisfy the relations 


B,B,P = On P, 

PBB, — OP, 
BP = PB, (57.17) 
PB, = BP, 


(P+P)B,, = B,(P+P). 


The last relation shows that the matrix P+P is proportional to the 

identity matrix. By taking its trace we can easily show that 
P+P=lI. (57.18) 
Finally the following relations hold: 
_ wp b 

PB, Bu, Bug By Bu, = By P, if n is an even number, 67.19) 
PBu Bu.» Bu, = By By, ++ By, P» if nis an odd number. 

vo". n “Oe n 


We now consider the quantity X,. By utilizing (57.17) we can rewrite 
in the form 


Xi = (P?—P)By Br, tee By. (4-9?) (P+ P) 
= (P?—p*)B, By, ot Bu a—-@)P. 


x 


n 
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On utilizing the second of formulas (57.19) we obtain in the case of 
odd n: 

X, = (p?—p?) PBn Buy Bul P—-@); 
but in accordance with (57.17) this expression vanishes. 

By utilizing the vanishing of X, for odd n we can easily show that 
the highest degree of the numerator in the expression for A, does not 
exceed s. From this we can conclude that the degree of the numerator 
of the rational fraction in the integrand of the matrix element cannot 
exceed the order of the diagram, i.e., the number n. On setting n’ = n 
we obtain for K the value 


K = 2F—n—4(F—n+1) = 3n—2F—-4. 
On the other hand, 2F+N,,+N, = 3n. Therefore 
K=N,+N,,—4. (57.20) 
If K>1, ie., N,+N, 2 5, the integral will be convergent. The 
integral will diverge if the following inequality is satisfied (131): 
NatN, <5. (57.21) 


This inequality shows that the number of divergences which can be 
encountered in the electrodynamics of scalar particles is finite. 

We enumerate the different types of divergences corresponding to 
the different values of N,, and N,: 


1) N, = 2, N,=0, K= —2 quadratic divergence, 
2) N, = 0, N, = 2, K= —2 quadratic divergence, 
3) N,, = 2, N, = 1, K = —1 linear divergence, 

4) N,=—0, N,=2, K=0 logarithmic divergence, 
5) Nz = 2, N,=2, K=0 logarithmic divergence, 
6) N, = 4, N,=0, K=O logarithmic divergence. 


The cases N,, = 0, N, = 1 and N,, = 0, N, = 3 need not be con- 
sidered since the corresponding matrix elements vanish. This follows 
from Furry’s theorem which is valid in virtue of the invariance of the 
theory under the transformation of charge conjugation both in electron 
electrodynamics, and in the electrodynamics of scalar particles. 

The types of divergences enumerated above correspond to the 
diagrams shown in Fig. 120. Diagrams 5 and 6 are new compared to 
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ordinary electrodynamics. The former corresponds to a radiation 
correction to the Compton effect, while the latter corresponds to a cor- 
rection to the scattering of a scalar particle by a scalar particle. 

The elimination of divergences from the various matrix elements 
can be carried out by means of the same regularization methods which 


Fig. 120. 


were employed in electron electrodynamics. It is important to note here 
that in actual matrix elements all the infinite constants, with the excep- 
tion of two, cancel one another; while the elimination of the remaining 
two infinities requires use of the idea of renormalization of charge and 
mass of the particle. 


§ 58. Scattering of Scalar Particles 


58.1. Scattering of Scalar Particles by the Coulomb Field of a Nucleus 
We now proceed to investigate specific effects due to the interaction 
between scalar particles and electromagnetic fields. We begin with the 
scattering of scalar particles by the Coulomb field of a nucleus. 
The probability of transition of a scalar particle from the state 
g(p,) of momentum p, and energy «, to the state g(p,) of momentum 
P2 and energy e, in the field A‘?)(x) is equal to 


Ww Qne?|@(p2) A“ (q) y( pi)? 5(e, —€2), q = Po— Pi; (58.1) 


836 QUANTUM ELECTRODYNAMICS 
where 
A (g) = | B, Aer) ede. 

In the Coulomb field of a nucleus 

a _, Ze 

A) (gq) = iB,— 

q 
and 
Ze _ . 
w, = 27 a P (Po) BaP (Pr)l? 9(e1—€2)- 


The quantity |@(p.)8,¢(p,)|? appearing here is a special case of the 
more general expression 


(IM? = |e (p)Qe™ (pl? (58.2) 


where Q is a certain matrix. This last expression can be evaluated in 
the following manner. First of all it is clear that 


|M |? = @(p)Qu3P5 (Pd GS (DP) Q.a95 (Pr) 
where 
Q — Qt. 


Further, on recalling that in accordance with (56.26) we obtain 
GSP) Pp (Pp) = Fi3(P), 
|M |? = Sp{QF(p)QF™ (p,)} 


l A eA ZA LA 
—--Sp{Qip,(ip;--m) Qip,(ipp=m)}, (58.3) 


=. - z 
4m" €,€, 


where ¢, and ¢, are the energies of particles of momenta p, and p,. 
On setting Q = f, in this formula and on noting that 8, = 7,87,== B,, 
we obtain 


1 @( ps) Bag (py)? = ings bs Sp{Byips(ip,—m) Byips(ipg—m)}. 


On utilizing (58.3) we have 


Sp {B, ip, (ip,—m) Ba ipo(ip,—m)} = m(e,+€)". 
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Therefore 


Zret — (€,+€2)? 

Wp aang A (Ee, 8). 58.1’ 

, [Pi— Pol* Ae &p (1&2) ( ) 

On multiplying , by dp,/(27)? and on dividing by the flux of incident 

particles J = p,/e, we finally obtain the following formula for the 

differential cross section for the scattering of a scalar particle by the 
Coulomb field of a nucleus: 


2 \2 
do = (oe we (58.4) 


where @ is the scattering angle. This formula differs from the correspond- 
ing formula for the scattering of particles of spin 4 by the absence 
of the factor (1—z? sin? #). 


58.2. Scattering of a Charged Scalar Particle by a Scalar Particle 


We now determine the cross section for the scattering of a charged 
scalar particle by a similar scalar particle. 
The matrix element for this process has the form 


S®), = ie®M (2n)*5(p, + Pi po— P)), 
(58.5) 
(5 (738. (Px) (F(P2)B,e (PD) 


vy — (P(P)B ue (Pr)) (PCP. Bue (Pi) 
(P— Pi)? 


~ (P2— p,)? . T 


> 


where p,, p,; and p., p, are the momenta of the particles before and 
after scattering and g(p) are the corresponding amplitudes of the wave 
functions of the particles. 

We note that in contrast to the case of electron-electron scattering 
when the two terms in M have opposite signs, in the present case both 
terms have the same sign. This difference is due to the different statistics 
in the case of electrons and of particles of.spin zero. 

The differential scattering cross section is equal to 


4 od 
do= ap 2062002 5(¢ 


| pole 
atte! 
M| y 


y+&—€2—€5), (58.5") 


where J is the flux density of the incident particles. 
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On utilizing (58.3) we can write |M|? in the form 
l f i 

166, €,£,6,™m" | (p.—p1)* 

x SpIB,, iB; (ib —m) B, ip; (ip,—m)] 

+ Pomp yi SPBuiPa bam B iBSCBL—ma) 

x Sp[6, id; (iB, —m) B, ip, (ip2—m)] 


|M\? = Sp[f,,ip, (ip, —m) B, ipo (ip.—m)] 


5 Sp (Bui Pi —m) BiBGCiB{—m) B, 


2 
+ ea 
(Po—P1)* (P2—Pr) 
x iB Bm Bibalib— mi 
Evaluation of the traces of the matrices with the aid of formulas (56.3) 
yields 


Mea. (‘ete (pip), (rtp) itPoy 


16€, £1 £585 (Pe—Pi)? (P2—Pi)” 


In the center of mass system this expression can be considerably 


simplified : , 
1 2e*7—m? 2 
MP = 1 
|M| 4e2 ( e—m? sas ‘ 


where @ is the scattering angle and ¢ is the particle energy. On substi- 
tuting this expression into (58.5’), and on noting that in the center of 
mass system J = 2p/e, we finally obtain the following expression for 
the scattering of a scalar particle by a scalar particle (7): 


| 
a m 2 e—m? 
‘\S  \sint?d  2e2—m? 


] do. (58.6) 


§ 59. Scattering of a Photon by a Scalar Particle. Bremsstrahlung 
Photons from a Scalar Particle 


59.1. Scattering of a Photon by a Scalar Particle 


We now consider the interaction between scalar particles and pho- 
tons. First of all we determine the cross section for the Compton scat- 
tering of photons by scalar particles (32). By utilizing the diagrams 
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for this process shown in Fig. 21, and the general rules for writing 
matrix elements we obtain the following expression for the matrix 
element for the scattering of a photon by a free scalar particle: 


43 ifs(ife— m+fit+m . 
ein fit) 


Here y(p,) and g(p.) are the amplitudes of the wave functions of the 
particle in the initial and final states of momentum p, and p,; w, and w, 
are the frequencies and e, and e, are the photon polarizations; and 
Ai = Pith, = Potke, fo = Pi—ke = Po—k, (k, and k, are the photon 
momenta). 

The cross section for this process has the form 


_ et _ 2 dps dk, 
do = Ga, oy» | @(P2) QP (pi) | T(Qn) 


x 6(pitk,—po—ke) 6(&,+@1—&2—@,), (59.2) 


e> ae (27)46(p, +k, —p2—ky). (59.1) 


where 


1 A . aA . A “ 
0 = -bliAih—m + R+m)a + elim) +48 + m4) bs, 
1 
mr, = f?+m, Me pein > 


and J= 1 is the flux density of the incident photons. 
On utilizing formula (58.3) we write do in the form 


» W3 we 


do= 2 SP {Qip,(ipy—m) Qip,(ip,—m)}, (59.3) 


where ry = e?/4mm and “, is the element of solid angle containing 
the momentum of the particle after scattering. 

The traces of the matrix products can be evaluated with the aid 
of the following formula: 


Sp{ IT Gh —m ++ me] 
= m[(e,, i tSfr) (2, Aat+Ss) (és, sth) (C4, fith) 
—(€,€s) (f2+m?) (e,, fat Ss) (Ca, Sith) - 
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— (203) (f$ +m?) (e1, AtSe) Ca, fet fd) 

—(e3e4) (f+) (41, Ath) (2, thr) 

—(€,€,) fi tm) (e2, tS) (es, fat+Sa) 

+ (e162) (€3€4) (fF +m?) (fe tm?) +(e, e,) (€2¢s) S2+m’) (fe+m?)). 
(59.4) 


(This formula can be easily generalized to the case of an arbitrary 
number of factors). 
On utilizing formula (59.4) we obtain 


Sp {Qip, (ip, —m) Oip,(ip.—m)} 


= 4m? \G €2) 7 (41, fit Py (2, fit Po) 


1 2 
— “Dmg O2? fot Di) (Ar; fet pa) 


and 
we do 2 2 2 
do = Ary SE |eved- 2 (€, Pi) (2?) — ti, (€1 Po) (en| . 
(59.5) 
If the particle was at rest before scattering, then p, =O and 
2 
do = al 2s) (e,€5) doy. (59.6) 
@y 
In the case of unpolarized photons this formula yields 
_ I 2{ 2 ° 2 
do = i 5| “2 (1 + cos? 9) doz, (59.7) 


where # is the scattering angle. 


59.2. Bremsstrahlung from Scalar Particles 
We now proceed to determine the probability for the emission 
of a photon by a scalar particle in an external field A‘) (x) (39). 


The matrix element corresponding to the bremsstrahlung process 
can be wmitten in the form 


_ ier _ A if, (if,—m)+f2+m! 
se, = — mn P(P2) (e set 3 ~ 


ivf /= mB x 


Ag) 


+ Ato (gy Lhe fern ih wind, (59.8) 


WP x5 
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where p, and p, are the four-momenta of the particle in the initial and 
final states, m(p,) and p(p.) are the corresponding amplitudes of the 
wave functions, k and e are the momentum and the polarization of 
the emitted photon, A‘?)(q) is the Fourier component of the external 
field and 


fi=Pstk, fp=pi-k, 9=P—p.tk, 
My = fim = 2p.k, my = fF = —2p,k. 
If the external field is static, then 
Al?) (q) = 6,44 (q)20 6(E.—€, +), 


where €, and «, are the values of the particle energy and is the photon 
frequency. The differential cross section for bremsstrahlung is deter- 
mined by the following formula: 


4 


do = ©. , |Alo(gy2 22! spr. 


Same | py | Qn)’ (59.9) 


where 
= Qip, (ip,—m) Qip,(ip,—m) ’ 


lifimm+fitm » 9 if(h—m+ fen » 


Px, MB xt, 


O= 


The evaluation of traces of products of the matrices 8, can be carried 
out with the aid of formula (56.3). As a result of this we obtain 


2 
P Ey E, , 
SpF= 16m? [et pet 8p . (59.9’) 
If the emission of radiation occurs in the Coulomb field of a nucleus, 
we have A,(q) = —i(Ze/q?) and the bremsstrahlung cross section 
assumes the form 


2,3 2 
do = ee IPal - ele 4 Pot “p,| wdadodo,, (59.10) 
wt |pi| mq *y He 


where do and do, are the elements of solid angle containing the mo- 
menta k and py. 
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The cross section for the emission of an unpolarized photon can 
be obtained by summing (59.10) over the two photon polarizations: 
4Z?a3 |p| 1 Ey &o ) 
do = ~ 2 2 a 
me |p| m*q* ° eal Pat HX Pi 


2 
— G p+ p,| \o dw dodo,. (59.11) 
wx Ho 


§ 60. Production and Annihilation of Pairs of Scalar Particles 


60.1. Production of Pairs of Scalar Particles by a Photon in the Coulomb 
Field of a Nucleus 
We now determine the cross section for the production of a pair 
of scalar particles by a photon in the Coulomb field of a nucleus (39). 
The matrix element for such a process can be written in the form 


siflif—-M+ REM) re) oe 
em (fetmey Al abe (p_), (60.1) 


where p, and p_ are the momenta of the two components of the pair, 
p'(p,) and w(p_) are their wave functions and q=p,+p_—k. 

This expression can be obtained from the matrix element for brems- 
strahlung if we carry out the following substitution in the latter: 
Pi > —P-, P27 p+, and k ~ —k. Therefore, the cross section for 
this process can be immediately obtained from formula (59.10) by 
means of such a substitution. As a result of this we obtain 


Za? |p,jip_| 1f{ fe ,e,_ \° 
do = (Qn)? gia m! w x, Pt Xo P_ 
2 
—(« Pe +£P-) | de, do, do_, (60.2) 
1 2 
where 

kp_ kp 

1 = —2 We” 2 2 = 


and do, and do_ are the elements of solid angle containing p, and p_. 
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The total cross section for pair production is equal to (4) 
2 Za? | 1 
=> ee — 2 
3 foal 
3 
+ (sro) F(y/1— 4) (60.3) 
Y y 


where y= w/2m and E(x) and F(x) are the same functions which 
appear in the total cross section for the production of electron-pos- 
itron pairs (cf. § 32). 


60.2. Production of a Pair of Scalar Particles by Two Photons 

The matrix element for the production of a pair of scalar particles 
by two photons has the form 
sthlih—mtfitm ., 


S{2 = — ~-—-..g'-)( _ ee : - 
; 2 wo" aod ” m(fz+m*) 


gr Halim) + fet 
m(fzt-m?*) 

where k,k’ and’e,e’ are the momenta and the polarizations of the 
two photons, w and ow’ are their frequencies and f, = p,—k’ and 
So = ps—k. 

We give here only the final result of the calculation of the pair 
production cross section (7). In the c.m. system this cross section is 
equal to 


sh 9*(p,)2n)0(p.-bp_—k--k), (60.4) 


ac= Te" | Vf -(2) lee ee 2 PCPs). -—_.-| do, 
° o | wft—(1- 2) cost] 


(60.5) 


where ry = a?/m and 0 is the angle between & and p,. 
The cross section averaged over the photon polarizations has the form 


2 2 fT mye 2 ] 
ao = (| V3 m 1 2 cee eee 
8 \w w 7) 1-(1- m 


@ 


] cos? 6 


42m —_ do. (60.6) 
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Finally, the total pair production cross section is given by 
o= are = {241 xp/x®—1 —(2x?-1) n(x+p/x2—1}, (60.7) 
where x = w/m. 


60.3. Two-Photon Annihilation of a Pair of Scalar Particles 

The process which is inverse to the one just considered is the con- 
version of a pair of scalar particles into two photons. The calculation 
of the cross section for this process is analogous to the calculation 
of the cross section for pair production by two photons. We give here 
only the final results. 

In the c.m. the differential cross section for two-photon annihi- 
lation of a pair of scalar particles has the form 


1 ; m? do me 1 


42 (60.8) 


where 6 is the angle between the momentum of one of the components 
of the pair and the momentum of one of the photons, « is the particle 
energy and do is the element of solid angle containing &. 

The total cross section for two photon annihilation is equal to 
| eae 2x2—] 


— 22 I ee eere 
a= 4nr x —— eo] In (x— yx?—1 r (60.9) 


where x = é/m. 


60.4. Annihilation of Pairs of Scalar Particles into Electron-Positron 
Pairs and the Inverse Process 

In concluding this section we investigate the process of the con- 
version of an electron-positron pair into a pair of scalar particles, and 
also the inverse process of the conversion of a pair of scalar particles into 
an electron-positron pair (7). These processes correspond to the diagram 
Shown in Fig. 121; p%, p§ denote the momenta of the components 
of the electron-positron pair, while p”™, p” are the momenta of the 
components of the pair of scalar particles. 
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The matrix element for both processes can be written in the form 


S{2), = ie®|M|P(2x)*(22)' (p54 p’— pt —ph), 
‘ * * (60.10) 


1 _ 
= (pe + pe)? (= (p%)y,.u(p2)) (6 (Do) Be (p)), 


where u(p®) and v(p%) are the spinor amplitudes of the electron and 
the positron, and g“?(p”) and ¢‘+)(p™) are the amplitudes of the wave 
functions for the scalar particles. 


ps 


Fig. 121. 


The square of the absolute value of M which determines the cross 
sections for these processes summed over the electron and the positron 
spins can be written in the form 
1 


-.. 1 
Me — oo. 
a 16eT ee €& (ps + p®)4 


Sp {7,, (ip£ —m,)y, (ip. +m,)} 
| aa aA TOA aA 
x Gye SPUB PE Cpt —m)p,ip™(ip™+m)}, (60.11) 
Po = YuPir P? = BuPt 
where m, and m are the masses of the electron and of the scalar particle. 
On evaluating the traces of the matrix products in accordance with 
formulas (56.3), (59.4), we obtain 
1 1 
Iie — . i. , 
a 2eme™e® 62 (p+ pe) 
+ (p* pt) (p§. pt) — (p8.p™) (ppt) — (pe pp) (p$. Pp”) 
— [(p§.p2) — m2) {(p™ pm) + m°)} (60.12) 
The cross section for the conversion of an electron-positron pair into 
a pair of scalar particles is equal to 


{(p*. p™)(p* p™) 


dp’? dp™ 
‘16n2J 


where J is the flux density of the incident particles. 


do = e*|M/? 5 (pi +p —p—p), (60.13) 
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In the c.m. system we have 
Pi.+ pL = pit p2=0, 


ei =e = ete em= 6, 


ray (5) 


me? \*? 
a? (12) me 
do = We) pee f — | 1— 2 | costs] do, (60.14) 


and 


where @ is the angle between the momenta of the positron and one of 
the scalar particles and do is the element of solid angle containing the 
momentum of one of the scalar particles. 

The total cross section for the production of a pair of scalar particles 


> 2 \ 3/2 3 9 \—1/2 
o— ( "| (1+ me) (1 (60.15) 


€2 


is equal to 


The cross section for the conversion of a pair of scalar particles 
into an electron-positron pair differs from the cross section for the 
production of a pair of scalar particles by the difference in the number 
of final states, and also by a different expression for the flux density 
which in this case is equal to 


om 
J=2 — 


The final expression for the cross section for the conversion of a pair 
of scalar particles into an electron-positron pair has the form 


a® m2 \'?? m2 \*? me 
=— __ — € —_— _ _ e 2 
do= ea (i ve) ( a | i—(I--} }e0s oh do (60.16) 


The total cross section for this process is equal to 


na" ne ue ne \V? m2 
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§ 61. Polarization of the Vacuum in the Case of Charged Scalar Particles 


61.1. Vacuum Polarization Tensor for Scalar Particles 


In the preceding Chapter we have discussed the various effects due 
to the interaction of the electromagnetic field with the vacuum of the 
electron-positron field and of electrons with the vacuum of the electro- 
magnetic field. In this section we shall discuss the analogous effects 
in scalar electrodynamics. We begin by determining the radiation 
corrections to the photon Green’s functions due to the scalar particle 
vacuum. This problem reduces to the evaluation of the polarization 
tensor JT, (k). 

If we confine ourselves to the second order radiation corrections 
the polarization tensor //{®) (k) associated with the scalar particle vacuum 
will be given by the formula analogous to formula (47.28) 


Mk) = -@& f d4p Sp{B,(ip+m)B, (ip +ik+-m)}. (61.1) 


The difference between this expression and (47.28) consists of the 
fact that this expression contains the matrices 8,, instead of y, and 
that, moreover, this expression contains an additional minus sign 
associated with the different statistics for the scalar particles. 
The tensor //{2)(k) diverges quadratically; the regularized value 
of the tensor can be found by means of the formula 
OT Ty (K) 


(2) — JJQ(P)—_]T®) _ PT i(k) . 
Tigh = TB (KP OG ai eke (61.2) 


On evaluating the trace of the products of the matrices B,, we obtain 


TT?) (k) = — 2? (5 iy Jo— (kK? Oy — ky k IA Our k Io JFK, I, — 255), 
where 
‘i 
= foes 
(p+ky+m 
dip 


= J Gece) ip-tlot emt) 


j= [ Pup 
MS (pn) ((p+k)tmy’ 


j= — PuP» dp 
wr (p?+-m*) [(p +k)? +m" 
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With the aid of the identity 


a= / 
6b [ax +b0—x)P 
0 
the integrals can be written in the form 


1 
J= [dx { Fdtp, 


0 


J, = fax | p,Fatp, 
0 


1 


Ju = fax p,p,Fa'p, 
0 


where 
1 


~ (pe 2pkx-+_m?)?’ 
We shall not carry out here any detailed calculations, but shall 
directly give the final result for the regularized value of //'%)(k): 
1 


in? 27 
TI 24k) = ~ "Ze (kyk, R254) “5 | 


wR 


v' du 
2 ~~ 9 


; k (61.3) 
o | + 7,30 —v?) 


where v = 1—2x. On introducing the new variable 0 by means of 


. k? 
sinO = — 4m’ 
we write //'?)(k)in the form} 
| 4m? ae 


IT'?) (k) = 2m? ie? (k, k 


WR 


aK, ~ Onvk) (1—O cot 9)+ 4}. (61.4) 


When we have the expression for /7(2,(k) we can obtain the radia- 


tion correction to the external current J‘?)(k) due to the interaction be- 


1 Feynman (second of references (62)); (the factor 1/2 is missing in the formula 
for 113 given in this reference). 
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tween J‘?)(x)and the vacuum of the scalar field. The Fourier component 
of this additional term is equal to 


6A‘ (Gg) = ~ 165, cel Taha) AS (0), (61.5) 
where A(*)(q) is the Fourier component of the external field. 
In the case of slowly varying fields we can expand J/(?2)(k) into 


a power series in k. On restricting ourselves to fourth order terms 
we obtain 


IT (2) (k) = Fog OHKB yy hy kA? (61.6) 
In this case the additional term in the current is given by 


a 
OD = so ,p0 I: (61.7) 


61.2. Correction to Coulomb’s Law 


If we know the polarization tensor //{%) we can also obtain the 
radiaton corrections to Coulomb’s law. The radiation correction to 
the external potential A‘?)(k) is determined in momentum space by the 
following general formula: 


BAI (k) = ita (k) Dy (k) A? (4). 


IT?) 


In coordinate space this formula yields for a static field 


dk 


SAL) = — pyran | ITAA) AI 9 et 


i 
(2x)? 
In the case of the Coulomb field of a nucleus we obtain from this expres- 
sion, on taking radiation correction into account and on_ utilizing 
expression (61.3), 


_ Ze , & 1 kr f v' du | 
PO) + 0p(r) = 2 (orp 12x fe OY nei tee) 

(61.8) 
or 


g(r) +e) = oY) (I+-%0), (61.8') 
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where 


v* du 
ae , 61. 
(= = poe Sa [ sink Kl, CREE —0%) (61.9) 


On carrying out the integration with respect to k and on introducing 
in place of w the new variable = (1—v*)"/" we write y9(r) in the 
form (3) 


é sat dé. (61.9’) 


lee) 
— —2mr 
w= |e 
1 
The corresponding expression for the correction due to the electron- 
positron vacuum has the form 
foe) 


; 2a am n( (€2—1)¥? 
tan) =e fe mt l+- zl “¢ dé, 


\ 
where mm). 1s the electron mass. 
In the limiting case mr <1 and mr > 1 the function y,(r) is deter- 
mined by the expressions 


4 
al ~ —4). where mr <l, 
67 mry 3 
Zo") = 4 (61.10) 
~5/2e-2mr- where mrs 1, 
16 \ x 


where In y is Euler’s constant. 


61.3. Photon-Photon Scattering. Radiation Corrections to the Lagran- 
gian of the Electromagnetic Field 

The scalar particle vacuum, just as the electron-positron vacuum, 
leads to a number of nonlinear effects in electrodynamics, such as photon- 
photon scattering, the scattering of a photon by the Coulomb field 
of a nucleus, etc. 

All these effects can be described in the electrodynamics of scalar 
particles, as in electron electrodynamics, with the aid of the fourth 
order scattering matrix: 


- 
S00 Of dx, dtxy dg dx yN (A, (4) A, (82) Ay (%) Ag (0) 


x Sp {B, T?(X1 —X2)B, Te (X_ —X)B, T° (Xs — xy) BT (X, —x,)} : 
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In momentum space this matrix has the form 
2; 
soa F | d*k, dk, dk, dk, (27)8 6 (ky +ky-tkq-K,) 


x N (Ay (&1) Aske) Ay (kg) Ag (Ka)) Juve (Kas Kes kas Ky), (61-11) 
where 


J uvig(K1, k., ky, k,) 
= Tyyia(k1, ke, ky, k,)+ Tver (ki, ky, ky, Ky) +Tyave (ki; ks, k,, ky) 


and 
1 A aa) 1 
TyvieF1, kg, ky, k,) = ar d*p Sp {B,,(ip-+m) B,(ip—ik,+m)+ 


x B,Gp—ik,— iky+m)7 B,(ip—iky—iky—ik,+m)}. 

The quantity T,,,,(k1, k,, ks, Kq), which is called the fourth rank 
polarization tensor, diverges logarithmically for large momenta, just 
as the corresponding quantity in ordinary electrodynamics. 

Therefore, regularization can be carried out in the same way as in 
electron electrodynamics. 

On repeating the arguments of § 54 we can calculate the photon- 
photon scattering cross section, and also obtain the radiation corrections 
to the Lagrangian density for the electromagnetic field due to the vac- 
uum state of the scalar particle field. We shall not carry out here any 
detailed calculations, but shall confine ourselves to stating the final 
results. 

The photon-photon scattering cross section (in the center of mass 
system) is given in the case of low frequencies by the formula (4) 


do a4 34 | ( ao 


6 
~ (4x) OO)" mt =) (3 +c0s?0)'do, where @ <m, 
(61.12) 


where m is the mass of the scalar particle and 0 is the scattering angle. 
The total scattering cross section is given by 


_ at 7 136 (2 


6 
10 90 2 | » where ow <<. (61.13) 
1 m 
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The correction to the Lagrangian density for the electromagnetic 
field is determined by the following formula (176): 


a? 


60m (7 (£2 H?)?+4(EH)). (61.14) 


L'(x) = 


Concluding Remarks 

The concept of an elementary particle in modern physics has un- 
dergone a number of essential changes. At present it is already evident 
that elementary particles are by no means the primary components 
of matter, but are rather states of excitation of some dynamical system; 
in the case of electrodynamics such a system is the combination of the 
electromagnetic and the electron-positron fields which interact with 
each other. Even in the absence of particles, i.e., of excitations, the 
system which is in its ground state — the vacuum state — has definite 
physical properties which manifest themselves in a number of phenomena. 

The interaction between particles and vacuum manifests itself 
in a remarkable manner in the radiation shift of atomic levels, in the 
anomalous magnetic moment of the electron, in nonlinear electrody- 
namic effects, and in other phenomena. These facts are of considerable 
interest not only from a physical point of view, but also from a general 
philosophical point of view. In them we find a new confirmation of 
the well known thesis of V. I. Lenin regarding the inexhaustibility of 
the properties of the electron and the infiniteness of nature. 

In criticizing idealists, who in connection with changes in the concepts 
of the structure of matter drew conclusions with respect to its disappear- 
ance, Lenin wrote: ‘‘The ‘essence’ of things or ‘substance’ are also 
relative; they express only an increase in the depth of human perception 
of objects, and even though yesterday this increase in the depth of 
perception did not extend beyond the atom, and today beyond the 
electron and the ether, nevertheless, dialectical materialism insists 
on the temporary, relative, approximate character of all these /Jandmarks 
in the perception of nature by man’s progressive science. The electron 
is Just as inexhaustible as the atom, nature is infinite, but it exists infin- 
itely, and it is this uniquely categorical, uniquely unconditional rec- 
ognition of its existence outside human consciousness and human 
senses, that distinguishes dialectical materialism from relativistic agnos- 
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ticism and idealism” (Lenin, ‘“‘Materialism and Empiriocriticism,”’ 
Gospolitizdat, 1948, p. 245). 

The successes of quantum electrodynamics have demonstrated the 
correctness of our basic physical concepts within a definite domain 
of phenomena. However, these successes are relative. Electrodynamics 
turns out not to be a logically closed theory, i.e., it cannot be developed 
absolutely consistently without introducing auxiliary ideas which, 
so far, are of a semiempirical nature. Attempts to carry over the methods 
of quantum electrodynamics to domains of other phenomena have 
so far not resulted in any serious successes. Apparently, the difficulties 
of the present theory can be removed only by means of a new change, 
and, moreover, perhaps a cardinal one, in the basic physical concepts. 
It is quite probable that even the fundamental space-time concepts of 
modern physics will undergo a change in this process. 

Like any other science, quantum electrodynamics gives expression 
to definite objective natural laws. ‘“‘But this,—as V.I. Lenin points 
out, — is not a simple, direct, complete expression, but a process involv- 
ing a series of abstractions, the formulation and creation of concepts, 
laws, etc., and it is these concepts, laws, etc., (thought, science = “logical 
idea’) that encompass conditionally, and approximately the universal 
regularity of eternally moving and developing nature” (V. I. Lenin, 
‘Philosophical Notebooks’, 1947, p. 156). 

These words of V. I. Lenin may be used to. give an excellent charac- 
terization of the modern state of development of theoretical physics. 


ray 


ies) 


in 
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